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Abstract

In this thesis we compare Suslin—Voevodsky’s sheaves of proper effective relative
cycles with presheaves representable by certain monoid objects. We give two
results in this direction; the first describes a higher dimensional analogue of
Suslin—Voevodsky’s comparison between relative zero cycles and the graded
monoid of symmetric powers (|[SV96, Thm. 6.8]) and the second is a new proof
of a direct generalization of loc.cit.

The key component of our efforts is a theorem, proved on the way, telling us
that after restricting ourselves to seminormal schemes the morphism from the
presheaf represented by a commutative-monoid object (satisfying reasonable
assumptions) to its sheafification in the h-topology, becomes an isomorphism
after appropriate extension of scalars. Furthermore we also introduce a con-
struction, developed in collaboration with Jarle Stavnes, which allows for a
uniform (and sometimes simplified) study of the theory of semi and (absolute)
weak normality. We then apply this construction to obtain several interesting
results concerning the twin theories of weak and semi-normality in a parallel
manner. Moreover our construction together with its consequences allow us
to describe representable sheaves in a large family of h-topologies, without
having to do a case by case study. In particular this reproves a special case
of Rydh’s description of representable sheaves in the h-topology, as well as
extends Huber—Kelly’s analogous result for the decomposable h-topologies.

This thesis was written with the additional purpose of providing a self
contained presentation of the theory of relative cycles and the construction of
the Chow scheme. To achieve this we recall many of the definitions and results
from [SV00| and occasionally expand on the explanations found there.
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Introduction

Historical background

Spaces parametrizing positive algebraic cycles have been in use in algebraic
geometry for a long while. For instance Severi, who initially introduced the
notion of rational equivalence of cycles, discovered that positive zero cycles on
a surface correspond to points on the symmetric powers of this surface. Severi
then used this parametrization to describe rational equivalence of cycles by
means of rational curves on the symmetric powers.

Later Chow proved the existence of a variety, today called the Chow variety,
which parametrizes cycles of dimension r and degree d on a given variety. Just
as in the case of zero cycles, rational curves on the Chow variety describe
rational equivalence of cycles (see [Samb6, Thm. 3|).

Many years after their introduction, Chow varieties were used to define
Lawson homology (see [Law89], |[Fri91]) and were also applied in the study of
rationally connected varieties (see [Kol96, Ch. IV, Sec. 3]).

Moreover as part of a quest to construct a reasonable singular homology
theory on the category of schemes of finite type over an arbitrary field k, Suslin—
Voevodsky introduced the concept of relative zero cycles in [SV96]. Although
speaking of a cycle on a variety parametrized by the points on another variety
is nothing new (see for instance [58|), the fact that one can define a presheaf
of such cycles (with the correct extra constraints) on the category of normal
varieties was certainly novel. Furthermore they proved that the presheaf of
effective relative cycles on X is isomorphic to the presheaf represented by infinite
symmetric powers of X (after localization by the characteristic of the ground
field, when it is positive). This gives an interpretation of the symmetric powers
parametrizing positive zero cycles which is more in line with Grothendieck’s
idea that parameter spaces in algebraic geometry should ideally be solutions to
moduli problems.

Suslin—Voevodsky later extended their theory of relative cycles to higher
dimensional cycles and also to all Noetherian schemes in [SV00|. Their paper
also gives a modern treatment of the Chow scheme as a scheme representing
relative effective cycles in the h-topology, a rather fine topology previously
introduced by Voevodsky. The theory of sheaves of relative cycles is one of the
main technical tools which Voevodsky used to construct a triangulated theory
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of motives over a field thus opening a vibrant area of research. For more on
the story of mixed motives see [VSFO00].

Central concepts

Relative cycles, the h-topology and seminormality are arguably the three most
central notions of this thesis. Let us now give a flavour of each of these concepts.

Relative cycles

For a scheme X — S of finite type over a Noetherian scheme S a relative cycle
is informally speaking a cycle (i.e. a formal sum of points) on X which lies
over generic points of S and has a well defined specialization to any fiber of
X — §. These cycles are especially of interest because they allow for well
defined base change to any Noetherian scheme S’ over S. This fact is due to
deep connections between the theory of properness and flatness which is then
combined with Galois theory. We will explain this in more detail in the course
of this thesis.

The h-topology

The h-topology is a Grothendieck topology on the category of schemes which
is finer than most of the topologies appearing in algebraic geometry. As one
might expect this property has its pros and cons. A good property is that if one
has a sheaf in the h-topology then we have very many ways of gluing sections
together which can make the search for a section with certain properties easier.
On the other hand it is a rather strong condition to be an h-sheaf and there
are several functors represented by rather reasonable schemes which fail to be
sheaves in the A-topology.

Seminormality

The existence of a variety giving the “best approximation to the normalization"
of a given complex variety under the constraint of keeping the same topological
space was first proven by Andreotti-Norguet in [AN67]. They called this con-
struction weak normalization. Later Andreotti-Bombieri developed the weak
normalization in the context of schemes in [AB69] where they proved that for
a dominant morphism f : Y — X there exists a universal homeomorphism
o : *X — X initial among universal homeomorphisms with target X that f
factors through. This map o is the weak normalization of X in Y. Similarly

Traverso proved in |Tra70| that one also has a factorization Y — TX % X
where the last morphism o’ is a universal homeomorphism such that the induced
maps of residue fields are isomorphisms and ¢’ is initial among such morphisms
that f factors through. In this case ¢’ is said to be the seminormalization of

viii



X inY. Welet X*" — X (resp. X" — X) denote the seminormalization
(resp. weak normalization) of X in its integral closure and call this the semi-
normalization (resp. weak normalization) of X. We say that X is seminormal
(resp. weakly normal) if X is isomorphic to its seminormalization (resp. weak
normalization). In characteristic zero these twin notions coincide, but not in
general. Furthermore seminormalization is a functorial operation, while weak
normalization is not (a counter example can be found in the proof of [Kol96,
Ch. 1, Prop.7.2.3]).

In |[Ryd10| the notion of absolute weak normality is introduced where the
absolute weak normalization of a scheme X is a universal homeomorphism
o: X" — X such that if 0/ : Y — X is any other universal homeomorphism
then o factors through ¢’. The absolute weak normalization is functorial.

Main results

The central purpose of this thesis is to prove [['heorem 6.5.3| and [Theorem 7.2.1}
We now state the first of these two main theorems:

Theorem . Let S be a Noetherian scheme and i : X — P& a closed
embedding. Then there exists a monoid object in the category of schemes
over S, denoted by C,((X,i)/S), such that if PropCycl®f (X/S,r)q, denotes
Suslin- Voevodsky’s presheaf of proper effective relative cycles with coefficients
m Q+E| then after restricting this presheaf and hc, ((x.,y/s) to the category of
semi-normal Noetherian schemes over S we have an isomorphism of presheaves
of monoids:

PropCycl® (X/S,7)q, = he,((x.)/s) On Qs

For a morphism of schemes X — S and positive integer d we denote the
d’th symmetric power (when it exists) by Sym?(X/S). The following theorem
is our second main result of this thesis.

Theorem (7.2.1)). Let X — S be a flat finite type morphism to a Noetherian
scheme S such that X/S is AF (Definition 1.5.26)) and let Sym®(X/S) de-
note the commutative monoid [[; Sym?(X/S). Then after restricting the

presheaves of monoids hgyme(x/s) and PropCycl® (X/S, 0)g, to the category
of Noetherian semi-normal schemes over S we get an isomorphism of presheaves
of monoids:

PropCycl? (X/5,0)q, — hsyme(x/s) ®n Q- (0.0.1)

We emphasize that combining [Ryd08b, Thm.3.1.11], [Ryd08b, Cor.4.2.5]|
and |[Ryd08a, Thm. 10.17] one obtains another proof of [Theorem 7.2.1] Fur-

thermore this theorem is a generalization of Theorem 6.8 of [SV96|, which is to

!This is the sub-monoid of Q consisting of the non-negative rational numbers.
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the best of our knowledge the first modern (functorial) comparison between
effective zero cycles and symmetric powers. The set-up of loc.cit. is as follows:
The scheme S is any field k and the presheaves involved are restricted to the
category of normal varieties over k. The statement of their Theorem is also a
little more specific in the sense that they describe the isomorphism by means
of "symmetrization”, a construction that involves providing a section to the
projection from symmetric powers of a scheme finite and surjective over a
normal scheme. The use of this symmetrization construction is taken further
in Chapter 3 of [Har16|, not only by considering symmetrization in the relative
set-up, but by also showing that it is compatible with a lot of additional struc-
ture on both sides which is not considered in [SV96|. [Proposition 7.2.4] tells us
that our isomorphism from coincides with symmetrization after
restricting ourselves to normal Noetherian schemes.

Strategy

Our two main theorems are proved in a similar manner: first we sheafify our
presheaves in a fine topology such as the h-topology. This gives a lot of freedom
to glue sections together which makes it possible to construct homomorphisms
between our sheaves which in fact turn out to be isomorphisms. The final step
then involves understanding how our presheaves compare to their sheafifications.
This turns out to be described by means of purely inseparable field extensions
which is why we want the seminormality assumption as one has more control
over field arithmetic in that setting.

The Chow monoid

For a closed embedding ¢ : X — P the presheaf of relative cycles of degree d
and dimension r is representable by a scheme C, 4((X,)/S) in the h-topology.
The infinite coproduct of these schemes (as d varies) can be endowed with
the structure of a commutative monoid object in the category of schemes
which we denote by C,.((X,4)/S) and call the Chow monoid of r cycles with
respect to 7. This monoid scheme h-represents the presheaf of relative r cycles

(Theorem 6.4.2]).

Representable sheaves in the h-topologies

The following theorem gives a neat description of the sheafification of a repre-
sentable functor in the A-topology.

Theorem (Rydh). Let X be an algebraic space locally of finite presentation
over a scheme S and let T be a quasi-compact and quasi-separated scheme
over S. Then if Lp(X/S) denotes the sheafification of hx, g with respect to the
h-topology we have



Lp(X/S)(T) = Homg(T*", X ) = colimy Homg(T), X),

where T*" denotes the absolute weak normalization of T and the colimit is
taken over all finitely presented universal homeomorphisms T\ — T.

If one instead works with one of the coarser cousins of the h-topology where
one has more control over field arithmetic, for instance the cdh-topology intro-
duced in [SV00|, one can then understand the sheafification of a representable
presheaf in terms of the seminormalization even in mixed characteristic as long
as the base scheme is reasonably nice. This is the content of [HK18, Proposition
6.14] which we now recall precisely:

Theorem (Huber—Kelly). Suppose the Noetherian base scheme S is Nagata.
Then for any two schemes X, T of finite type over S we have Legn(X/S)(T) =
Homg(T*", X). Furthermore the natural maps

L,«h(X/S) — Lcdh(X/S) — Leh(X/S) — Lsdh(X/S) — hX/Sval
are isomorphisms of presheaves on the category of finite type S-schemes.

The similarity of these two theorems fits in a paradigm where semi and (ab-
solute) weak normality frequently possess similar properties. This observation
led to a construction, developed in collaboration with Stavnes, whose purpose
is to yield a uniform theory of the twin notions of semi and (absolute) weak
normality. One of the applications of our theory is which both
essentially extends [HK18| Proposition 6.14] to all Noetherian schemes over S
and also gives a special case of Rydh’s description of representable sheaves in
the h topology.

We previously mentioned that a vital step in the proofs of our main the-
orems is to understand how certain representable functors compare to their
sheafifications. This is achieved in the following theorem:

Theorem . Let S be a Noetherian scheme and M/S be a commutative
monoid object in the category of schemes over S and t be any Grothendieck
topology finer than the uh topology and coarser than the h topology. Suppose
further that the morphism M — S is flat, locally of finite type and AF
. Then after restricting the presheaves hyr/s and its t-sheafification
L:(M/S) to the category of seminormal Noetherian S-schemes the natural map

harys ®n Qr — Li(M/S) @n Q4 (0.0.2)

becomes an isomorphism.

The idea behind the proof of this theorem is to combine the description
of values of representable sheaves in the h-topologies, in terms of universal
homeomorphisms, with an appropriate understanding of seminormality.
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Structure of the thesis

Chapter 1; Preliminaries and generalities

We recall miscellaneous notions and results that will be needed at various points
in the thesis.

[Chapter 2} Relative cycles

In this second chapter we spend a lot of time recalling and familiarizing ourselves
with the theory of relative cycles as developed in [SV00|. Our presentation of
this material follows op.cit. rather closely, and sometimes adds some additional
explanations (the table at the end of the chapter gives an overview of how
our presentation compares to op.cit.). We also explain that Kollar’s families
of algebraic cycles satisfying the field of definition condition (|Kol96, Ch.I,
Def. 4.7]) coincide with the relative proper cycles with universally integral
coeflicients, and we discuss the loci of points where relative cycles are effective

and vanish (Section 2.7)).

[Chapter 3} h-topologies

In this chapter we recall Voevodsky’s h-topology and some of its cousins. We
discuss refinements of coverings in the h-topology by following and extending
material found in [Voe96|. Furthermore we consider the presheaves of relative
cycles in the context of the h-topologies essentially following [SV00]. We also
briefly discuss some more general theory concerning sheaves in the ¢ f h-topology.
The final section of the chapter provides a table describing where we have
extended results and/or expanded on proofs from the papers [Voe96|, [SVI6|
and [SV00].

[Chapter 4 Generalized seminormalization with applications

We introduce a construction whose purpose is to give a simple and uniform
way to study properties of the twin theories of semi and weak normality. We
state and prove several properties of our construction first for rings and then
extend the construction to schemes. The final section of the chapter is an
application to the study of representable sheaves in the h-topologies where we

prove [I'heorem 4.3.9

Much of this chapter was written in collaboration with Jarle Stavnes.

Chapter 5 Representable monoids in the h-topology

The sole purpose of this chapter is to prove [[heorem 5.0.1] which is a key
ingredient in the proofs of both our main theorems.
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[Chapter 6 Chow schemes and Chow monoids

The purpose of this chapter is to construct the Chow monoid of r dimensional
cycles on a projective scheme and prove the first main theorem .

The construction of the Chow monoid requires some intersection theory and
the concept of relative effective Cartier divisors which we recapitulate. We also
need to prove in a precise manner the fact that the presheaf of relative cycles
of dimension r and degree d is representable in the h-topology as discussed
in [SV00, Ch.4, Sec.4]. To achieve this latter task we explain and apply
methodology from loc.cit. and |[Kol96, Ch.I, Sec.3,4].

[Chapter 7t Relative zero cycles via symmetric powers
In this final chapter we prove the second main theorem (Theorem 7.2.1)) of the

thesis.

A note to the reader

The author has written this thesis with the aim that it should be understandable
to most algebraic geometers. For this reason chapters 1, 2, 6 and 7 all have (to
varying extent) some overlap with [SV00|. Moreover chapters 3 and 7 will at
times closely follow [Voe96]. Whenever a statement is similar to one found in
the literature it will be emphasised, and in that case we do our best to explain
how the proofs compare. In fact we have added a table at the end of Chapters
2, 3 and 6 that explains how our presentation of the material taken from the
work of Suslin—Voevodsky (and other sources) compares to the original.

We have also included several appendices for the convenience of the reader
not already familiar with one or more of these topics. The appendices differ
from the first chapter in the sense that they will be referred to a lot less
frequently and are therefore not as in depth.

By default we usually use the terminology and definitions of the stacks-
project, and always try to let the reader know when this is not the case. Most
of the time our schemes will be taken to be separated, but there are a few
points where this is not necessary.
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Chapter 1

Preliminaries and generalities

The purpose of this chapter is to collect general definitions and results, mostly
from |[GD67|,[Bou64],|Bou03| and |Gro71|, that are central to the theory of
this thesis. We only provide proofs in the cases where we either did not find a
reference in the literature, or when we think the reader not already familiar
with the topic in question can pedagogically benefit from reading a proof.

On a first reading we recommend only reading [Section 1.T] [Section 1.2l and
[Section 1.7 the rest of the material in this chapter is not used as often and
can be picked up when needed.

The statements of the chapter are either well known or easily deduced from
such results.

1.1 Universally equidimensional morphisms

In this section we will assume all schemes to be separated to be on the safe
side.

Dimension at a point

Definition 1.1.1 (|GD67, Ch.0, (14.1.2.)]). Let X be a topological space. For
a given x € X, we define the dimension of X at z denoted by dim, (X) to be the
number infy (dim(U) )] where the infimum runs over the open neighborhoods
of z.

Remark 1.1.2. Since the natural numbers are well ordered, we can find an
open neighborhood U of x such that dim(U) = dim,(X).

We mention a few of the properties of the pointed dimension function dim,.

Proposition 1.1.3 (|GD67, (14.1.6)]). For every topological space X, we have
dim(X) = sup,¢ y dimg(X).

Tn this thesis the number dim(U) denotes the combinatorial dimension of U

1



Proposition 1.1.4. Suppose X is a Noetherian topological space satisfying
the (To)-axiom and let F' denote the set of closed points of X, then dim(X) =
sup,ep dimg (X).

Proposition 1.1.5 (|GD67, (14.1.11)]). The function x — dimg(X) is upper
semi-continuous.

Lemma 1.1.6. For an irreducible variety X we have that dim,(X) = dim(X)
for every x € X.

Proof. This follows because if U is any nonempty open subset of X then
dim(U) = dim(X). O

Proposition 1.1.7. Suppose that X is an algebraic scheme and U is any
nonempty open subset of X. Let X1,...,X,, denote the irreducible components
of X meeting U. Then
dimU = sup dim X;.
1<i<m
Proof. The irreducible components of U are X1 NU, ..., X,,,NU and by Lemma
we have that dim(X;) = dim U N X; hence the result follows. O

Corollary 1.1.8. Suppose that X is an algebraic scheme. Then for a point
x e X, let Xq,..., Xy denote the irreducible components of X containing the
point x. Then we have

dim,(X) = sup dimX;.
1<i<m

Corollary 1.1.9. Suppose X is an equidimensionaﬂ algebraic scheme of di-
mension r, then for any open subscheme U we have dim(U) = dim(X) and in
particular we have dimz(X) =1 for all z € X.

Proof. Follows immediately from Proposition [T.1.7} O

Definition 1.1.10. For a morphism p : X — S of schemes denote by
dim(X/S) the function on the set of points of X of the form dim(X/S)(x) :=
dim, (p~!(p(x))), which we shall call the local fiber dimension function of X/S.

Lemma 1.1.11. Let p : X — S be a morphism of schemes. For any point
r € X we have that dimx/g(w) is at least the dimension of the closure of x in

P~ (p(2)).
Proof. Follows immediately from Corollary O

We recall the following version of Chevalley’s theorem:

2As usual we say that a scheme or a topological space X is equidimensional or of pure
dimension if for any pair of irreducible components X1, X> of X we have dim(X;) = dim(X>).
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Theorem 1.1.12 (|GD67, Th. 13.1.3|). (Chevalley) Let p : X — S be a
morphism of finite type. Then for any n > 0 the subset {x € X |dimx/g(v) >
n} is closed in X. In other words the function dim(X/S) is upper semi-
continuous.

Universally equidimensional morphisms

Definition 1.1.13 ([SV00, Def. 2.1.2]). A morphism of schemes p: X — S is
called an equidimensional morphism of dimension r if the following conditions

hold:

1. The morphism p is of finite type.
2. The function dim(X/S) is constant and equals r.

3. Any irreducible component of X dominates an irreducible component, of

S.

A morphism of schemes p : X — S is called universally equidimensional
of dimension r if for any morphism S” — S the projection X xg S — S’ is
equidimensional of dimension r.

Finally, we say that p : X — S is a morphism of dimension < r if
dim(X/S)(z) < r for all points = of X.

Proposition 1.1.14. In the definition of an equidimensional morphism[1.1.13
condition [§ can be replaced with the condition that for any point x of X the
scheme p~1(p(x)) is equidimensional of dimension r.

Proof. If the function dim(X/S) is constant and equal to r, then by definition
we have

dimp~t(p(z)) > dim(X/S)(z) = 1.

If 7 is a generic point of Y = p~!(p(z)) then dim(X/S)(n) = r and we can find
an open subset U of n not containing the other generic points of Y such that
dim(U) = r hence we have that any irreducible component of ¥ has dimension
at least r. On the other hand if Y; is an irreducible component of Y and
Co C ... € Cp =Y, is a maximal chain of closed irreducible subsets of Y;,
then letting z be the generic point of Cy we can find some open neighborhood
U of the point z of dimension r, but then we must have m < r hence every
irreducible component of Y has dimension at most r as well.

The converse statement follows immediately from Corollary O

Lemma 1.1.15. Conditions[1] and[9 in Definition[1.1.13 are both stable under
base change.

Proof. It is well known that finite type morphisms are stable under basechange.

For see [Stacks, Tag 02FY]. O


https://stacks.math.columbia.edu/tag/02FY

emma 1.1.15 does not imply that every equidimensional morphism is

universally equidimensional. Indeed [[tem 3| of[Definition 1.1.13]is not necessarily
stable under base change:

Example 1.1.16. Let L1, Ly be two lines in the affine plane intersecting in
a point. Let S = L1 U Ly and note that the inclusions of L1, Le in S induce
a morphism X = L; [[ Ly — S. This morphism is obviously equidimensional,
but the base change L1 xg X = (L1 N Ly)[[(L1 N Ly) — L; is clearly not
equidimensional.

We give some examples and counter examples to morphisms which are
equidimensional.

Example 1.1.17.

1. Those familiar with Pseudo-Galois coverings ([Definition 2.5.11)) will see
from |[SV96, Corollary 5.10] that such morphisms are universal equidi-
mensional morphisms of dimension 0 when the base scheme is normal.

2. The vector bundle p : B — X induced by a finite type quasi-coherent
sheaf F of (constant) rank n on a scheme X is a universal equidimensional
morphism of dimension n. Indeed this follows easily from the fact that
the pullback of F to X,.q must necessarily be locally free of rank n.

3. A simple example of a morphism whose fibers are not equidimensional is
to consider two lines L1, Lo intersecting at a point and then mapping this
scheme to L and mapping the entire Ls to the point of intersection. Con-
sider for instance V (y) U V(x) = Spec(k[z,y]/(zy)) — A} = Spec(k[t])
given by t — x.

4. Another nice example of a morphism which fails to be equidimensional
would be to consider the map p : Az — A% induced by z — 22, y —
(1 —x)y. The fiber

p~H(p(1,0)) = p~((1,0))

has two irreducible components one being a line and the other a point,
hence p is not an equidimensional morphism EL

The next proposition shows that of Example [1.1.17] is not so far

from the only equidimensional morphisms.

Proposition 1.1.18 ([SV00, Prop.2.1.3|). Let p: X — S be a morphism of
finite type of Noetherian schemes. Then p is equidimensional of dimension r if

3This last example was pointed out to the author by Remy van Dobben de Bruyn.
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and only if for any point x of X there is an open neighborhood U in X and a
factorization of the morphism py : U — S of the form

UB AL S

such that pg ts a quasi-finite morphism and any irreducible component of U
dominates an irreducible component of AY.

Proof. See |GD67, 13.3.1(b)] O

Corollary 1.1.19. Let p : X — S be an equidimensional morphism of di-
mension r. If X' is any irreducible component of X then the composition
X' X 2 8 s also an equidimensional morphism of dimension r.

Proof. Let x be a point of X', and let U be an open neighborhood of x in
X such that we have a factorization of the morphism py : U — S of the
form U 2 A%, — S as in Proposition [L.1.18, Then U x x X' % AL — S is a
factorization of U xx X’ — X’ — X % S and it is clear that U x x X’ has
only got one irreducible component corresponding to the generic point of X’,
thus it must dominate an irreducible component of A'. O

In this thesis we will occasionally work with so called (geometrically)
unibranched schemes. The reader not familiar with this notion is encouraged to
consult or simply replace it with the special case of normal schemes
throughout.

Proposition 1.1.20 ([SV00, Prop.2.1.7|). Let p: X — S be a morphism of
finite type of Noetherian schemes. The following implications hold:

1. If p is a universally equidimensional morphism, then p is universally
open.

2. If dim(X/S) = r and p is open (resp. universally open) then p is equidi-
mensional (resp. universally equidimensional) of dimension r.

3. If S is geometrically unibranch and p is equidimensional then p is univer-
sally equidimensional (and hence universally open).

Proof. A clear proof can be found in [SV00| O

Corollary 1.1.21 ([SV00, p.8, Rmk 3|). Let p: X — Spec(k) be a morphism
of finite type. Then p is universally equidimensional of dimension r if and only
if all irreducible components of X have dimension .

Proof. Follows immediately from Proposition [I.1.20][[tem 3] O

The following results tell us how to check that if a given flat morphism is
of relative dimension r.



Lemma 1.1.22 (|Stacks, Tag 0D4H]). Let f : X — Y be a flat morphism
of schemes of finite presentation. Let nx;y : Y — N be the function on'Y
gwing the dimension of fibres of f gwen by y — dim X,. Then nx/y is lower
semi-continuous.

Proposition 1.1.23 (|[SV00, Prop. 2.1.8]). Let p: X — S be a flat morphism
of finite type with S a Noetherian scheme. Then p is universally equidimensional
of dimension r if and only if for any generic point y : Spec(K) — S of S the
projection X x g Spec(K) — Spec(K) is equidimensional of dimension r (or
the fiber is empty).

Proof. The proof that we shall give here was pointed out to the author by
Remy van Dobben de Bruyn.

Note that one direction is trivial. For the other note that by universal
openness of flat morphisms of finite presentation (|Stacks, Tag 01UA|) and our
assumptions we have that the scheme X, is equidimensional of dimension
r for every generic point g of X. Thus by Corollary it follows that
dim(X/S)(g) = r for every generic point g of X hence by Chevalley’s theorem
1.1.12] we conclude the equality of sets

X ={z e X| dim(X/S)(z) >r}

Suppose now for the sake of contradiction that there is some x € X such that
dim(X/S)(z) > r. Then we must have

dim Xp(:r) >r

and p(x) is contained in the set U = {y € Y : dim X, > r} which by Lemma
1.1.22is open. But then p~!(U) is a non-empty open subset of X thus contains
at least one generic point of X giving a contradiction. O

Proposition 1.1.24 (|SV00, Proposition 2.1.9]). Suppose p : X — S is an
equidimensional morphism of relative dimension r such that X is irreducible.
Suppose that p admits a decomposition of the form

XRBwhg

with po surjective and proper and p1 has at least one fiber of dimension r. Then
p1 1s equidimensional of dimension r and pg is finite in the generic point of W.

Lemma 1.1.25 ([SV00, Lemma 2.1.10|). Let p: X — S be a morphism such
that any irreducible component of X dominates an irreducible component of S
and i : Xog — X be a closed embedding which is an isomorphism over the generic
points of S. Then i is defined by a nilpotent sheaf of ideals. In particular,
p is a universally equidimensional morphism of dimension r if and only if
po : Xo — S is a universally equidimensional morphism of dimension r.
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Corollary 1.1.26 (|[SV00, Lemma 2.1.11]). Let X — S be a scheme of finite
type over a Noetherian scheme S, Z C X be a closed subscheme universally
equidimensional of relative dimension r over S and S” — S be a blow-up of S.
Let Z be the proper transform of Z in X xgS’. Then Z is a closed subscheme
of Z xgS" defined by a nilpotent sheaf of ideals.

Proof. Since Z xg S’ is equidimensional over S’ and hence its generic points
lie over generic points of S” our statement follows from Lemma [1.1.25) O

1.2 Flatification by blowing-up

The flatification theorem from |[RG71| plays a crucial role in the theory of
relative cycles. Before stating the theorem we briefly recall the proper transform.
We keep the assumption that our schemes are separated throughout this section.

Definition 1.2.1. Let Z be a closed subscheme of a scheme S. Let p :
S’ — S be the blowup of S with center in Z. For a scheme Y — S over S,
denote by Y the scheme theoretic closure in Y x g S’ of the open subscheme
Y x58"\ pryt(p~1(Z)). The scheme Y is called the strict transform or proper
transform of Y with respect to p.

Lemma 1.2.2. Suppose that S is a scheme and f :Y — S be any scheme over
S. For any closed subscheme Z of S let p: S" — S be the blow-up of S with
center Z. Then the proper transform

Y/ — YXSS,

is an isomorphism over the open subscheme S’ \p~'(Z). Hence an isomorphism
over all the generic points of S’.

Proof. Leti:Y xg S\ pry ' (p™'(Z)) = Y x5S denote the open embedding.

We have that the proper transform Y is cut out by a subsheaf of

Ker (i# : Oyxgs — i*OYsz’\prg_l(p*(Z)))

which obviously vanishes over S”\ p~1(Z). The last statement because p~*(Z2)
is an effective Cartier divisor and thus contains no generic points of S’. O

Theorem 1.2.3 (Flatification by blowup). Let f : X — S be a morphism of
finite type of Noetherian schemes, which is flat over an open subset U C S.
Then there exists a closed subscheme Z C S disjoint with U such that if S’
denotes the blow up of S in Z then the proper transform X is flat over S'.

Proof. This is the statement of [Voe96, Theorem 3.1.8]. For a proof see [RGT71,
Sec. 5.2] where the result originates from, or one can see [Stacks, Tag 081R|. [
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1.3 Valuation rings and valuative criteria

Valuation rings

Let us briefly recall the basic theory of valuation rings.
Definition 1.3.1. Valuation rings.

1. Let K be a field. Let A, B be local rings contained in K. We say that B
dominates Aif AC B and my = ANmg.

2. We say that a local ring R is a valuation ring if R is an integral domain
and maximal with respect to the order relation of domination among
local rings contained in the fraction field of R.

3. Let R be a valuation ring with field of fractions K. If A C K is a subring
of K, then we say that R is centered on A if A C R.

Lemma 1.3.2. Let K be a field. Let A C K be a local subring. Then there
exists a valuation ring with fraction field K dominating A.

Proof. See |Stacks|, Tag 00IA]. O
A proof of the following Lemma is given in [Stacks, Tag 00IB].

Lemma 1.3.3. Let R be an integral domain with field of fractions K. Then
R is a valuation ring if and only if for any x € K we either have © € R or
x~Y € R (or both).

Lemma 1.3.4. Let A be a ring. Then every specialization py C py is covered
by some homomorphism A — R, where R is a valuation ring. Moreover, the
valuation ring R can be chosen such that its field of fractions is k(p1).

Proof. Consider the homomorphism g : A — (A/p1)p,, and let (R, mpg) be
a valuation ring dominating (A/p1)p, in its field of fractions (Lemma [1.3.2)).
Consider the inclusion f : (4/p1)p, — R. Then f~Y(mg) = pa(A/p1)p, and
f71(0) = (0). Consider the homomorphism h = fog : A — R. Then
h=Y(mpg) = pa and h=1(0) = p;. In other words h covers the specialization
p1 € p2- O

Lemma 1.3.5. Let R be a valuation ring. For any prime ideal p C R, the
quotient R/p is a valuation ring. Furthermore, any localization of R is again a
valuation ring.

Proof. See |Stacks|, Tag 088Y]. O
Lemma 1.3.6. Any valuation ring R is normal.

Proof. A proof is given in [Stacks, Tag 00IC]|. O
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Lemma 1.3.7. Let R — R’ be an inclusion of valuation rings, and assume
that the induced morphism Spec(R') — Spec(R) is surjective. Then

R'n Roy=RC R,(o)- (1.3.1)

Proof. Suppose that z € R' N Rp). If x is not contained in R, then r ' eR,
which means that x is a unit in R’. Since the inverse image of the maximal
ideal of R’ must necessarily be the maximal ideal of R it follows then that
71 € R cannot be contained in the maximal ideal of R. Thus 2!
R hence we have x € R giving a contradiction. O

is a unit in

Lemma 1.3.8. Let R be a valuation ring then every R-module without torsion
is flat over R. In particular if R — A is an injective ring homomorphism to
an integral domain then A is flat as an R-module.

Proof. See |Bou64, Ch. VI, Sec. 3.6, Lemma 1, Page 106]. O

Recall that a valuation ring which is not a field is said to be discrete if it
is Noetherian which is equivalent to being a local Noetherian normal domain
of dimension 1 and also equivalent to being a local Noetherian domain whose
maximal ideal is generated by a single nonzero element.

Proposition 1.3.9. Let R be a valuation ring with field of fractions K and
let L/K be any field extension. Then there exists an injection R — R’ where
R’ is a valuation ring with field of fractions L such that the induced map
Spec(R’) — Spec(R) is faithfully flat. If furthermore R is a discrete valuation
ring and L/K is a finite extension then the valuation ring R’ can be taken to
be discrete.

Proof. By Lemma we can find a valuation ring R’ of L dominating R
and by Lemma the map R — R’ is a flat local homomorphism hence it

is faithfully flat. The final statement follows now directly from Krull-Akizuki
[Stacks, Tag 00PG]. O

Remark 1.3.10. It is possible to prove Proposition in a (potentially)
more constructive way. Indeed if we first consider the case where the extension
L/K is algebraic then letting S denote the integral closure of R in L and m
any maximal ideal of S. Set R’ = Sy,. By|Bou64, Ch.6, Sec. 6, Prop. 6, Page
147] R’ is a valuation ring and it follows easily from the going up and down
theorems that the induced map Spec(R’) — Spec(R) is surjective.

In the case when L/K is a purely transcendental extension say L =
K ({ti}icr) where the t; are independent variables. Let v : K* — T be
the valuation corresponding to R. For a polynomial P € K[{t;}icr] set

w(P) := min{v(c) | c¢is a coefficient of P.} (1.3.2)

Then one can show that this induces a well defined valuation w of L with
value group I' such that w extends v. Thus letting R’ denote the valuation
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ring corresponding to w we get an inclusion R C R’ with the induced map
Spec(R') — Spec(R) being surjective.

Now for the general case recall that any field extension L/K has some
transcendental basis hence we get a tower of field extensions K C Ly C L
where Lo/ K is purely transcendental and L/Lg is algebraic. By combining the
two steps described above we obtain the desired valuation ring R'.

Valuative criteria

Recall the valuative criterion of universal closedness which we will apply on
several occasions.

Proposition 1.3.11. (Valuative criterion of universal closedness) Let f be a
quasi-compact morphism of schemes. Then f is universally closed if and only
if f satisfies the existence part of the valuative criteriorﬁ.

Proof. See |Stacks, Tag 01KF]. O

Lemma 1.3.12. Let p: S’ — S be a quasi-compact, surjective and universally
closed morphism of schemes. Let R be a valuation ring, and let g : Spec(R) — S
be some morphism, where R is a valuation ring. Then there exists a commutative
diagram

Spec(R') AN

lh lp (1.3.3)

Spec(R) —2— §

such that R’ is a valuation ring and h is faithfully flat. Moreover, R’ can be
chosen such that R' N R(y) = R, where the intersection is taken inside the field
of fractions of R'. Further still if R is a discrete valuation ring and p is also
assumed to be of finite type then R' may be chosen such that it is a discrete
valuation ring.

Proof. Let K denote the field of fractions of R. Since p is surjective we can
find some field extension L/K and a map j : Spec(L) — S’ such that the
compositions of morphisms

Spec(L) — Spec(K) — Spec(R) — S

coincides with the composition poj. By Proposition [[.3.9 we get an inclusion of
valuation rings R — R’ where L is the field of fractions of R’ and the induced
map h : Spec(R’) — Spec(R) is surjective. The existence of the desired map ¢
follows now from the valuative criterion of universal closedness (1.3.11)).
It follows from that R’ can be chosen such that R'N R = R.
For the final statement note that if p is of finite type then the field extension
L/K can be taken to be finite. O

*See [Stacks, |Tag 01KD|.
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Remark 1.3.13. The final statement of this lemma is [SV00, Lemma 3.3.4].
More generally |[Ryd10, Corollary 2.9 states that if p is a quasi-compact
morphism then there exists a diagram of the form (|1.3.3]) if and only if p is
universally subtrusive. We will not define this notion here, but we let the reader
know there are many examples of subtrusive morphisms such as for instance
any surjective universally open morphism; See [Ryd10, Remark 2.5| for more
examples.

There is also a valuative criterion for flatness, which will only be used at
one point in this thesis.

Theorem 1.3.14 (Valuative criterion for flatness). Let f : X — Y be a
morphism locally of finite presentation, F a quasi-coherent Ox-module of finite
presentation, x a point of X and y = f(x) € Y. Suppose that the local ring
Oy, is integral (resp. reduced and Noetherian). For F to be f-flat at x it is
sufficient and neccesary that for any valuation ring (resp. discrete valuation
ring) A" and local Ting homomorphism Oy, — A’ the following condition is
satisfied: Setting Y' = Spec(A’), X' = X xy Spec(A’) and [ = X' - Y’
the projection, the Ox: module F' = F @y Y' is f'-flat at every point ' of
X' mapping to x € X and the closed point y' € Y' under the two projections
X' — X and X' — Y’ respectively.

Proof. This is [GD67, (11.8.1)]. O

1.4 Fields and related notions

Integral closure in extensions of total rings of fractions

We recollect a bunch of results concerning integral closure in extensions of fields
of fractions that will implicitly be used on several occasions.

Definition 1.4.1. For aring Alet S = {f € A| f is not a zerodivisor in A}.
This is a multiplicative subset of A. In this case the ring Q(A4) = S71A4 is
called the total ring of fractions of A.

Lemma 1.4.2. Let R be a reduced ring. Then
1. R is a subring of a product of fields,
2. R— Hp minimal Fop 5 an embedding into a product of fields,
3. Up minimal P 18 the set of zerodivisors of R.
Proof. See |Stacks, Tag 00EW]| O

The following Lemma is proved in [Stacks, Tag 02LX].
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Lemma 1.4.3. Let R be a ring. Assume that R has finitely many minimal
primes qi, - .., qe, and that q1 U ... U q; is the set of zerodivisors of R. Then
the total ring of fractions Q(R) is equal to Rq, x ... x Ry,.

Lemma 1.4.4. Let X be a reduced scheme such that every quasi-compact open
subset has finitely many irreducible components. Let Spec(A) =U C X be an
affine open. Then

1. A has finitely many minimal primes qi, ..., qe,
2. the total ring of fractions Q(A) of A is Q(A/q1) x ... x Q(A/qy),

3. the integral closure A" of A in Q(A) is the product of the integral closures
of the domains A/q; in the fields Q(A/q;), and

4. v=Y(U) is identified with the spectrum of A’ where v : XV — X is the
normalization morphism.

Proof. See [Stacks|, Tag 035P]. O

Lemma 1.4.5. Let R; — S; be ring maps i = 1,...,n. Denote the integral
closure of R; in S; by Si. Further let R and S denote the product of the R; and
S; respectively. Then the integral closure of R in S is the product of the S;. In
particular R — S is integrally closed if and only if each R; — S; is integrally
closed.

Proof. A proof can be found in |Stacks, Tag 0CY9). O

Lemma 1.4.6. Let A be a reduced ring with finitely many minimal prime
ideals say p1,...,pt . For each such minimal prime ideal p; suppose that L; is
a field extension of the field k(p;) = Ap,. For each i let A; (resp. A;) denote
the integral closure of A — k(p;) (resp. of A — k(p;) — Li).

The integral closure A of A in A — Hle k(p;) — Hle L; is the product
IL A;. Hence there is a one to one correspondence between minimal primes of
A and those of A. Moreover if all the extensions L;/k(p;) are algebraic then
the field of fractions of A; coincides with L; and the total ring of fractions Q(fl)

of A is the product IL, Li.

Proof. Letting A = Hle A; denote the integral closure of A in Q(A) we have
by [Lemma 1.4.5 that the integral closure of A (and hence of A ) in [1i_, Li is
the product [[,_; A;. O

Lemma 1.4.7. Let A, A’ be reduced rings and A — A" a faithfully flat ring
homomorphism. Let A denote the integral closure of A in its total ring of
fractions Q(A). Then A" and A’ @ 4 A have the same total ring of fractions.
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Proof. Let S = A\ Up minimal p denote the set of non-zero divisors of A . Since
flat ring homomorphisms satisfy the goingdown property we easily see that
if s € S then the image of s in A’ cannot be a zero divisor of A’, hence
Q(A") = Q(S~'A’). Now consider the following commutative diagram

y STLA = Q(A)

A q
J l l (1.4.1)
A

I S (A @4 A) ——— STIA

By faithful flatness it follows that all horizontal arrows are injections (|Stacks,
Tag 00HO|) and one easily checks that each of these horizontal arrows has the
property that non-zero divisors are mapped to non-zero divisors. Thus we get
induced injections

Q(A)) —— QA" ®4 A) —— Q(S~1A") = Q(A") (1.4.2)

and since the composition of these maps is an isomorphism we conclude that
the map Q(A") — Q(A' ®4 A) is also an isomorphism. O

Separable extensions

We recall the basic theory of separable field extensions.
Recall that an algebraic field extension L/K is separable if for any element
x € L the corresponding minimal polynomial is relatively prime to its derivative.
The following definition found in (for instance) |Stacks, Tag 0300] defines
separability for arbitrary field extensions.

Definition 1.4.8. Let £k C K be a field extension.

1. We say K is separably generated over k if there exists a transcendence
basis {z;;7 € I'} of K/k such that the algebraic extension k(x;;i € I) C K
is separable.

2. We say K is separable over k if for every subextension k C K’ C K with
K’ finitely generated over k, the extension k C K’ is separably generated.

Note that if k is a field of characteristic zero then any field extension of k
is necessarily separable.

Lemma 1.4.9. Let k be a field. Let S be a reduced k-algebra. Let k C K be
either a separable field extension, or a separably generated field extension. Then
K ®y S is reduced.

Proof. See |Stacks, Tag 030U]. O
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As suggested by separable field extensions are closely related
to the notion of geometrically reduced algebras which we now recall in the

following definition:

Definition 1.4.10. Let k be a field. Let S be a k-algebra. We say S is
geometrically reduced over k if for every field extension k C K the K-algebra
K ®p, S is reduced.

Lemma 1.4.11. Let k be a field. If R is geometrically reduced over k, and
S C R is a multiplicative subset, then the localization S™'R is geometrically
reduced over k.

Proof. See |Stacks|, Tag 04KN]. O

Lemma 1.4.12. Let k C K be a field extension. Then K is separable over k
if and only if K is geometrically reduced over k.

Proof. One implication follows directly from Lemma [I.4.9] For the other see
[Stacks, Tag 030W]. O

Lemma 1.4.13. Let k C K' C K be a tower of field extensions and suppose
that K'/k and K/K' are separable. Then K/k is separable.

Proof. Follows easily from Lemma and Lemma [T.4.9 O

Lemma 1.4.14. Let k C K be a separable extension and let k C L be any field
extension. Then if p s any minimal prime ideal of S = L ®j, K then E = Sy is
a field and the canonical map L — E is a separable field extension.

Proof. 1t follows from Lemma [l.4.12]that S is a geometrically reduced L-algebra.
By Lemma it follows that F is a geometrically reduced L-algebra and
since E is reduced with exactly one prime ideal it is necessarily a field. By
Lemma [1.4.12| again we conclude. O

In order to be self contained we also recall the definition of a perfect field.

Definition 1.4.15. Let k be a field. We say k is perfect if every field extension
of k is separable over k.

Lemma 1.4.16. Let k be a field.
1. If k is of characteristic zero then k is perfect.

2. if k is of characteristic p > 0 then k is perfect if and only if every element
of k has a p’th root in k.

Proof. See |Stacks|, Tag 030Z]. O
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Purely inseparable extensions
Basics

Recall that the exponential characteristic of a field is defined to be 1 if it is of
characteristic zero, otherwise it is the same number as the characteristic of the
field. For a field k of exponenital characteristic p and a field extension K/k
we recall that an element x € K is purely inseparable over k if there exists a
power ¢ of p such that 27 € k. The field extension K/k is said to be purely
insepambleﬁ if every element « € K is purely inseparable over k. We summarise
the basic properties of such extensions here:

Proposition 1.4.17 (|Bou03, Ch. V., Sec. 5.1|). Let k be a field of exponential
characteristic p and K/k a field extension. The following statements hold true:

1. If x € K is purely inseparable over k and e is the smallest positive
integer such that zP° € k then the minimal polynomial of x over k is
P(X) = X?" — 2" and we have [k(z) : k] = p°.

2. Let (K)p denote the subset of K consisting of those elements which are
purely inseparable over k. Then (K)y; is a subextension of K/k and it is
the largest purely inseparable extension of k contained in K.

3. Suppose that the extension K/k is purely inseparable. Then given a
morphism u : k — E where E is a perfect field, there is a unique map
v: K — FE extending u.

4. Suppose the field extension K/k is finite and purely inseparable. Then
the degree [K : k| is a power of p.

Definition 1.4.18. For an field extension K /k we define the purely inseparable

closure of k in K, denoted (K )p;, to be the field extension found in of
[Proposition 1.4.17]

Lemma 1.4.19 (|Stacks, Tag 030K]). Let K/k be an algebraic field extension.
There exists a unique sub extension k C Ksp C K such that Keep/k is separable
and K/Kgep is purely inseparable.

Definition 1.4.20. For a field extension K/k we will call the extension Kep

found in [Lemma 1.4.19| the separable closure of k in K. Furthermore if K/k

is a finite extension we also introduce the following numbers:

1. The integer [Kyp : k] is called the separable degree of the extension K/k
we will denote this integer by [K : klsep -

2. The integer [K : Kyp) is called the inseparable degree and we denote it
by [K : Elinsep -

5This also goes by the name p-radical in the literature.
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tells us that any algebraic extension can be decomposed into
a separable extension followed by a purely inseparable one. The opposite is

possible in the case of a normal extension:

Lemma 1.4.21 ([Rom06, Thm.3.6.4|). Let K/k be a normal extension. Then
the subfield (K)p; coincides with the subfield KGC of elements invariant under
the action of G = Gal(K/k). Furthermore in the tower

kC(K)pCK (1.4.3)

the first step is purely inseparable and the second step is separable.

Other characterizations

In we will apply a few other equivalent characterizations of purely
inseparable extensions which we now will start to recall. To this extent we will

first need a standard result in descent theory.

Lemma 1.4.22. Let f : A — A',g: A — B be ring homomorphisms with f
faithfully flat. Then the following statements hold true:

1. The induced map A" — A’ ® 4 B 1is injective if and only if g : A — B 1is.

2. If the equivalent conditions of [1] are satisfied then the following pushout
diagram
A— B

l l (1.4.4)

A — A XA B
1s also a pullback diagram.

Proof. The first statement follows easily from [Stacks, Tag 00HO]. For the
second it is enough to show that if a’ € A’ and b € B satisfy the equality

a @41=1®4b (1.4.5)

then there exists (necessarily unique) a € A such that o’ = f(a),b = g(a). By
flatness of f we get a canonical isomorphism of A-modules

A @4 (B/A)%’A/(XJA B/(A/®AA) (1.4.6)
and by applying |Stacks, Tag 00HO| we get that the map
(B/A) = (A ®4 (BJA) 2 A" @4 B/(A @4 A) (1.4.7)

given by b b® 1 is injective. Thus if @’ ® 41 =1 ®4 b is satisfied then the
image of b in B/A is zero hence there is some a € A with b = g(a) and we must
necessarily have a’ = f(a). O
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The next lemma may be considered a baby case of Manaresi’s characterisa-
tion of weak normalization:

Lemma 1.4.23. Let K/k be a field extension. The following diagram is an
equalizer

(®1)red
(K)pl — K (1%; (K Sk K)red (148)
red

Proof. Suppose that x € K is purely inseparable over k. Then if p denotes
the exponential characteristic of K we have some ¢ = p™ for n > 1 such that
(z®1—-1®x)1=0¢€ K ®; K hence

(37 & 1)red = (1 & x)red- (1.4.9)

To finish the proof it is enough to show that if x € K satisfies (z ® 1),eq =
(1 ® @)req then x € (K)p;. Indeed suppose the last equality holds then we can
find some N such that (z ® 1 —1® ) = 0 and we may assume that N = p”

for some n > 1. Thus 2V ® 1 = 1® 2" € K ®; K. By [Lemma 1.4.22| we
O

conclude that 2V € k.

We will also need the following characterisation of purely inseparable exten-
sions which is a rather special case of [GD71} Proposition (3.7.1)] (or Lemma
1.4.28 which we will recall in the next subsection).

Lemma 1.4.24. Let K/k be a field extension. The following are equivalent:
1. The extension K/k is purely inseparable.

2. Given any field extension E/k there is at most one k-algebra extension
of K to E.

Proof. Clearly (1) implies (2). Conversely if (2) holds then for any z € K we
must necessarily have that t ® 1,1 ® x € K ® K have the same image in every

residue field of K ®; K hence by [Lemma 1.4.23| we conclude that K/k is a

purely inseparable extension. ]

The above considerations lets us prove the following lemma which will play

a starring role in [Chapter 4| (and not needed before that).

Lemma 1.4.25. Let F' be an endofunctor on the category of fields and 7 :
Idyie1qs — F be a natural transformation. The following are equivalent:

1. The field extension n(k) : k — F(k) is purely inseparable for all fields k.

2. The morphisms F(n(k)) : F(k) — F(F(k)) and n(F(k)) : F(k) —
F(F(k)) coincide for all fields k.
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Proof. We always have

F(n(k)) o n(k) = n(F(k)) o n(k) (1.4.10)

Thus if (1) holds then clearly (2) holds as well. Conversely if (2) holds then
if t1,t9 : F(k) — K are two k-algebra homomorphisms to a field K such that
t1 on(k) = to o n(k) it follows that

n(K) oty = F(ti) on(F (k) = F(ti o n(k)) (1.4.11)
for i = 1,2. Hence n(K) ot; = n(K) oty thus t; = to. O

Example 1.4.26 (Perfect closure). Let k be a field. There exists a perfect
field k7¢"f called the perfect closure of k and a field extension wy, : k — kPt
such that if v : kK — K is any other field extension to a perfect field then there
exists a unique morphism h : k¥¢"f — K such that v = h o ug

We sketch the construction of k¢"/ here: If k is a field of characteristic
0 then set k7¢"f = k and let u;, be the identity map. Otherwise if k is of
characteristic p > 0 we proceed as follows: For each n € N set k,, := k and for
m > n let ip gy, 0 by — ky, be the map given by x 2P and let kPerf be
the (directed) colimit in the category of rings of this diagram. Let u; be the
canonical map from k = kg to the colimit k7¢"/. To see that the ring k7¢"7 is
in fact a field and satisfies the relevant universal property see [Bou03, Ch. V,
Sec.1.4, Thm 3] and [Bou03, Ch. V, Sec.1.4, Prop. 3].

Note that the assignment k +— k7¢7 is functorial and the morphism
ug : k — kP is natural in k. We will denote this natural transformation by
(—)Perf throughout.

Radicial morphisms
Recall the following definitions.

Definition 1.4.27. Let f : X — S be a morphism of schemes.

1. We say f is universally injective if for any morphism of schemes S” — S the
base change f’: S’ xg X — S’ is injective (on the underlying topological
spaces).

2. Wesay [ is radicial if f is injective as a map of topological spaces, and for
every € X the induced map of residue fields f, /) : k(f(2)) = k(=)
is purely inseparable.

3. We say f is a universal homeomorphism if for any morphism of schemes
S’ — S the base change S" x g X — S’ is a homeomorphism of underlying
topological spaces.

As mentioned earlier Lemma [1.4.24]is a special case of the following:
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Lemma 1.4.28. Let f: X — S be a morphism of schemes. The following are
equivalent:

1. For every field K the induced map Hom(Spec(K), X)) — Hom(Spec(K), S)
15 injective.

2. The morphism f is universally injective.
3. The morphism f is radicial.
4. The diagonal morphism Ax,g: X — X Xg Xﬂ 18 surjective.
Proof. See |Stacks|, Tag 0154]. O

Corollary 1.4.29. Let f : X — S be a radicial morphism of schemes and
91,92 : Y = X be any two morphisms of schemes such that fogy = foge. If
Y is reduced then g1 = go.

Proof. From Lemma [1.4.28) Part [1} it follows that for any field K and morphism
7 : Spec(K) — Y we have g; o7 = g o 7. From the fact that Y is reduced we
can now conclude that g1 = go ([Stacks, Tag 01KM]). O

It is also useful to recall the following characterisation of universal homeo-
morphisms.

Lemma 1.4.30. Let f: X — S be a morphism of schemes. The following are
equivalent.

1. f is a universal homeomorphism.

2. f is integral, universally injective and surjective.

Proof. See |Stacks, Tag 04DF]. O

1.5 Group actions and quotients

Group actions on categories

We know that giving a left group action on a set X is the same as giving a
group homomorphism

p:G— Aut(X)

and a right action is equivalent to group homomorphism from G . Since we
can take the automorphism group of any object in a category we can define
a group action of an object in a category completely analogous to the case of
sets:

5As in the literature the diagonal morphism Ax,g (which is also sometimes denoted by
0x/s) is defined as the unique morphism satisfying pri o Ax,s = pra o Ax,g = idx.
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Definition 1.5.1. Let X be an object in a category €. A (left) group action
on X is a group homomorphism |Z|

p: G — Aut(X).

If we have a fixed morphism f : X — S we say that G acts on S-automorphisms
of X if the image of p : G — Aut(X) is contained in the subgroup Autg(X),
in otherwords if we have f o p(c) = f for all 0 € G.

Example 1.5.2. Let G be a finite group and X a scheme (or more generally
any object X in a category with finite coproducts). Then Gx denotes the
scheme [[ . Xo, where X, = X for each o.

For a fixed o € G and any 7 € GG consider the composition

X, X, Gy

In this way we get induced an automorphism p(o) : Gx — Gx with inverse
p(c™1). Note that we also have p(c102) = p(o2) o p(o1) thus in this way we
get a right group action of G on Gx.

Now suppose that f : X — S is a morphism and we have a group action
p: G — Autg(X). For a fixed o € G, the two morphisms (idx, (o)) induce a
morphism X, = X — X X g X and thus we get an S-morphism ¢ x/g : Gx —
X xgX. Moreover if S — S is any other S-scheme (or more generally an
object in the slice category of S), then letting X’ := S5’ xg X (assuming the
fibered product exists), with projection px : X’ — X, we get induced a group
action p' : G — Autg/(X') where p/(0) : X' — X' is the unique morphisms
such that px o p/(0) = p(o) o px. Using universal properties it is readily
checked that the following diagram where the vertical arrows are the canonical
ones is commutative:

Yxr/s!
GX/ */> X' X X'

Lo,

GX*>X><5X

If the morphism f : X — S is a finite morphism of schemes, then so is
Yx/s-

Definition 1.5.3. Suppose that C is a category with finite coproducts and G
a finite group.

1. For any X € C we will call the object Gx =[], Xgﬂ constructed in
Example the object associated to the pair (X, G).

"A right group action is a group homomorphism p : G°? — Aut(X)
8Some authors denote this X x G.
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2. If G acts on S-automorphisms of X, we shall denote the scheme Gx by
G x/s and call the morphism ¢x/g: Gx/s — X Xg X as constructed in

Example the graph of the pair (X,G)/S.

Definition 1.5.4. Let p: G — Aut(X) be a group action on an object X in
%. A morphism f: X — Y is G-invariant if

foplg) =1
for all g € G. A (categorical) group quotient is a morphism
m: X - X/G

satisfying the following universal property: If f: X — Y is G-invariant, then
there exists a unique morphism

f:X/G—=Y

such that

Remark 1.5.5. There are other equivalent ways of defining the group quotient.

1. (Group quotient in terms of corepresentability) The group quotient can
also be defined in terms of co-representable functors; For an object X
and a group action of G on X, let (hX)% be the subfunctor of hX given
by

Y — {f e Hom(X,Y) | f is G — invariant} .

The group quotient exists if and only if the functor (hX)% is co-representable
by an object X/G and in this case the universal element (also called
universal morphism) 7 : X — X/G is the group quotient as in Definition

Indeed if f € (hX)“(Y) then following the proof of the co-Yoneda
lemma, there is a unique morphism f € h*X/¢(Y") such that

(W) (m)=fom=F.

So we see that 7 is the group quotient. Conversely if 7: X — X/G is a
categorical group quotient, then we have a natural transformation

n: WG — (W)

given by
(f:(X/G)—=Y)— form

and it is clear from the universal property that 7 is a natural isomorphism.
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2.

(Group quotient as a co-equalizer) The group quotient can also be defined
in terms of co-equalizers: Suppose C is a category with finite coproducts
and suppose that for a morphism X — S the fibered product X xg X
exists. Let G be a group acting on S-automorphisms. If the group
quotient X /G exists it is the co-equalizer of the following commutative
diagram

prioYx;s

GX/S X
pr2ovx;s

Example 1.5.6.

1.

2.

For a finite integer d and a vector space we have that Sym?(V) = V®¢/%,.

The group quotient exists in Sets and it is just the set of orbits under
the group action of G.

Similarly the set of orbits under the group action of G on a topological
space endowed with the finest topology making X — X/G continous
yields the group quotient.

For an algebraic field extension K C L, consider the category of subfields
of L containing K where there is a morphism E — FE’ if and only if
E' C E. The Galois group G = Gal(L/K) acts on L canonically and the
morphism L — L% is the group quotient. Recall that L/K is Galois if
and only if L/G = K.

The previous examples generalizes. Indeed consider the opposite category
of commutative rings CRing® and let p : G — Aut(B) for some ring B.
Then the ring of G-invariants

B — BY = {be B |p(g)(b) =b for all g € G}

corresponding to the canonical inclusion B¢ < B is the group quotient.

From this point on when we say that a group G acts on an object X if
confusion is not likely to arise we will omit writing the group homomorphism
p: G — Aut(X) and just write 0 € G when we really mean p(o) € p(G) C

Aut(X

).

Group quotients of schemes

The group quotient of an affine scheme

In this subsection we will start by showing that if G is a finite group acting
on a ring A, then the canonical map Spec A — Spec A% is the group quotient
Spec(A)/G. To do this we will first need to explain some notation and concepts
and provide a couple of auxiliary results.
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Localization and G-invariants

Suppose that a group G acts on a ring A, and let S be a multiplicative subset of
A satistying o(S) = S for every o € G. Then for each o € G we get induced an
automorphism of S~ A by a/s + o(a)/o(s), hence we get induced an action

of G on ST1A.

Lemma 1.5.7. Let A be a ring, G a group acting on A such that for alla € A
the orbit {o(a) | o € G} is finite. Suppose that S a multiplicative subset of AY.
Then the canonical morphism

S71AY 5 (§71A)¢
18 an isomorphism.

Proof. The map is clearly injective. For surjectivity suppose that a/t is G-
invariant, so

ola/t)y=0c(a)/t =a/t

for all ¢ € G. Or in other words letting
Stabg(a) ={c € G : o(a) = a}

denote the stabilizer of a, we have for each o € G/ Stabg(a) some s, € S such
that
seto(a) = syta.

Since the orbit of a is finite, we have that the group G/ Stabg(a) is finite hence
setting
5= H 5o
o€G/ Stabg(a)

then sta € A% and sta/t?s — a/t. O

G-invariants of pushforwards of structure sheaves

Suppose that X is a ringed space and G is a group acting on X. For any
G-invariant morphism 7 : X — Y we have that for any open U C Y, it follows
that o1 (771(U)) = 7~ }(U) for all ¢ € G. The proof of the following lemma
is a straightforward verification of the sheaf axioms.

Lemma 1.5.8. Let X be a ringed space with a group G acting on X. Suppose
that m: X — Y 1is a G-invariant morphism.
The functor 71'*(99( given by

mnO{U) = {f € mOx(U) | o# (" H(U))(f) = f}

is a subsheaf of m,Ox.
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The group quotient of an affine scheme exists in the category of
schemes

If G acts on the ring A then we get a canonical action of G on Spec A and
clearly the canonical morphism 7 : Spec A — Spec(A%) is G-invariant.

Proposition 1.5.9. (Notation as above) The morphism ©# : Ospec(a¢) —
T«Ospec A induces an isomorphism

G
OSpec(AG) — T« OSpec A

Proof. Tt is enough to prove this on the distinguished affine opens, which we
have already done in Lemma [1.5. O

We are now ready to prove that the quotient of an affine scheme with a
finite group always exists.

Proposition 1.5.10 (|Gro71, Exposé V, Prop. 1.1, page 106|). Let A be a ring
and let G be a finite group acting on A. Set X = Spec A and let Y = Spec A®,
and let T : X — Y be the morphism induced by the inclusion AY < A. The
following statements are true:

(1) A is integral over AC, thus 7 is an integral morphism.

(2) The morphism m is surjective, the fibers are the orbits of G in the following
sense: If @ € X, then the fiber over p = w(q) = qN A% is the set
{o(q) | o € G}. Moreover m: X —'Y considered as a map of topological
spaces 1S a quotient map.

(3) For x € X, y = m(x), Gy = Stabg(x) the stabilizer of x, then k(x)
is a normal field extension of k(y) and the canonical morphism G, —
Gal(k(x)/k(y)) is surjective.

(4) (Y, ) is the group quotient X/G in the category of ringed spaces (hence
also in the category of schemes).

Proof. For (1): Let x € A. The polynomial P(Y) = [[,cq(Y —o(x)) is a
monic polynomial with coefficients in A® satisfying P(z) =0 .

For (2): Surjectivity follows from (1) and the Lying over theorem for
integral extensions. Since integral morphisms are closed and closed surjections
of topological spaces are quotient maps, it follows that 7 is a quotient map
on the level of topological spaces as claimed. To see what the fibers are first
note that if q € Spec A and if we set p = q N A®, then we have p = o(q) N A®
for any o € G. Now suppose that q,q" are any two different prime ideals lying
over the same prime ideal p of A. We will show that there is some o € G
such that o(q) = q’. Since A is integral over A% we have by [AM69, Corollary
5.9] that there cannot be any inclusion relations between q and ¢q’. Further by
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prime avoidance we will be done if we can show that ¢’ C Usego(q). Suppose
that this is not the case, then we can find some z € ¢’ such that 2/ ¢ o(q)
for all 0 € G. Set y = [[,cc0(z). We have that y € A9 N ¢’ and thus also
y € qN A%, so y € q thus we must have o(z) € q for some o € G, but then
x € 0~ !(q) which gives the desired contradiction.

For (3): See [Bou64, Ch 5, Sec. 2, n.2, Theorem 2| or [Stacks, Tag 0BRJ].

For (4): Suppose that 7 : X — Z is a G-invariant morphism of ringed
spaces. Since 7 is G-invariant, we have that 7(o(z)) = x for all 0 € G and
since by (2) the orbit {o(x) | ¢ € G} is the fiber of m(z) for each x € X
and 7 is a quotient map, there exists a unique map of topological spaces
7:Y — Z such that 7 = 7 o7 as maps of topological spaces. Now to construct
7# . 0y — 7.0y note that since 7 is G-invariant the map 7# factors through
the inclusion (7,0x)% < 7.0x and since (by Proposition we have

(1:0x)Y = (7 0 1), 0% = 7:.(1.0%) = 7,0y,
we get our morphism 7#. Uniqueness is clear. O

Example 1.5.11. (The real affine line) Let A = Clz] and G = Gal(C/R) =
7,/27. The group G acts on A by conjugating constants. Then A% = R[z].
Hence we have that 7 : A(%: — A]ﬁ is the group quotient. This gives us a
new way of computing A]k. Indeed we know that 7 is surjective, and we can
compute its image. If a,b € R are any two elements of R with b # 0. Then
a point of the form [(z — a)] € A} is mapped to [(z — a)] € AL, and as
(x — (a +ib))(x — (a —ib)) = 22 — 2az + (a® + b?) € R[x] is irreducible we
see that both [(z — (a +ib))] € AL and [(z — (a — ib))] € A} are mapped to
[(2% — 2ax + (a® + b?))]. Thus we see that the affine real line is obtained from
the affine complex line where complex conjugates have been glued together.
Note that we have also proved that any polynomial with real coefficients
can be factored as a product of real polynomials each of degree at most two,
which is a fact one might have already proved in a first course on calculus.

Example 1.5.12. (The affine cone as a group quotient) Consider the Z/2Z-
action on the ring k[z,y] given by x — —x,y — —y. This induces a group
action on AZ. It is easy to see that the subring of Z/2Z-invariants is the subring
generated by zy, 22, y%. Furthermore we have a surjective morphism

klu, v,w] — klz,y]2/?%

given by
w220 = y?w — ay

It is clear that the ideal (uv — w?) is contained in the kernel of this map,
moreover since

(0) € (zy,2%) C (wy,2%,1%)
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is a chain of prime ideals in k[z,y]%/?* we have that k[z,y]%/?Z is at least two
dimensional, and since (uv — w?) is prime we then conclude that we have an
isomorphism

klu, v, w] ) (wo — w?) = K[z, y]*/?2.

Conditions under which the group quotient of schemes exist

Proposition 1.5.13 (|Gro71l, Exposé V, Prop. 1.3, page 107|). Let X be a
scheme and G a finite group of automorphisms of X. Suppose thatp: X —Y
is an affine G-invariant morphism such that

Oy — p,O%

is an isomorphism. Then the conclusions of (1),(2),(3) and (4) of Proposition
[L.5.10 are still valid.

Proof. Since p is G-invariant it follows that o= (p~1(U)) = p~}(U) for every
o € G and open U C Y. Further since p is affine, it follows that p~!(Spec B) =
Spec A for some ring A, and from the assumption it then immediately follows
that B = A%. From the aforementioned remarks, assertions (1), (2) and (3)
follow because they can all be checked on open affine covers. Finally (4) follows
by applying (2) to see that p is a quotient map on the level of topological spaces
and use that Oy = p*(’))cé. O

Corollary 1.5.14. Under the conditions of Proposition for every open
U of Y, U is the quotient of p~(U) of G.

Proof. The morphism p~!(U) — U induced by p satisfies the same hypothesis
as p. ]

For the rest of this section, we shall always assume that X is a scheme over
Z and the group G acts on Z-automorphisms of X.

Corollary 1.5.15. (Under the hypothesis of Proposition . The mor-
phism X — Z is affine (respectively separated) if and only if the induced mor-
phism Y — Z is. If X is of finite type over Z, then the morphismp: X —Y
1s finite. Moreover if X is of finite type over Z and Z is locally Noetherian,
then'Y — Z 1is of finite type.

Proof. A clear proof can be found in |Gro71, Exposé V, Corollaire 1.5. , pages
107-108]. O

Definition 1.5.16 (|Gro71, Exposé V, Définition 1.7.,page 109]). Suppose X
is a scheme and G a finite group acting (on the right) on X. We say that G
acts admissibly if there exists a morphism p : X — Y with the properties of
the morphism p from Proposition

The following result is part of [Gro71, Exp. V, Prop. 1.8|.
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Lemma 1.5.17. Let X be a scheme and suppose G is a finite group acting on
X. The following are equivalent

(1) The scheme X is a union of affine open subsets which are invariant under
G. That is X can be covered by open affine subsets U satisfying o(U) = U
(as sets) for all o € G.

(2) For every x € X the orbit {o(x) | 0 € G} is contained in an open affine
subset of X.

Proof. Clearly (1) implies (2). To see that (2) implies (1) it is enough to show
that an arbitrary orbit 7' is contained in an affine open subscheme of X. For

this purpose note that by assumption we can find some affine open subscheme
V of X such that T'C V. Let W be the open set

W = Ngeco(V).

For an arbitrary ¢ € G note that since o is an automorphism of X and T is an
orbit we have

T=0(T)Co(V); (1.5.1)
U(W) = ﬂglegU(U,(V)) = ﬂgﬂego'//(V). (1.5.2)

Hence W contains T', and is G-invariant. If X is separated then W is also
affine as desired and we claim that we can in fact assume that X is separated.
Indeed since W is always separated we only need to show that there is an affine
open subset W’ of W containing T'. To find such a subset W’ simply observe
that W is an open subset of an affine scheme and apply prime avoidance. [J

Proposition 1.5.18 (|Gro71, Exposé V, Proposition 1.8, page 109]|). Let X
be a scheme and G a finite group acting on X. The group G acts admissibly if
and only if either of the equivalent conditions of Lemma[I.5.17 are satisfied.

Proof. The condition is necessary because if p : X — Y satisfies the hypothesis
of Proposition then for z € X we can find some affine open subset
V C Y containing f(x) and we have that the orbit of x is the fiber of f(x)
which is contained in p~!(V) which is affine by assumption on p.

For sufficiency, suppose X = UXj; is a cover of open affines with each X;
being invariant under G. Then Y; = X;/G exists, and we have morphisms
w: X; — Y] satisfying the properties of Proposition Since p; is quotient
map and by assumption on the cover X; we have that

P (pi(Xi N X;)) = X; N X,

it follows that Y, := p;(X; N X;) is an open subset of Y;. Moreover we have by
Corollary that Y;; is the group quotient of X; N X, but so is Y}; so we
get induced isomorphisms Y;; = Y};. Now it follows from the universal property
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of group quotients that these isomorphisms satisfy the cocycle condition. Thus
we can glue the Y; along the Y;; and get a scheme Y. Moreover by construction
we can glue the p; to get a morphism p : X — Y. It is clear that p is an affine
morphism. It is also clear that p is G-invariant since it is on a cover of X and
moreover the morphism

p” Oy — p*O)G(

is an isomorphism because it is on a cover of Y.

O]

Remark 1.5.19. Note that the proof of [Proposition 1.5.18|shows that if G is
a finite group acting admissibly on X and U is any G-invariant open subset of
X then the induced map U/G|y — X/G is an open embedding and we have
p '(U/Gly) =U.

Corollary 1.5.20. If the finite group G acts admissibly on a scheme X, then
so does any subgroup H of G (thus X/H exists).

Corollary 1.5.21. Suppose X — Z is an affine morphism and G acts on the
Z-automorphisms. Then G acts admissibly on X. If A is the quasi-coherent
sheaf of algebras on Z defining X, then the quotient Y is defined by the sheaf
of Oz-algebras AS of G-invariants of A.

Proof. If X — Z is affine then it is clear that the conditions of Lemma [I.5.17]
are satisfied, thus by Proposition G acts admissibly on X. We can
describe the group quotient X — Y = X/G more explicitly as follows. If
B:X = MZ(A) — Z, then we have 3,0Ox =2 A and for any o € G, the
morphism

Beo® 1 B.Ox — Bi(0.0x) = B.Ox
canonically induces a morphism
aﬁ A — A
We define the sheaf of @ z-algebras A as follows
AC(U) = {f € A(U) | o4 (U)(f) = [ for all o € G} = Ker(] ] (74 — id.a)).
oelG

The sheaf A is a subsheaf of A and induces a morphism X — Spec Z(AG)
which by construction is the group quotient X/G.

Lemma 1.5.22. Let X, Y be schemes and {X;} be an open covering of X.
Suppose that we have morphisms f; : X; — Y and for each pair i,j we have an
open cover {U; j 1 }rex (where KC depends on the pairi,j) of X; N X, such that

the restrictions fz|U”k = fj’Ui,j,k for alli,j5,k. Then the f; glue to a morphism
f: X—=>Y.
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Proof. This is part of the fact that representable functors are sheaves on the
big Zariski site. O

Example 1.5.23. Suppose X is an integral scheme and L is a finite field
extension of k(X) the field of functions of X. Let G = Aut(L/k(X)) be
the Galois group of the extension L/k(X). Then we get a right action of
G p: G — Autx(X) where X — X denotes the normalization of X in L.
Indeed for any affine open U = Spec A of X, then v~1(U) = Spec B where B
is the integral closure of A in L. For any o € G we have o(B) = B , thus we
get induced a morphism of A-algebras Spec(o) : Spec B — Spec B. It is not
hard to check that these morphisms satisfy the conditions of Lemma
and hence glue to an X-automorphism p(o) : X — X.

It is easy to see that G acts admissibly on X. Note also that if the extension
L/k(X) is Galois and X is a normal connected scheme, then the normalization
morphism v : X — X is the group quotient.

Example 1.5.24. Suppose that X = Proj(S) \ V4 (I) is a quasi-projective
scheme and let

T ={p1,--- pn}

be a finite set in X. Then by assumption we have that I ¢ p; for every p; in
T. Thus by graded prime avoidance we have some homogeneous f € I such
that f ¢ p; for all i, then we have Dy (f) N Vy(I) =0 thus Dy(f) C X and
T C D4 (f). Hence every finite set in a quasiprojective A-scheme is contained
in some affine open subscheme. From this it follows that if G is a finite group
acting on a quasi projective scheme, then the group acts admissibly and so the
group quotient X — X/G exists.

More generally we have that

Proposition 1.5.25. Suppose that f : X — S is a quasi-compact morphism
of schemes. Suppose that T is a finite subset of X and f(T) is a one point
set (i.e, all elements of T are mapped to the same point in S). If X has an
f-ample invertible sheaf L, then T is contained in an open affine subset of X.
In particular if G is a finite group acting by S-automorphisms on X, then G
acts admissibly.

Proof. Recall that if £ is f-ample, then by [GD61, Prop. 4.6.3| or [Stacks],
Tag 01VJ| there exists a quasi-coherent graded Og-algebra A and an open
embedding X — Proj .4 such that

X = Proj A

N

comimutes.
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Now if T" is mapped to the point s € S then for any open neighborhood U
of s we have that T'C f~1(U) is an open subset of X isomorphic to an open
subset of Proj(B) for some ring B and by Example we get that T is
contained in an affine open subset of X. O

In the previous Proposition [I.5.25 we saw an example of a scheme with the
property that finite sets over a given point are contained in an affine subset.
We now follow [Ryd08c| and give this a name:

Definition 1.5.26. Let X/S be a scheme over S. We say that X/S is AF if
the following condition is satisfied:

(AF) Every finite set of points xi,...,z, over the same point s € S is
contained in an affine open subset of X.

Remark 1.5.27. If a finite group acts by S-automorphisms on an AF' scheme
X/S then G acts admissibly on X.

Remark 1.5.28. Although this notion may not have been given a name until
relatively recently, it has frequently been used as a natural setting to state
and prove problems for a rather long time. An interesting example of this is
Chevalley’s conjecture stating that a nonsingular proper variety is projective if
and only if it is AF. The conjecture was settled affirmatively by Kleiman in
|K1e66).

Remark 3.1.3 of [Ryd08c| mentions that AF morphisms are necessarily
separated and stable under base change. We will now list a few other properties
of AF schemes.

Lemma 1.5.29. We have the following properties of AF morphisms.

(1) If X/S and Y/S are AF then sois X xgY — S.

(2) Let A be a set and suppose that we have S-morphisms X\ — S for every
A € A such that X/S is AF for every X\ € A. Then the induced S-scheme

X::HXA—>S
AEA

is AF.

(3) If X/S is AF and G is a finite group acting on S-automorphisms of X
then the quotient X/G — S which exists is also AF.
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Proof. For Item (1)} note that if z1,..., 2z, are points on Y x g X lying over
the same point s € S then it is clear that the images of these points in X and Y
respectively lie over the same point s € S. By assumption we have open affine
open subsets V C Y and U C X containing these points. Furthermore from
prime avoidance it is clear that if W is an open subset of S then X xg W/W
and Y xg W/W are AF (this is a special case of the AF property being stable
under base change (|[Ryd08c, Rmk. 3.1.3])). Thus we can reduce to the case
where the scheme S is affine in which case the scheme U x g V' is an affine open
subscheme of Y x g X containing the points z1, ..., z,.

For It is clearly enough to prove the case of a finite coproduct.
Moreover by induction we reduce to the case X = Y [[ Z. Let now y1,...,yn €
Y and z1,..., 2y € Z be points of X lying over the same point s € S. Since Y
and Z are AF we can find affine opens U C Y containing all the y; and V C Z
containing all the z;. The induced map U[[V — X =Y [[Z is clearly an
open embedding and since a finite coproduct of affine schemes remains affine
we are done.

For [Item (3); See |Harl6, Lemma 3.1.12.(e)]. O

Group quotients are well behaved with respect to flat base change:

Proposition 1.5.30 (|Gro71, Exposé V, Proposition 1.9, page 109]). Suppose
G acts admissibly on X, and X/G =Y a scheme over Z. Consider a base
change Z' — Z, and set X' = X xz Z',Y' =Y x5 Z'. Then we get induced
an action of G on X' (o0 — o X idy for o € G). The morphismp' : X' =Y’
induced by p : X — Y is G-invariant. Further if Z' is flat over Z, then
p' satisfies the hypothesis of Proposition .e. Oyr — pfk(’))G(, s an
isomorphism. Thus G acts admissibly on X', and

(X/G)x 2 = (X xz 2)/G.

Proof. A clear proof is written in [Gro71|. Flatness is necessary for the propo-
sition to be true. O

Corollary 1.5.31. Let G, H be two finite groups acting admissibly on S-
automorphisms of X and Y respectively. Then we get induced an admissible
action of G x H on X xgY . Moreover if both the quotients X/G and Y/H are
flat over S then the canonical map

X>§Y—>(X/G)>S<(Y/H) (1.5.3)
is the quotient of X xgY with the action of G X H.
1.6 Symmetric powers

We start by defining the notion of symmetric powers for sets which will make
it easier to understand the case of schemes coming up next.
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Symmetric powers of sets

Suppose that X is a set and let d be a positive integer. Then for any permu-
tation of d elements o € Xy we get an automorphism p(c) of X*¢ given by
(z1,...,24) = (To(1) -+ To(q))- Note that since p(id) = idyxa and for any
two permutations oy, 0o we have p(o;1 o 02) = p(o1) o p(02), we have a group
homomorphism p : Xg — Aut(X*9).

We say that a map f: X*? — S is Yg-invariant if

foplo)=f

for all o € Xy.

Now we can define an equivalence relation on X *¢ as follows: We say that
(z1,...,2q) € X*?is equivalent to (yi,...,yq) € X*? if and only if there is
some o € Yy such that p(o)(z1,...,2q) = (Y1,...,y4). We let Sym?(X) be
the quotient of X *¢ with the aforementioned equivalence relation. We then
have a canonical map 7 : X*% — Sym?(X) and for any Yg-invariant map
f:X* — S we have a unique map f Sym?(X) — S satisfying

f=Ffom
We call the set Sym?(X) the d’th symmetric power of X.

Remark 1.6.1. Note that this construction does not completely resemble the
vector space case, as the tensor product is not a product in the category of
vector spaces. The way to see how the two notions are analogous is through
symmetric monoidal categories, as vector spaces with tensor products and sets
with products are both examples of such categories.

Symmetric tensors of rings

Before introducing symmetric powers of schemes we will first briefly recapitulate
the ring theoretic version. We will only briefly recall the basic definitions and
properties, such as flatness and an explicit description of the generators of the
symmetric tensors without giving any proofs. For a more thorough treatment
of this topic we refer the reader to Chapter 2 of [Harl6|.

Definition 1.6.2. Let n be a non-negative integer and M a module over a
ring A. The n-fold tensor product of M over A will be denoted as

(M/A)®™ .= M®a (1.6.1)

The n-fold tensor product has a natural action of the symmetric group S, by
permuting the n tensor factors. The corresponding module of invariants

Sn(M/A) := ((M/A)2™)>" (1.6.2)

is called the n-th symmetric tensors of M over A.
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Remark 1.6.3. If B is an A-algebra, then so are (B/A)®" and S,,(B/A).

Lemma 1.6.4. Let A be a ring and let n be a non-negative integer. Suppose
that M is a flat A-module. Then the A-module S,,(M/A) is also flat.

Proof. See |Harl6, Theorem 2.1.14]. O

Definition 1.6.5. Let B be an algebra over a ring A and let n be a non-negative
integer.

1. For every k € {1,2,...,n} the k-th formal n-tensor conjugate of b€ B
over A is the pure tensor

() =) =1®...910b®1®...01€ (B/A)®"  (1.6.3)
with b at position k and 1 at all other places.

2. For every k € {0,1,...,n} the k-th elementary symmetric n-tensor
pi(b) := pP(b) of b € B over A is the coefficient of z"~* in the polynomial

(z+b)%" = ﬁ(ﬂ? +1i(b) € (Blz]/Al])®" = (B/A)*"[z]  (1.6.4)
=1

It is clearly an element of S, (B/A).

3. An element of (B/A)®™ is called an elementary symmetric n-tensor if it
is the k-th elementary symmetric n-tensor of some b € B for some k. If
it is clear from the context, we will omit n.

Remark 1.6.6. If o is the k-th elementary symmetric polynomial in n-
variables we have

PR (D) = o (t1(D), - .., 1n(b)) = > Ly (b) .. (b). (1.6.5)

1<51<g2<...<jp<n

Theorem 1.6.7. Let A be a ring and n a non-negative integer. Let B be a
flat A-algebra which is, as an A-module, generated by a subset E C B.

Then the ring S,(B/A) of invariants is generated as an A-algebra by the
elementary symmetric n-tensors (Definition 1.6.5) of the e € E.

Proof. See |Harl6, Theorem 2.1.18| or [Vac06, Sec. 4.3, Prop. 3|. O

Observation 1.6.8. Let nq,...,n, be positive integers and set N = >"7_, n;.
Suppose that A is a ring and B is an A-algebra and consider the isomorphism

A1) (B/A)EN ®(B/A)®”i (1.6.6)
=1
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given by

r

011®@... @by ®b21®...Qbapy @ ... @bry,) = ®(®?;1bi,j)-
i=1

We can give an explicit description of the image of an elementary symmetric
N-tensor under this map:

For 1 < k < N let Dy be the set of of r-tuples (di,...,d,) satisfying
Zgzl d; = k and d; < n; for all i. Let b € B and consider the sum

T

S b pE0d) ... @ (b) € (K(B/A)E™ (1.6.7)
(d1,....dr)EDy, i=1

We claim that this is the image of pg (b). Indeed this can be deduced easily by
using the description of elementary symmetric n-tensors in terms of elementary
symmetric functions (1.6.5) and the combinatorial observation that we have

the equality )
> ] <Z> - (JID (1.6.8)

(dy,....dr)ED), i=1

From this observation and we see in particular that if B is
a flat A algebra then the restriction of 4((")) to the sub A-algebra Sy(B/A)

factors through @._; Sp, (B/A).

Symmetric powers of schemes
The action of ¥; on (X/S)%

Let X — S be an S-scheme. We will start by explaining how 3; acts on
(X/S)%:= X xg X xg...x5X. In the previous section we explicitly described
the maps p(o) and hence how ¥; was acting on the d’'th self product of a set.
We recall from the aforementioned example that we have pr; o p(o) = pry;
and thus the maps ¢; : X*? — X given by ¢; := Pro(;) induce the maps p(o).
Thus we can do the same thing for schemes as well, indeed define the maps
¢ : (X/8)! — X by ¢q; == Pro(i)- Then by the universal property of (fibered)
products we get induced a map p(o) : (X/S)% — (X/S)? satisfying

priop(o) = pry(
We claim that p(o) is an automorphism with inverse p(c—!). Indeed we have
priop(o ") o p(o) = pro-133) © p(0) = Pro(e—13:)) = Pri

for all ¢, thus by universal property of fibered products, we must have that
plo=1) o p(o) = id.
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Symmetric powers of schemes: Definition and existence hypothesis

Definition 1.6.9. If the group quotient (X/S)?/%y (where ¥4 acts as described
in the preceeding paragraph) exists, then we define the d’th symmetric power
of X to be the quotient

Sym?(X/8) := (X/S)4/%q.

Example 1.6.10. Suppose that f : X — S is an affine morphism, with
A a sheaf of Og-algebras and X = Spec,(A). We have that (X/8)* =

Spec S(.A®OS 4y and by Corollary we have that
Sym?(X/S) = SpecS((.A®OSd)Ed).

Proposition 1.6.11. Let d be a positive integer. If X/S is AF, then Sym?(X/S)
exists.

Proof. By Lemma [1.5.29| we have that (X/S)? is AF, and the group 4 gives
a (right) group action on (X/S)¢ by S-automorphisms, thus by Proposition

1.5.18/ X4 acts admissibly on (X/S)%. O

Corollary 1.6.12. Let f: X — S be a quasi-compact morphism of schemes.
If X has an f-ample invertible sheaf, then Sym®(X/S) exists. In particular
symmetric powers of quasi-projective schemes exist.

Proof. By Proposition [1.5.25] the scheme X/S is AF. O
The following Lemma is essentially [Ryd08c, Remark (3.1.4)].

Lemma 1.6.13. Let f : X — S be an AF scheme. Let {So}a be an open
affine cover of S. There exists an open affine cover {Uy g}a s of X such that

f(Ua,,B) C Scx

for all a and any subset of d-points of X lying over the same point s € Sy, is
contained in some Uy g. Moreover any such cover {Uqyg}a,p has the property
that

{((Ua,5)/5a)"Ya,s
is an open cover of (X/S)%. Thus

{Symd(Ua,ﬂ/Sa)}aﬁ

is an open affine cover of Symd(X/S).
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Proof. 1t is clear from the AF property that we can construct an open affine
cover {Uq gtap of X with f(Uy,p) C S such that any d points lying over the
same s € S, is contained in some U, g.

Now if 2’ € (X/S)¢ then pri(x2'),...,prqa(z') are d points of X lying over
the same point s which is contained in some S, then we can find some U, g
containing prq(z'), ..., prq(z"). We have that

U X Upg X ... x Us g = (Uy 5/8)"
8 X Uap X X Unp (Ua,8/5)

is isomorphic to
i (Uap) N0 pry H(Ua )

which contains 2/, hence the (U, 5/S)? give an open cover of (X/S)%.
The final assertion follows from noting that the affine cover (U, 5/S4)? is X4
invariant and the construction of Sym?(X/S) given in the proof of Proposition

L5I8 O

Lemma 1.6.14. Let X — S be a flat morphism of schemes and suppose that
X/S is AF. Then for any non-negative integer n the scheme Sym"™(X/S) is
flat over S.

Proof. By |[Lemma 1.6.13] we reduce to the affine case which follows from
[Lemma 1.6.4 O

Monoidal structure on infinite symmetric powers

In this subsection we work exclusively in the category of S-schemes hence by
[, Xi we will mean the product in this category.

Convention 1.6.15. For non-negative integers m,n,r. We let %, denote the
symmetric group of bijections [m] — [m]. We will fix the following convention
to understand certain permutation groups as subgroups of a symmetric groups.

Yim X Ly, will be identified with the subgroup of 3,4, that leaves the subset
[m] and [m + n] \ [m] of [m + n] invariant. For non-negative integers ni,...,n,
this extends inductively to an embedding

Enl X ... X EnT — an+m+nr. (169)

Lemma 1.6.16. Let X — S be a flat AF scheme over S. For positive integers
ni,...,ny set N =5 n;. Recalling the identifications of |Convention 1.6.1
we get induced:

1. An isomorphism

[ Sym™(x/8) = <H(X/S)”"> / (H zz) (1.6.10)
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2. A unique morphism
o™i H Sym™i(X/S) — Sym® (X/S)

making the following diagram commutative

[T, (X/S)" —=—— (X/S)N

l J (1.6.11)

[T, Sym™ (X/8) 25 Sym™ (X/S)

Proof. For [Item 1} [Lemma 1.6.14] enables the use of [Corollary 1.5.31l By
induction we conclude.

For Since the composition of the rightmost vertical morphism
with the top horizontal arrow is clearly | |T Yp, invariant, the existence of the
desired morphism (™) follows from [[tem 1 ]

For non-negative integers m,n we will sometimes refer to the map ™"

from [Lemma 1.6.16 as addition.

Remark 1.6.17. In the notation of [Lemma 1.6.16|if ny =ns =... =n, =1
and we identify Sym!(X/S) with X/S then the addition map

o) T sym'(X/8) = (X/S)N — Sym™ (X/S)
is exactly the quotient map (X/S)N — Sym® (X/S).
Lemma 1.6.18. For non-negative integers k, m,n we have:

1. Commutativity of addition:

Sym™(X/S) x Sym”™(X/S) <" Sym™t"(X/S)
lmp H (1.6.12)

Sym”(X/S) x Sym™(X/S) = Sym™"(X/S).

2. Associativity of addition:

mk omn
SymF(X/S) x Sym™(X/S) x Sym™(X/§) IS 0k (X /S) x Sym™ (X /S)

lok’mXSym”(X/S) lo.k,mnl»n
Sym (X /S) x Sym™(X/S) okt Sym™ k(X /S).
(1.6.13)
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Proof. For Note first that the following diagram is commutative :

swap

(X/8)™ x (X/S)" (X/8)" > (X/S)™

i i (1.6.14)

Sym™(X/S) x Sym™(X/S) =2 Sym™(X/S) x Sym™(X/5S).

Further we observe that the map (X/S)™ x (X/S)" = (X/S)™*" followed by
swapping the m first factors with the n last factors (that is followed by the
permutation cycle i — m + 4 (mod m + n)) coincides with swapping the two
factors of (X/S)™ x (X/S)™ followed by the isomorphism (X/S)" x (X/S)™ =
(X/S)™*™_ Since the quotient (X/S)™" — Sym™*™(X/S) is ¥4, invariant,
we conclude from these observations and the defining proeperty of ¢”" the
desired commutativity.

For A simple diagram chase shows that both compositions coincide
with the morphism o(*mm) O

From it follows that we can apply [Construction E.2.3| to the

o™"™ maps of and make Sym*(X/S) := [[,,5o Sym"(X/5) into

a commutative monoid object in the category of S-schemes. This is how we
will always view Sym®(X/S).

Proposition 1.6.19. Let S be a Noetherian scheme and X — S a flat mor-
phism of finite type and AF. Then the S-scheme Sym®(X/S) is locally of finite
type, flat and AF.

Proof. Follows easily from [Lemma 1.6.14] and [Lemma 1.5.29] O

Remark 1.6.20. There is a non-flat analogue of the scheme Sym®(X/S) called
the scheme of divided powers. The scheme of divided powers and its relation to
zero cycles is extensively studied in [RydO8b].

1.7 Cycles on Noetherian schemes

In this section we again take our schemes to be separated in order to avoid
potential pathologies.
Basic definitions

For a Noetherian scheme X we follow p.13 of [SV00| and use the following
definitions and notations:

Definition 1.7.1.

1. Cycl(X) denotes the free abelian group generated by the points of (the
Zariski topological space) of X.
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2. Cycl® (X) is the free abelian monoid generated by the points of X.

3. An element of Cycl(X) (resp. of Cycl®/ (X)) is called a cycle (resp. an
effective cycle) of X.

4. We let supp(Z) denote the closure of the set of points on X which appear
in the cycle Z € Cycl(X) with nonzero coefficients. We consider supp(Z)
as a reduced closed subscheme of X.

5. If Z =5 a;z; € Cycl(X) is a cycle, then we say that z € X is a point
of Z if z = z; for some ¢ occuring in the formal sum Z with nonzero a;.
The coefficient of a point of a given cycle is sometimes referred to as a
multiplicity .

6. For a closed subscheme Z of X where the points &;,7 = 1,...,k are
the generic points of Z (that is the generic points of the irreducible
components of Z) we set

k
cyclx(2) =Y mi& € Cyc (X), (1.7.1)
=1

where m; := lengthy, 51-(02’57?)' Each number m; is a positive integer
which is called the multiplicity of Z in the point &;. This construction gives
us a map from the set of closed subschemes of X to the abelian monoid
Cycl®//(X) which can be canonically extended to a homomorphism from
the free abelian monoid generated by this set to Cycl®//(X). We denote
this homomorphism by cycly. .

7. A flat morphism p : X — S of Noetherian schemes induces a pullback
map of cycles as follows: For a cycle Z = > n;z; on S denote by Z; the
closure of the point z; which we consider as a closed integral subscheme
in S and set

P (2) =) micycy(Z X X). (1.7.2)

In this way we get a homomorphism (flat-pullback) p* : Cycl(S) —
Cycl(X).

The following lemma is essentially |[Ful98, Lemma 1.7.1].

Lemma 1.7.2 ([SV00, Lemma 2.3.1]). Let p: X — S be a flat morphism of
Noetherian schemes.

1. If Z is any closed subscheme of S then p*(cyclg(Z)) = cyclx(Z xg X).

2. supp(p*(2)) = p~(supp(Z)). In particular the homomorphism p* :
Cycl(S) — Cycl(X) is injective provided that p is surjective.
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Cycles on algebraic schemes

Let X — Spec(k) be a scheme of finite type over a field k. For any field extension
k' /k base change induces a flat morphism of schemes p : X — X which by
IItem 7| of [Definition 1.7.1) gives rise to a homomorphism p* : Cycl(X) —
Cycl(Xy/). The image of a cycle Z € Cycl(X) under this homomorphism will
usually be denoted by Z® k' or Zi/. For a finite field extension k' /k with Galois
group G = Gal(k’/k), note that if o € G then we get induced an automorphism
p(o) : X — X (in fact G gives a group action on X/ Spec(k)) and this
again induces a group action on Cycl(Xy), we let Cycl(X;)¢ denote the
subgroup of cycles invariant under the action of G.

The following lemma is [SV00, Lemma 2.3.2]. Our proof contains several
explanations which are omitted in loc.cit.

Lemma 1.7.3. Let X — Spec(k) be a scheme of finite type over a field k and
let k' /k be a finite normal extension with Galois group G. If Z' € Cycl(X)“
then there is a unique cycle Z € Cycl(X) such that [k : klinsepZ’ = Zp.

Proof. The uniqueness of Z follows immediately from Lemma [1.7.2/2). To
prove the existence note that the group Cycl(Xy)¢ is generated by cycles
of the form Z' = 37 ¢/ stabg (o) T(2'), where 2’ is a point of Xy Let 2 be

the image of 2z’ in X and let Z be the closure of z in X. Consider now the
commutative diagram where each square is a pullback.

Z' Xgpeck Spec k(z) —— Spec(k(z))
7" := Spec(k') Xspec(k) £ ——— Z

Xk’ y X

~ ~

Spec(k’) ———— Spec(k)

The points of Z’ xgpec(r) Spec(k(2)) correspond precisely to the irreducible
components of Z’, moreover by |[Bou64, Ch 5, Sec. 2, n.2, Theorem 2] it follows
that G acts transitively on the points of Z' Xgpec() Spec(k(z)), hence it follows
that all the multiplicities appearing in cycl X, (Z') are the same and equal to
lengthozl’z, (Oz ). Let | denote the number of irreducible components of Z’

or equivalently the number of prime ideals of k(z) ®j k’. From [Lemma A.2.1|it

follows that

dimyy (k(2) @k K) [k : K]
lengtho,, , (Oz.) = = k(2 k(z)] L [k(z): k(2)]
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Since the map ¢ : ¥sep @1 k(2) — k' ®j, k(2) induces a universal homeo-
morphism it is clear that for any prime ideal p of k(2) ®; K’ with ¢ = ¢~ 1(p)
we have that the extension k(q)/k(z) is separable since k'sep/k is so (|[GD67,
Cor. (4.3.7)]), and since k(z") = k(p)/k(q) is purely inseparable it follows from
Lemma 1.4.19 that we must have k(q) = k(2’)sep. Thus we get an isomorphism
of k(z)-algebras

k(2) @ kloy = k(2)E

sep sep

_ [k/5k]sep
hence [ = m Thus

[k/ : k]insep
[k(2) : k(z)]insep

length(’)nyzr (OZ’,Z’) =

Thus the cycle
Z = [k/ : k]insepz/ length(@z,ﬂz,) — [k(z’) : k(Z)]insepz
has the required property. B

Corollary 1.7.4 (|SV00, Corollary 2.3.3|). In the assumptions and notations
of Lemma[1.7.5 denote by p the exponential characteristic of the field k. Then

the homomorphism

Cyel(X)[1/p] = (Cycl(Xp)[1/p)
s an isomorphism.

Example 1.7.5. Consider the scheme X = Spec(R[z,y]/(x? + y* + 1)) and
the base change X¢ = Spec(C[z,y]/(z* + y*> + 1)). Consider the two points
p1 = (x —1i,y),p2 = (x+i,y) on X¢ and let Z’ be the cycle

Z'=pi+po

Note that this is invariant under the action of Gal(C/R) on Cycl(Xc). Let p
be the image of p; in X, that is p = (2% + 1,y) and set Z = p. Then

Z@rC=cydy (V(z*+1,y) =p1 +p2 = Z’

Example 1.7.6. Consider the one point scheme X = Spec(Fy(t)[z]/(2? —t))
and the base change X' = X]FQ(\/Z)' Note that the latter scheme is also a
one point scheme. Let p respectively p’ denote the point of X respectively
of X'. Set Z' = p' € Cycl(X'). A straightforward computation shows that
G = Gal(Fa(y/t)/Fa(t)) = 0 hence the cycle Z’ is obviously invariant under the
action of Gi. Set Z = p € Cycl(X) then one easily sees that Z ®p, ) Fo(vVt) =
22" and thus Z is the unique cycle of Lemma [1.7.3]
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Let X — Spec(k) be a scheme of finite type over a field k. As stated on
p.14 of [SV00| we have a direct sum decomposition Cycl(X) =[] Cycl(X,r)
where Cycl(X,r) is a subgroup of Cycl(X) generated by points of dimension
r (meaning that their closure has dimension r). Furthermore since flatness
of relative dimension 0 is stable under base change it follows that for a field
extension k’/k the homomorphism

preserves this decomposition.
The following Proposition tells us something about how multiplicities change
when we pass to a larger field.

Proposition 1.7.7. Let k be a field of exponential characteristic p and X an
integral scheme of finite type over k. Let K denote the function field of X. For
a field extension k' [k, denote by { X/ }o the set of irreducible components of
X" := Spec(k') Xgpec(k) X and x;, the generic point of Xo.
L. If k" is any field extension of k" we set X" := Spec(k") Xgpec(r) X, {Xj5}5
the set of irreducible components of X" where x5 denotes the generic
point of Xg. If xj3 lies over x;, then we have

!
o

length((’)x/ﬂ/) = length(O, ) - length(OZ//Jg), (1.7.3)

where Z" := Spec(k”) Xspec(k') Xteq- In particular if K" is a separable
extension of k' then we have length((’)xg) = length(O,, ).

2. The numbers length(QO, ) are powers of p.

3. If the field k' is perfect then the numbers length(O, ) are all equal and
only depend on the field extension K/k (and not on the considered field ex-
tension k' [k with k' perfect). In addition there exists a finite purely insepa-
rable k1/k such that if z1 is the generic point of X1 = Spec(k1) Xspec(k) X
(this is an irreducible scheme) then length(O, ) = length(Oy, ) for every
.

Proof. See |GD67, Prop. (4.7.3)]. O

Proper pushforward
The following definition is taken from the last paragraph of p.14 of [SV00].

Definition 1.7.8. Let S be a Noetherian scheme and p : X — S be a proper
morphism of finite type. For any cycle Z = > n;z; € Cycl(X) set

p(2) = nimip(z)

where m; is the degree of the field extension k., / kp(zi) if this extension is finite
and zero otherwise.
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The proof of the following proposition is similar to Proposition 1.7 of [Ful98|

Proposition 1.7.9 (|SV00, Proposition 2.3.4]). Consider a pull-back square
of morphisms of finite type of Noetherian schemes

X, x

_ Jp
#}S

U —

in which f is flat and p is proper. Then for any cycle Z € Cycl(X) we have
[ (p(2)) = b (fx (2)).

Cycles of codimension one

Proposition 1.7.10. Let X be a Noetherian scheme and W = EZ a;z; €
Cycleff(X) such that the points z; are of codimension 1 in X. Suppose that X
s reqular at the points z;. Then there is exactly one closed subscheme Z of X
satisfying the following two properties:

1. cyclx(Z) =W and ;
2. Z has no embedded components.

Proof. Let us first prove existence of Z. For each 7 let Z; denote the ideal
sheaves of the integral closed subscheme {z;} and let Z be the ideal sheaf defined
by Z = ﬂiZi(ai) where Zi(ai) denotes the a;’th symbolic power (See |Stacks, Tag
05G9] and |AM69, Chap.4, Exercise 13|). Let Z be the closed subscheme cut
out by Z. It is clear that the associated points of Z are exactly the points z;
hence we have no embedded components, and moreover since a prime ideal p of
a ring A has the property that p" A, = p(")Ap and Ox ., is a discrete valuation
ring it follows that we must have cycly(Z) = W.

Let Z' be any other closed subscheme satisfying properties [1] and In
order to show that Z/ = Z we may assume that X is an affine scheme say
X = Spec(A) and that Z’ is cut out by an ideal I’ of A. Since I’ has no
embedded points we have a primary decomposition of I’ of the form I’ = Ng;.
By |[AM69, Prop. 4.9] we have I'-Ox ., = ¢;Ox,z, and the preimage of this ideal
in A is exactly the ideal ¢;. Now since Ox ., is a discrete valuation ring and 2’
satisfies [I| we see that ¢;Ox ., coincides with the a;'th power of the maximal
ideal of Oy ., and since this holds for all ¢ we conclude that Z = Z'. O

Corollary 1.7.11. Let X be a normal Noetherian scheme and W = EZ a;z; €
Cycleff(X) such that the points z; are of codimension 1 in X. Suppose that
every point x € X has a neighborhood U, and a section f € Ox(U,) such that
we have the equality

cycly, (V(f)) = Z a;z;. (1.7.4)

2 €Uy
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Then there is exactly one closed subscheme Z of X with no embedded components
such that cyclx (Z) = W and this closed subscheme Z is necessarily an effective
Cartier divisor on X.

In particular if all the local rings Ox , of X are unique factorization do-
mamﬂ then any effective Weil divisor on X is of the form cycly(Z) for a
unique effective Cartier divisor Z on X.

Proof. Since normal schemes are regular in codimension one we have by
a unique closed subscheme Z of X with no embedded components
such that cycly(Z) = W. To see that this is an effective Cartier divisor note
first that

cycly, (V(f)) = cycly (ZNUy), (1.7.5)

and we may shrink the U, so that they may be taken to be affine integral
schemes. By [Stacks, Tag 031T] it follows then that V' (f) does not have any
embedded components hence we conclude that V (f) = ZNU,, which completes
the proof.

The last statement follows easily from the fact that every prime ideal of
height 1 in a Noetherian unique factorization domain is necessarily principal
([Stacks, Tag OAFT]). O

Lemma 1.7.12. Let X be a smooth equidimensional algebraic scheme of
dimension r over a field k and Z a closed subscheme of pure dimension r — 1.
If there is a field extension K/k such that the base change Zy is an effective
Cartier divisor on Xg then Z is an effective Cartier divisor on X.

Proof. If Zk is an effective Cartier divisor of X then since X is smooth the
scheme Z is necessarily Cohen-Macaulay. Thus by [Stacks| Tag 045U] it follows
that Z is also a Cohen-Macaulay scheme. Hence Z has no embedded components
and all generic points of Z are of codimension 1 in X. By [Corollary 1.7.11] we
conclude that Z is an effective Cartier divisor on X. O

1.8 Limits of schemes

When attacking a problem concerning a Noetherian scheme we can sometimes
instead work with its normalization. The problem is however that in general
the normalization of a Noetherian scheme need not be Noetherian, and even if
it is the normalization morphism might not be finite, see for instance [Nag62,
Example 5, Appendix A.1, page 207] and |Nag62, Example 3, Appendix A.1,
page 203] respectively. The theory of directed limits of schemes provides
tools to overcome such problems by means of "approximating" our schemes or
morphisms by ones which are better behaved. Our main reference is [Stacks,
Tag 01YT| which again is largely based on |GD67].

9This is the case if X is for instance a regular scheme (|Stacks, Tag 0AGO]).
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Setup

Definition 1.8.1. Let I be a set and let < be a binary relation on 1.

1. We say < is a preorder if it is transitive (if i < j and j < k then i < k)
and reflexive (i <i for all i € I).

2. A preordered set is a set endowed with a preorder.

3. A directed set is a preordered set (I, <) such that [ is not empty and
such that Vi, j € I , there exists k € I with ¢ < k,j <k.

It is customary to drop the < from the notation when talking about
preordered sets, that is, one speaks of the preordered set I rather than of the
preordered set (I, <). Given a preordered set I the symbol > is defined by the
rulet > j o j<iforalli,jel.

Given a preordered set I we can construct a category: the objects are the
elements of I, there is exactly one morphism 7 — ¢’ if 7 < ¢/, and otherwise
none.

Definition 1.8.2. Let I be a preordered set considered as a category Z and C
any category.

1. A system (of C ) over I is a diagram M : Z — C.
2. An inverse system (of C) over I is a diagram M : Z° — C.

For short we will often write (M;, fi7) to denote an (inverse) system, where
M; := M(i) and f;; = M (i — '). We will call the f;;r transition maps.

Lemma 1.8.3 ([Stacks, Tag 01YW]|). Let I be a directed set. Let (S, fiir) be
an inverse system of schemes over I. If all the schemes S; are affine, then
the limit S = lim; S; exists in the category of schemes. In fact S is affine and

S = Spec(colim; R;) with R; =T'(S;, Og,).

Lemma 1.8.4 (|Stacks, Tag 01YX]). Let I be a directed set. Let (S;, fiir) be
an tnverse system of schemes over I. If all the morphisms fy : S; — Sy are
affine, then the limit S = lim; S; exists in the category of schemes. Moreover,

1. each of the morphisms f; : S — S; is affine,

2. for an element 0 € I and any open subscheme Uy C Sy we have
1 RT 1
fo (Uo) = lllz%lf@o (Vo).
in the category of schemes.
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Descending properties
The following Lemma is [Stacks|, Tag 01YZ].
Lemma 1.8.5. Let S = lim S; be the limit of a directed inverse system of

schemes with affine transition morphisms. For some 0 € I suppose that T is a
scheme over Sy. Then

T xS =1lmT x5;. (1.8.1)
So >0 S,
Proof. Limits commute with fiber products. O

Lemma 1.8.6. If all the schemes S; are nonempty and quasi-compact, then
the limit S = lim; S; 4s nonempty.

Proof. This is [Stacks|, Tag 0172]. O

Lemma 1.8.7. Let S = lim S; be the limit of a directed inverse system of
schemes with affine transition morphisms. Suppose that all the schemes S; are
quasi-compact and quasi-separated. Then given any quasi-compact open V C S
there is some © € I and a quasi-compact open V; C S; such that' V = fi_l(Vi)
where f; : S — S; is the projection from the limit.

Proof. See [Stacks|, Tag 01Z4]. O

Nagata schemes

We briefly recall that a domain R is according to |[GD67, Ch. 0, (23.1.1)]
called Japanese if the integral closure of R in any finite extension of its fraction
field is finite over R. A ring R is called universally Japanese if for any finite
type ring map R — S with S a domain S is Japanese. A ring R is called
Nagata if it is Noetherian and R/p is Japanese for every prime p of R. One
has that a ring R is Nagata if and only if every finite type R-algebra is Nagata
if and only if R is Noetherian and universally Japanese (|Stacks| Tag 0334]). A
scheme X is Nagata if for any affine open U of X the ring Ox(U) is Nagata.
The normalization of a Nagata scheme X is necessarily finite over X (|Stacks,
Tag 035S]) and [Stacks, Tag 0AVK] tells us that if X is an integral Nagata
scheme then the normalization of X in a finite field extension of its function
field is finite over X. Finally if R is either Z or a field and X — Spec(R) is a
morphism locally of finite type, then [Stacks, Tag 035B| yields that X must
necessarily be Nagata. |Stacks, Tag 01ZA| tells us now that any quasi-compact
and quasi-separated scheme is a directed limit of Nagata schemes with affine
transition maps, however this fact will not be used in this thesis.
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Limits and morphisms of finite presentation

Proposition 1.8.8. Let f : X — 'Y be a morphism of schemes. The following
are equivalent:

1. The morphism f is locally of finite presentation.

2. For any directed set A, and any inverse system (T, fax') of Y-schemes
over A with each fyy affine and every Ty quasi-compact and quasi-
separated as a scheme, we have

Mory (li)r\n Ty, X) = colimy Mory (T, X)
Proof. See |GD67, Proposition 8.14.2] or |Stacks, Tag 01ZC]| O

Approximating integral morphisms by finite morphisms

Lemma 1.8.9. Let X — S be an integral morphism with S quasi-compact and
quasi-separated. Then X = lim X; with X; — S finite and of finite presentation.

Proof. |Stacks, Tag 09YZ] O

Lemma 1.8.10. Let S be an integral Noetherian scheme with function field
K and let v : S™ — S denote its normalization. The following statements hold
true:

1. The normalization v : S™ — S can be expressed as a directed limit
St = li)r\nS/\ (1.8.2)

with py : S™ — S\ integral and surjective and Sy — S finite. In particular
all the Sy are integral Noetherian schemes with function field K.

2. Given s’ € S™ then in the notation of (1) there exists some \ and some
s’y € S\ such that s’ is the only point lying over s’y or in other words

Py ({8} = {5} (1.8.3)

Proof. The first claim follows almost immediately from |Stacks, Tag 0817| (see
also [Cemma T59).

For the second claim set s = v(s’) and let Spec(A) be an open affine of S
containing the point s, then clearly s’ € S™ x g Spec(A) = Spec(A4) where A
denotes the normalization of the ring A. By |[HS06, Lemma 4.8.4] there exists
a finitely generated A algebra C with generators say r1,...,r, € C such that
C C A and there exists an s’y € Spec(C) such that s’ is the only point of
Spec(A) lying over s'y. By construction of the schemes occuring in the limit of
(1) it is thus enough to construct a finite quasi-coherent Og-sub-algebra C of
v+Ogn such that C' = I'(Spec(A),C). This is done mutatis mutandis as in the
proof of [Stacks, Tag 01PF]. O
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Chapter 2

Relative Cycles

In this chapter we will familiarize ourselves with relative cycles as developed in
[SV00|. In doing so we will follow op.cit. closely, sometimes providing more
explanations and on other occasions omit results and/or proofs that can be
found there.

Towards the end of the chapter we briefly recall Kollar’s theory of families
of well defined proper algebraic cycles and explain how they relate to Suslin-
Voevodsky’s relative cycles. Furthermore we will also study the locus where
a relative cycle becomes effective and vanishes, something which as far as we
know has not been considered in the literature.

In this chapter every scheme is assumed to be separated.

2.1 Relative cycles

Fat points

Definition 2.1.1 ([SV00, Def.3.1.1]). Let S be a Noetherian scheme, k a
field and x : Spec(k) — S be a k-point of S. A fat point over z is a triple
(zo,x1, R), where R is a discrete valuation ring and x( : Spec(k) — Spec(R),
x1 : Spec(R) — S are morphisms such that

1. r =10 (L’O
2. The image of x is the closed point of Spec(R).
3. x1 takes the generic point of Spec(R) to a generic point of S.

Usually we will abbreviate the notation (zg, z1, R) to (zo,x1).
The following algebraic lemma shows us how to cook up fat points over
suitably large fields:

Lemma 2.1.2 (|GD61, (7.1.7)]). Suppose (A,m) is a local Noetherian integral
domain which is not a field, and denote by K the field of fractions of A, let L
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be any finite field extension of K. Then there exists a discrete valuation ring R
with field of fractions L such that R dominates A.

Proof. The proof we give here is a rather faithful translation of the French
proof.

We only prove the case L = K. Let z1,...,x, be non-zero generators of
the maximal ideal m of A. Consider the subring

B = Alza/x1,...,zn/r1] C K.

It is clear that B is Noetherian. Note also that the extended ideal mB = (z1)B
is principal. Let p be a minimal prime containing x; B, then the local ring

By

is a one-dimensional Noetherian ring. It is clear that B, dominates A. Let C
be the integral closure of By in K, then by the Krull-Akizuki theorem we have
that C' is Noetherian(|Stacks, Tag 00PG]) and since C' is integral over B, it
follows that C' is one-dimensional. Now let n be any maximal ideal of C, then
R = (), is a DVR dominating By, hence also A. O

Corollary 2.1.3 (|[SV00, Lemma.3.1.4]). Let S be a Noetherian scheme, n
a generic point of S and s be a point in the closure of n. Let further L be
an extension of finite type of the field of functions on S in n. Then there is
a discrete valuation ring R and a morphism f : Spec(R) — S such that the
following conditions hold:

1. f maps the generic point of Spec(R) to n and the field of functions of R
is isomorphic to L over k(n).

2. f maps the closed point of Spec(R) to s.

Example 2.1.4. Let k be a field and consider the scheme A} and let m be
the origin m = (x1,...,2,) € Spec(k[z1,...,x,]) = A}. In this case we can
explicitly produce a map ¢ : k[z1,...,z,] — R where R is a discrete valuation
ring such that Spec(p) takes the closed point of Spec(R) to m and the generic
point to the generic point of A}l. The construction of R is as follows: Consider
the ring

B :=k[z1,...,Tn,u2,...,Uup]/(T1us — T2, T1U3 — X3, ..., T1UK — Tp).

Since B/x1B = k[ug,...,u,] it follows that x;B is a prime ideal of B. Fur-
thermore it is easily checked that B is an integral domain. Set R = B(,, p).
By Krull’s Hauptidealsatz it follows that dim R = 1, and since this is a local
Noetherian domain of dimension one where the maximal ideal is principal,
it follows that R is a discrete valuation ring. We claim that the canonical
map klz1,...,x,] — B is an injection. If we have some nonzero polynomial
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f € k[x1,...,x,] such that the image of f in B is zero, then we have polynomials
92,y 9n € k[T1,...,Zn,u2,...,uy,| such that

n
g = Zgi(:rlui —z;) = f.
=2

By possibly passing to the algebraic closure of k, we can find a tuple (aq,...,ay) €
k™ with ay # 0 such that f(a,...,a,) # 0. But then g(aq,. .., an, g—f, Z—i’, ce 2—71’) =
0, which gives a contradiction. Hence the morphism ¢ : k[zy,...,2,] = R is

an injection, thus the generic point of Spec(R) lies over the generic point of A}
Furthermore as ¢ !(zR) Dm and 1 ¢ =1 (zR) it follows that ¢~!(zR) = m
thus the closed point of Spec(R) is mapped to the origin of A}.

The following example illustrates that there does not always exist a fat
point over a given k-point.

Example 2.1.5. If S is any Noetherian scheme with normalization S — §
such that there is a point s € S with the property that all points s’ € S™ lying
over s induce non-trivial extensions of residue fields k(s) — k(s’). Then it
follows easily from [Proposition 1.3.11] that there cannot be a fat point over the
point Spec(k(s)) — S.

For a concrete example of such a scheme S in characteristic 0 consider the
plane curve S = V(22 4+ 9% — 3) C A%.l]The ring homomorphism

Rlz,y)/(z® + % — y®) = R[T(T? 4+ 1), T? + 1]

given by x — T(T? + 1),y — (T? + 1) is in fact an isomorphism and the
normalization of the latter ring is obviously R[T]. Hence the normalization is
the induced map S’ = Af — S. Moreover the only point of S’ lying over the
origin s = (x,y) € C is s = (T? + 1) € S’ whose residue field is C while s has
residue field R.

Lemma 2.1.6 (|GD67, (2.8.5)]). Suppose thatY is a regular irreducible locally
Noetherian scheme of dimension 1 with generic point n, and suppose f : X —
Y is a morphism. Let X, denote the generic fiber of the morphism f and
i: X, = X be the projection. Then for any closed subscheme Z' of X,, there

exists a unique closed subscheme Z' of X which is flat over Y and satisfies the
equality i *(Z') = Z'.

Proof. We only explain how the closed subscheme Z’ is constructed following
loc.cit. If Z' is the ideal sheaf of Z’ then

T = Ker(Ox 5 i,0x, = in(Ox, /T'))

!This example has been given on mathoverflow by J. Starr.
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is the ideal sheaf of Z’, and we have I’ = i*(Z)Ox, . The closed subscheme Z’
can also be described as the scheme theoretic image of the composition

7 X, —— X

which has as underlying set the closure of the set theoretic image of the
aforementioned composition, justifying the notation Z’. O

Corollary 2.1.7 (|[SV00, Lemma 3.1.2]). Let S be a Noetherian scheme, X — S
be a scheme over S and Z be a closed subscheme in X. Let further R be a
discrete valuation ring and f : Spec(R) — S be a morphism. Then there exists
a unique closed subscheme ¢¢(Z) in Z x g Spec(R) such that:

1. The closed embedding ¢¢(Z) — Z x g Spec(R) is an isomorphism over
the generic point of Spec(R).

2. ¢¢(Z) is flat over Spec(R).

Proof. In Lemma replace X with Z x g Spec(R), Y with Spec(R) and Z’
with the generic fiber of Z x g Spec(R) — Spec(R), then ¢¢(Z) is the scheme 2
which is the scheme theoretic image of the generic fiber of the aforementioned
map. [

Lemma 2.1.8. Let S be a Noetherian scheme, X — S be a scheme over S
and Z be a closed subscheme in X. Assume that there exists a blow-up S" — S
of S with center Sy satisfying the two following properties:

1. 8" — S induces a bijection of the generic points of S" and S.

2. The strict transform of Z denoted Z is flat over S'.

Then for any discrete valuation ring R and morphism f : Spec(R) — S mapping
the generic point of Spec(R) to a point in S\ Sy, the map f : Spec(R) — S
factors uniquely through S" and we have the equality

¢(Z) = Spec(R) g</ Z

Proof. 1t follows from the valuative criterion of properness (|GD61, (7.3.8)])
that f : Spec(R) — S factors through S’.
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Consider now the commutative diagram where each square is a pullback
diagram

Spec(R) Xg1 Z —— Z

n

Spec(R) xs Z —— S'xgZ —— Z

P

Spec(R) xg X —— ' xg X —— X

|

Spec(R) > S’ S

To prove the desired equality it is enough to check that Spec(R) X g Z satisfies
(1) and (2) of Corollary Since Z — §' is flat by assumption it follows
that Spec(R) X g Z — Spec(R) is flat as well. Further we have by Lemmam
that the strict transform Z — S’ xg Z is an isomorphism over S’ x (S \ Sp)
and since the generic point of Spec(R) is mapped to the aforementioned open
set it follows that Spec(R) x g/ Z — Spec(R) X g Z is an isomorphism over the
generic point of Spec(R). O

Following [SV00, p.16] we use the following notation:

Notation 2.1.9. Let X — S be a scheme of finite type over a Noetherian
scheme S and Z be a closed subscheme of X. If (zg, 1) is a fat point over a k-
point z of S we denote by (zo,x1)*(Z/S) the cycle on X x g Spec(k) associated
with the closed subscheme ¢, (Z) Xgpec(r) Spec(k) or in other words

(z0, 71)*(Z/8) = cyclx « ¢ spec(k) (P21 (Z) Spef(R) Spec(k)).

If Z = > m;z is any cycle on X we denote by (zp,z1)*(Z) the cycle
> mi(xo,x1)*(Z;) where Z; is the closure of the point z; (considered as a
reduced closed subscheme of X) .

Example 2.1.10. Let S be a regular curve, X — S any morphism and
let Z be a closed integral subscheme of X such that the generic point of Z
lies over a generic point of S. Then it follows that Z is flat over S, thus if
f : Spec(R) — S is a morphism from the spectrum of a discrete valuation
ring, then ¢¢(Z) = Z xgSpec(R). In particular if 2 : Spec(k) — S is any
k-point of S and (xo, 1) is any fat point over x, then we have (zg,z1)*(Z) =
CyCIX Xs Spec(k)(Z XS Spec(k‘)) :

Relative cycles

Definition 2.1.11 (Relative cycles, [SVO00, Def.3.1.3]). Let S be a Noetherian
scheme and X — S be a scheme of finite type over S. A relative cycle on X
over S is a cycle Z =Y m;z; on X satisfying the following requirements:
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1. The points z; lie over generic points of S.

2. For any field k, k-point  of S and a pair of fat points (xg,x1), (yo,y1) of
S over x one has:

(20, 21)"(Z) = (y0,y1)"(2)

We say that Z =) n,z is a relative cycle of dimension r if each point z; has
dimension r in its fiber over S. We denote the corresponding abelian groups
by Cycl(X/S, ).
We say that Z is an equidimensional relative cycle of dimension r if Supp(Z)
is equidimensional of dimension r over .S which by Corollary is equivalent
to requiring that Supp(z;) is equidimensional of dimension 7 over S for each of
the points z; occuring in the sum. We denote the corresponding abelian groups
by Cycleg,: (X/S,7) .
We say that Z is a proper relative cycle if Supp(Z) is proper over S. We de-
note the corresponding abelian groups by PropCycl(X/S, ) and PropCycl,,,;(X/S,r)
We will also use the notations Cycl®//(X/S,r), PropCycl*/f(X/S,r) etc.
for the corresponding abelian monoids of effective relative cycles.

Remark 2.1.12 (|SV00, p.17]). It is clear from the definition that Z €
Cycl(X/S,r) if and only if Z € Cycl(Xyed/Sred,T)-

For future reference we now make the following useful observation concerning

2111

Lemma 2.1.13. Let S be a Noetherian scheme and f : X — S be a scheme of
finite type over S. Let z be a point of X lying over a generic point of S and let
Z be the closure of z in X (with induced reduced subscheme structure). Then the
closure of z in the fiber of f(z) is isomorphic to Z x g Spec(k(f(2))). In particu-
lar a point z of X has dimension r in its fibre if and only if Z x g Spec(k(f(2)))
15 an r-dimensional scheme.

Proof. Let S, denote the irreducible component of S with generic point f(z).
It is straightforward to see that

2% Spec(k(f(2))) = Z x Spec(k(/(2))

The latter can easily be seen to be an integral scheme by reducing to the
affine case. It is furthermore straightforward to see that the underlying set of
Z x g Spec(k(f(z))) and that of the closure of z in X xg Spec(k(f(z))) coincide,
thus the closure of z in X xgSpeck(f(z)) and Z xg Speck(f(z)) are reduced
subschemes with the same underlying sets, thus they are equal. O

Corollary 2.1.14. Let S be a Noetherian scheme and f: X — S be a scheme
of finite type over S. Let z be a point of X lying over a generic point of
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S with dimension r in its fiber. Let Z denote the closure of z in X. Let
Spec L — Speck(f(z)) be a morphism from any field L. Then the scheme
Spec(L) xg Z is equidimensional of dimension r.

Example 2.1.15. Suppose that S is a Noetherian scheme and f: X — S is
a morphism of finite type. Of course if a point z of X has dimension r in its
fiber, this does not mean that the closure of the point in X is of dimension r.
Consider for instance S = Spec(Z) and let X = Spec(Z|x]) then the canonical
inclusion of rings gives us the map X — S. Consider the point (z) € X.
The closure of (z) with induced reduced subscheme structure is isomorphic
to Spec(Z) hence the closure of (x) is a one dimensional scheme, however the
closure of (z) in its fiber is isomorphic to Spec(Q) which is zero dimensional.

Before moving on we also show how we can find fat points to tell different
cycles apart.

Lemma 2.1.16. Let S be a Noetherian scheme and X — S be a scheme of
finite type over S. Suppose that Z =" a;z; € Cycl(X/S,r) is such that all the
z; lie over the same generic point n of S. Then there exists a fat point (zg, 1)
over the canonical point Speck(n) — S such that

(z0,71)*(2) = Y _ a;z; € Cycl(X x5 Speck(n))

Proof. Let R = k(n)[t];) where t is an independent variable, then R is a
discrete valuation ring containing the field k(n) with residue field k(n) thus we
have canonical maps Spec k(1) — Spec R — Spec k(1) and so in turn canonical
maps

Speck(n) 2 SpecR 23 S
it is clear that (xg,x1) has the desired property. O

Corollary 2.1.17. Let S be a Noetherian scheme, X — S be a scheme of
finite type over S. If Z1 = Y a;z;, Zo =Y bjz;j are two different cycles in
Cycl(X/S,r). Then there exists a field k and a k-point x : Spec(k) — S and a
fat point (xg,z1) over x such that

(z0,21)"(21) # (20, 21)" 22

Proof. Suppose that f : Spec(R) — S is a morphism from the spectrum of
a discrete valuation ring mapping the generic point of Spec(R) to a generic
point 0y of S. If Z is a closed subscheme of X disjoint from the fiber of 7
then since flat morphisms of finite type are open, it follows that ¢(Z) = 0.
Hence by Corollary we may assume that any generic point of S which is
in the image of Z; is also in the image of Z5, in fact we can assume that all
the points of Z; and Zs lie over the same generic point 7 of S. By Lemma
[2.1.16 we are now done. O
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The following result is [SV00, Cor.3.1.6]. We shall give a different proof
than in loc.cit.

Proposition 2.1.18. Let k be a field and X — Spec(k) be a scheme of finite
type over k. Then the group Cycl(X/Spec(k),r) is the free abelian group
generated by points of dimension v on X, i.e one has

Cycl(X/ Spec(k),r) = Cycl.g,;(X/ Spec(k),r) = Cycl(X,r).

Proof. Let R be a discrete valuation ring and f : Spec(R) — Spec(k) be a
morphism. Let Z be a closed subscheme of X. Since Z is flat over Spec(k) we
have that Spec(R) Xgpec(r) Z is flat over Spec(R) thus automatically satisfying
the properties of ¢¢(Z) hence they are equal. Hence it follows that if L is any
field and x : L — Spec(k) is any L-point of Spec(k) then for any fat point
(0, 1) over  we have

(20, 21)"(Z) = cyClspec(L) xgpee) X (SPEC(L) Spectk) ?)

whence of Definition 2.1.11] is automatically satisfied. O

Lemma 2.1.19. Let S be a Noetherian scheme and X — S a scheme of finite
type over S. Then the following assertions hold true:

1. If Z is a subscheme of X such that the map Z — X — S factors through
Sred = S and T — Sieq — S is a morphism of schemes. Then we have

Z x T=7ZxT. (2.1.1)
Sred S

2. If Z =mn;z; is a cycle on X such that the points z; lie over generic points
of S and are of dimension r in the corresponding fibers. Then we have

Z € Cycl(X/S,r) if and only if Z € Cycl(Xred/Sred;T)- (2.1.2)

Proof. The first statement follows easily from the fact that closed embeddings
are monomorphisms in the category of schemes (|Stacks, Tag 01L7]). The
second statement follows easily from the first assertion and the definitions. [

Observation 2.1.20 (|SV00, p.17]). Let S be a Noetherian scheme, X — S
be a scheme of finite type over S and Z = ) n;z; be a cycle on X such that the
points z; lie over generic points of S and are of dimension 7 in the corresponding
fibers. Let Z; denote the closure of z; considered as a closed integral subscheme
of X. By we see that in order to check if Z € Cycl(X/S,r) we
may only consider the schemes X,¢q and S;eq. Then by generic flatness we have
that the schemes Z; — Sieq are flat over generic points of Syeq and we can find
a dense subset U of Syeq which all the Z; are flat over. Thus by Theorem [I.2.3]
one can find a blow-up S’ — Syeq such that the proper transforms Z; are flat
over S’.
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We can now formulate the following useful criterion. Due to this results
major importance we have included the proof found in [SV00].

Proposition 2.1.21 (|[SV00, Proposition 3.1.5]). Under the assumptions of
[Observation 2.1.20) the following conditions are equivalent:

1. Z € Cycl(X/S,r) .

2. If x : Spec(k) — S is any geometric point of S and
xh, 24 : Spec(k) — S’
is a pair of its liftings to S’ then the cycles Wy, Wa on X, = X X g Spec(k)
given by the formulae

k
Wy = an cychz(Zl- x Spec(k))
@

=1

k
Wy = Zn@ cychz(Zl- X Spec(k))
i=1 T2

coincide.

Proof. (1 = 2): The geometric points z, 2}, 24 give us set theoretical points
s €8, s),s4h € S5 such that s, s lie over s. We may assume that s (and
hence also s, s5) is not generic. Using Corollary2.1.3) we construct discrete
valuation rings R and morphisms Spec(R}) — S’ which map the closed point
of Spec(R}) to s; and the generic point of Spec(R}) to a generic point of S’
Denote the residue fields of R; by k,. One checks easily that the scheme
(Spec(k}) x s Spec(ks)) X g x5 s Spec(k) is not empty. Choosing any geometric
L-point of this scheme for a field L we get a commutative diagram

Spec(k]) — Spec(R}) —— &'

s TN

Spec(L) > Spec(k) = S

I g

Spec(k}) — Spec(Ry) —— S

Thus we get a geometric point Spec(L) — S and two fat points Spec(L) —
Spec(R}) — S over it. From commutativity of the aforementioned diagram
and Lemma [2.1.§]it follows that the pullbacks of the cycle Z with respect to
these fat points are equal to

Z n; cycly XSSpeC(L)([(Zi x Spec(k)) x Spec(L)] and
x) Spec(k)

Z g Cde X s Spec(L) ([(ZZ X Spec(k)) X SpeC(L)}
xl Spec(k)
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respectively. These cycles coincide according to the condition Z € Cycl(X/S,r).
Lemma shows that Wi = Whs.

(2 = 1): Let = : Spec(k) — S be a geometric point of S and let
(zo, 1), (Yo, y1) be a pair of fat points over x. From the valuative criterion of
properness the fat points have canonical liftings to fat points (xg, 2}), (0, ¥})
of S’. This gives us two geometric points

7' = 2] oz : Spec(k) — S’
y' =y oyo : Spec(k) — &’

of S’ over z. Our statement follows now from the obvious equalities:

(w0, 21)*(Z) = (w0, 21)* (D _niZi) = micyc(Z; x Spec(k))

(z0,21)*(2) = (xo, 21)* (D _miZi) = > micycl(Z; y Spec(k))
]

Example 2.1.22. Let k be any algebraically closed field and let S denote the
plane nodal cubic curve S = Spec(k[z,y]/(y? — #2 — 23)). The blow-up of S in
the singular point is the morphism 7 : A,ﬁ — S induced by the ring morphism

klz,y)/ (v — 2* — 2%) — k[t]

given by
z— (2 =1), y— (2= 1)t

or in classical coordinates the map is given by t — (12 — 1, (t? — 1)t).
Let p: Az — S be the composition

Spec(k[t,s]) = A2 - AL 5 S

where the first map is the projection to the z-axis. In this way we get a scheme
X = Az — S of finite type over S.

Let C = V(I) be any curve in X such that C projects dominantly onto
the z-axis. Then the generic fiber of the morphism C — S is isomorphic to
Spec(k(t)[s]/Ik(t)[s]) which is a zero dimensional scheme. Hence each generic
point of an integral curve dominating S has dimension zero in its fiber.

Furthermore letting s = (z,y) € S denote the singular point of S and let
7 : Spec(k) — S be the corresponding morphism and 71,72 : Spec(k) — Al
be the two lifts to A} and set Ly = V(¢ 4+ 1) C A7 and Ly = V(t — 1) C A3.
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Consider now the diagram where each square is fibered:

7(€) =9 (C)TIB(C) = (L1 x5 CTT L2 43 C) e

v*(AR) = L1 [ Lo = Spec(k[t, s]/(t + 1)) LI Spec(klt, s]/(t — 1)) = (A} TTA}) —— A

N

~ ~

7*(A}) = (Spec(k[t]/(t + 1)) LT Spec(k[t]/(t — 1))) « A

A g

Spec(k(s)) B S

Observe that if C' is any integral curve dominating Al then since v*(C) =
Y(C) 175 (C) is an effective Cartier divisor on C' (|Stacks, Tag 0200]), hence
the proper transform of C' is the graph C' — A}C x g C of the morphism 7|¢.

By [Proposition 2.1.21f we see that Cycl(X/S,0) is generated by cycles of
the form ) a;z; — ) bjw; where all a;,b; > 0 and all 2;, w; map to the generic
point of S and have dimension zero in their fibre subject to the following
requirement: For [ =1,2

> aieyely, 111, (LN Zi) =Y bjeyely, 11, (LiN W)

where Z;,W; denote the closures of z;,w;. The monoid Cycl®//(X/8,0) is
generated by cycles of the form z where z is over the generic point of S of
dimension zero in its fibre and if Z denotes the closure of z then ZN(L1ULy) = 0.
An example of an effective relative zero cycle is the generic point of the curve
Viy(z +1)(xz — 1) + )

Consider now the parabola C; = V(t +1 — s?) C X. Observe that C}
obviously projects densely onto the x-axis and hence dominates S, furthermore
we have that

¥ (C1) =71 (C1) []75(C1) = Spec(klt, s]/(s* ¢ + 1)) | | Spec(k[t, s]/(2 — s*,t — 1)) =
= Spec(klt, s]/(s*, t + 1)) [ [ Spec(klt, s]/(vV2 — s,t — 1)) | | Spec(klt, s]/(vV2 + 5, — 1)).

hence we have

eyl i) (71(C1)) = eyely, 11, (1 (Cr) = 205, + 1)

while
eyl (B(C) = (V2= 5,6 = 1) + (V35,8 — 1)

Thus if we let n; denote the generic point of the parabola C7, then we see from
Proposition [2.1.21] that n; is not a relative zero cycle.

2Lucas Das Dores pointed out this nice example to me.
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However let us also consider the lines Cy := V(s — v/2/2(t + 1)) and
C3=V(s++2/2(t+1)). We have

eyely. ) (7 (C)) = (s, + 1)
eyel,. a2y (13 (C2)) = (s — V2, (t — 1))

and

CyCI'\/*(Ai)(FH{(C{ﬂ)) = (37 t+ 1)
cycly-(a2)(12(C3)) = (s + V2,t—1)
hence letting 72, 73 be the generic points of Co and C5 respectively, we see that
Z =m —n2 —n3 € Cycl(X/S,0).

The following result is insightful and a clear proof can be found in the
original source.

Proposition 2.1.23 (|[SV00, Proposition 3.1.7|). Let S be a Noetherian scheme,
X — S be a scheme of finite type over S and Z = Zle n;z; be an effective
cycle on X which belongs to Cycl(X/S,r) for some r > 0. Denote by Z; the
closure of the point z; in X which we consider as an integral closed subscheme
in X. Then Z; is equidimensional of dimension r over S.

Remark 2.1.24. [Proposition 2.1.23|is false for non-effective relative cycles. A
counter example is given in [SV00, Ex. 3.1.9].

2.2 Cycles associated with flat subschemes

Let p: X — S be a morphism of finite type of Noetherian schemes. We denote
by Hilb(X/S,r) (resp. PropHilb(X/S,r) ) the set of closed subschemes Z of
X xg S which are flat (resp. flat and proper) and equidimensional of dimension
r over S. Let N(Hilb(X/S,r)), N(PropHilb(X/S,r)) (resp. Z(Hilb(X/S,r)),
Z(PropHilb(X/S,7))) be the corresponding freely generated abelian monoids
(resp. groups). The assignment S’'/S — N(Hilb(X xg.5’/S’,7)) etc. defines
presheaf of abelian monoids (groups) on the category of Noetherian schemes
over S. If Z =3"n;Z; is an element of Z(Hilb(X/S,r)) and S’ is a Noetherian
scheme over S we denote by Z xg S’ the corresponding element > n;(Z; xg S5’)
of Z(Hilb(X xg5'/S",r)).

In order to define the pullback of relative cycles we will need the following
result which is proved in the original source.

Proposition 2.2.1 ([SV00, Proposition 3.2.2|). Let X — S be a scheme
of finite type over a Noetherian scheme S and S" — S be any Noetherian
scheme over S. Let further Z =Y n;Z; be an element of Z(Hilb(X/S,r)). If
cycly(Z2) = 0 then cycly ., 5(Z x55") = 0.
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It was pointed out by Shane Kelly to the author that Corollary 3.2.4 of
[SV00] is incorrect as stated there. The following statement is a correction of
loc.cit. suggested by David Rydh.

Corollary 2.2.2. Let X — S be a scheme of finite type over a Noetherian
scheme S which is reduced at its generic points, Z be an element of Hilb(X/S, 1)
and (xg,x1, R) be a fat point over a k-point x : Spec(k) — S of S. Then

(x0, 1) (cycly (Z x Sred)) = cyclx y ¢ spec(r) (£ , Spec(k)). (2.2.1)

Proof. Using [Lemma 2.1.19| we easily reduce the proof to the case where the
scheme S is reduced.

Since Z xg Spec(R) — Spec(R) is flat it follows that if we let n be the
image of the generic point under x; then we have

cycl(Z x Spec(R)) = cycl(Z x Spec(R(y))) = cycl(Z, x  Spec(R(y))
S S Spec(k(n))
(2.2.2)

Furthermore since the projection prz, : Spec(R o)) Xspec(k(n)) Zn — Zy is flat
it follows from flat-pullback (1.7.2) that
cyel(Z,  x  Spec(Ry))) = pry, (cycl(Zy)). (2.2.3)
Spec(k(n))

Let now Z; be the irreducible components of Z, z; be their generic points and
n; be their multiplicities such that cycly(Z) = > n;z;. We have

Z n;z; = cycl(Z , Spec(Os,y))
zi/n

where the sum is taken over those points z; lying over the point 7. Since S is
reduced it follows that Og, = k(n) and thus we have

> nizi = cycl(Zy). (2.2.4)
zi/n
Hence by ([2.2.3]) we have
cycl(Z. x  Spec(Rip))) = Y mn;cyel(((Z;) x  Spec(R)))
" Spec(k(n)) © ;7 7 Spec(k(n)) ©

= n; cycl(((Z; X Spec(R .

S merl((Za x| Spec(Ro)
(2.2.5)

Further since ¢4, (Z;) — Spec(R) is flat for each i it follows that
Cyd(¢r1 (Zz)) = Cyd(ﬁbm (ZZ) X SpeC(R(O))) =
Spec(R)

= cycl((Z; x Spec(R)) x Spec(R))) =
S Spec(R)

= cycl((Z;)y Spec>(<k(n)) Spec(R)))-
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and combining this with (2.2.5)) we obtain

cycl(Z,  x  Spec(Ry)) = an cycl(oz, (Zi))
Spec(k(n))

and finally (2.2.2)) now yields the equality
cycly X s Spec(R) (Z >S< SpeC(R)) = Z n;cycly X g Spec(R) (¢2B1 (ZZ>) :
Proposition [2.2.1] yields now that

eyl s spect (4 5 Spee(k) = 3 vl spuciy(6ea(Z0) x| Spec(h)
pec

and the right hand side is by definition equal to (zg,x1)*(Cyclx(Z2)). O

Example 2.2.3. Let S = Z = X = Spec(k[z]/(2?)). Let R = k[t]¢) and
consider the k-algebra morphism k[z]/(x)? — R given by = ~ 0. Then this
induces a morphism x; : Spec(R) — S, and letting xo : Spec(k) — Spec(R)
being the inclusion of the closed point, we see that we get a fat point (zg, z1)
of §. Now we have

(w0, 1) (cyclx (Z)) = (0, 21)" (2 Spec(k)) = 2(Spec(k))
while on the other hand we have
cyely ¢ spec(k)(Z x Spec(k)) = cyclgpec(r) (Spec(k) = (Spec(k))

hence if S is not reduced at its generic points it is not correct that the cycles
(zo,21)"(cyclx (Z)) and cycly ¢ spec(k) (£ X s Spec(k)) coincide as stated in
[SV00, Cor.3.2.4].

Corollary 2.2.4 (|[SV00, Corollary 3.2.5]). Let X — S be a scheme of finite
type over a Noetherian scheme S. Then the image of the map

Z(Hilb(X/S,r)) — Cycl(X).

given by
Z — cycly (Z X Sreq)
S

lies in Cyclyg,,;(X/S,7).

2.3 Chow presheaves

Base change

Theorem 2.3.1 ([SV00, Theorem 3.3.1]). Let X — S be a scheme of finite
type over a Noetherian scheme S, Z be an element of Cycl(X/S,r) and f :
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T — S be a Noetherian scheme over S. Then there is a unique element
Zr € Cyc(X xgT/T,r) ®z Q such that for any commutative diagram of the
form

Spec(A) —2— T
Yo

Zo

/
Spec(k) f
\

Spec(R) —2— S

where (xg,x1) and (yo,y1) are fat k-points of S and T respectively one has:

(Y0, 91)"(21) = (20, 21)"(2).

Proof. We prove the theorem in several steps, starting with the following
lemma.

Lemma 2.3.2. Suppose (yo, y1, A) is a fat point over a k-point y : Spec(k) — T'.
Then we can find a field extension L/K and a fat point (xg,x1, R) over the
L-point Spec(L) — S such that we have a commutative diagram

T
P
Spec(L) f
N}
S
Proof. Let s € S be the (set theoretic) image of the composition yo f : Spec k —

Spec
S. By Corollary we can find a k’-point z : Speck’ — S whose image is
the point s and a fat point (x,z1, R) over x
It is clear that the scheme Spec(k ®ys) k') is nonempty, hence we can find
a field L together with maps ¢ : Spec L — Speck, ) : Spec L — Speck’ such
that we have a commutative diagram

Spec(k) —2— Spec(4) —2—
(R)

x1
—

Spec(k) —2— Spec(4) —L— T

hf

Spec(k’) —2 Spec(R) — S

Spec(L)

A
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Corollary 2.3.3. Under the notations and assumptions of Theorem [2.3.1] the
cycle Z7 is unique if it exists.

Proof. Suppose for the sake of contradiction we have two different cycles
21,29 € Cycl(X xgT/T,r) which both satisfy the properties of Zp. By
Corollary [2.1.17| there is a k-point y : Speck — T and a fat point (yo,y1, A)

over y such that

(0, y1)"(21) # (yo,y1)"(22).

By Lemma we can now find a field extension L/k and a fat point (xg, z1, R)
over the L-point Spec L — S such that the following diagram commutes

T
e
Spec(L) f
x
S
contradicting the assumption that they are both equal to (zg,z1)*(2). O

Y1

Spec(k) —2— Spec(4) L~

(A)
Spec(R) —1—
It follows from Lemma [I.7.2] that

(Yo o, 1)"(21) # (Yo ° 0, 41)" (22)

We now start proving existence, starting with a small auxiliary lemma.

Lemma 2.3.4. Let z be a point of X lying over a generic point of S such
that z has dimension r in its fiber. Let further Z denote the closure of z.
Let §" — Syeq be a blow-up such that the proper transform of Z denoted Z is
flat over S’ (Theorem . Then Z — S’ is universally equidimensional of
dimension r.

Proof. By Proposition [1.1.23| it is enough to show that Z x g Spec(K) —
Spec(K) is equidimensional of dimension r for every generic point Spec(K) —
S’. By Lemma we have that Z x g Spec(K) — Spec(K) factors as

7 x5 Spec(K) —— Z x g Spec(K) —— Spec(K)

The scheme Z x g Spec(K) is either empty in which case it is trivially equidimen-
sional of dimension 7 or Spec(K) is Spec(k(f(z)) in which case Z x g Spec(K)
is irreducible of dimension r by Lemma [2.1.13 O

Corollary 2.3.5. Let S be a Noetherian scheme and X — S a morphism of
finite type over S. Let z be a point of X lying over a generic point of S such
that z has dimension r in its fiber. Let further Z denote the closure of z (with
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reduced scheme structure). Suppose that f : Spec(R) — S be a morphism from
a discrete valuation ring to S mapping the generic point to a generic point of
S. Then ¢¢(Z) — Spec(R) is universally equidimensional of dimension r.

Proof. By Theorem we can find a blow up S’ — Sieq satisfying the
conditions of Lemma[2.1.8] The desired result now immediately follows from
Lemma 234 O

The key part of the proof (of [Theorem 2.3.1)) is the simple case when T is a

point s of S which follows from the following descriptive lemma. This lemma
gives some additional information concerning fat points.

Lemma 2.3.6 (|SV00, Lemma 3.3.2]). Denote by p the exponential character-
istic of the field k(s). Then there exists a unique cycle Z5 in Cycl(Xs,7)[1/p]
such that for any field extension k/k(s) and any fat point (xg,x1) over the
k-point Spec(k) — Spec(k(s)) — S one has (zo,21)"(Z) = Zs Qp(s) k-

Proof. Suppose that Z = > n;z; and denote by Z; the closure of z; which we
consider as an integral closed subscheme of X and choose a blow up S’ — Sieq
such that the proper transforms Z; are flat over S’

Suppose that k/k(s) is a field extension such that the k-point Spec(k) —
Spec(k(s)) — S admits a lifting to S’. By Lemma [2.3.4] we have that
Zi Xgr Spec(k) is either () or it is a scheme of pure dimension r. Consider
now the cycle

Zp = Z n; cycly xsspec(k)(Zi 5>~<, Spec(k)) € Cycl(X >§ Spec(k),r)

By Proposition 2.1.21] and Lemma [1.7.2] it follows that the cycle Z is indepen-
dent of the choice of lifting of Spec(k) — Spec(k(s)) — S to S’. Now since the
morphism S’ — S is surjective and of finite type we can find a finite normal
extension ko/k(s) such that the point Spec kg — Spec k(s) — S admits a lifting
to S’. By Proposition and Lemma again it follows that the cycle
Zy, is Gal(ko/k(s))-invariant and hence by Lemma [1.7.3] descends to a cycle
Z, € Cycl(Xs,r)[1/p].

Let now k be any extension of k(s) such that the point Spec(k) —
Spec(k(s)) — S admits a lifting to S” and let L be a composite of k and
ko over k(s). Then

Z®r L= Z, Qpy L = Z5 Qpsy L = (25 Qps) k) @k L

and hence Z = Zs Qy) k-

Finally let k/k(s) be a field extension and (z,z1, R) be a fat point over a
k-point Spec(k) — Spec(k(s)) — S. By the valuative criterion of properness
the morphism z7 : Spec(R) — S has a canonical lifting to S’. This gives us a
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lifting to S” of our k-point Spec(k) — S and it follows from Lemma and
the construction of Z, that one has

(1‘0, 1'1)*(2) = Zk = ZS ®k(s) k.
]

In the course of the proof of Lemma we have established that after
possibly extending the field k(s) the cycle Z5 can be computed using flatification:

Lemma 2.3.7 (|[SV00, Lemma 3.3.3]). Let S" — S be a blow-up such that the
proper transforms Z; of Z; are flat over S" and let k/k(s) be a field extension
such that the k-point Spec(k) — Spec(k(s)) — S admits a lifting to S'. Then

Zs ®p(s) k = Y- micycly g spec(r)(Zi X s Spec(k)).

Construction 2.3.8 (|SV00, p.25]). Let 7,...,7, be the generic points of T'
(recall that T" is a Noetherian scheme over S) and o1, ..., 0, be their images in

S. Forj=1,...,nlet Z,, be as in and consider the cycles

Zo; Ok(o;) k() = Znﬂzﬂ € Cycl(X >§ Spec(k(;)),r) ®z Q.
l

Here n;; are rational numbers and z;; are points of X xg Spec(k(7;)) lying
over 7; and having dimension r in their fibers. Note that X x g Spec(k(7;)) is
nothing but the fiber of 7; under the morphism X xg7" — T hence the points
zj; may be considered as points of X xgT. Set Zr := Zj,l G120

We will now show that the cycle Z¢ from [Construction 2.3.8| belongs to

Cycl(X xsT/T,r) ®z Q and has the desired property of . We
give the same proof of this fact as in [SV00].

T

Wf

S

Consider a commutative diagram of the form
in which (xo, 1) (resp. (yo,y1)) is a fat k-point of S (resp. of T'). Let as before
S’ — Sieq denote a blow up of S,eq such that the proper transforms Z; of Z;
are flat over S’. Lemma [1.3.12] shows that there is a discrete valuation ring

A’ and a surjective morphism Spec(A’) — Spec(A) such that the morphism
Spec(A’) — S admits a lifting to S”. Denote the residue field of A (resp. of A’)

Spec —

(4) -2
Spec(R) —2—
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by k4 (resp. ka/) and let k' be a composite of k and k4 over ky so that we
have the following commutative diagram

Spec(k’) —— Spec(4d’) —— &'

| l |

Spec(k) —2— Spec(d) 2T —— &

Letting Z;; denote the closure of the points z;; considered as integral sub-
schemes of X xgT , then by Lemma [2.3.4) and Corollary [2.3.5] we have that
the morphisms ¢y, (Zj1) Xgpec(4) Spec(A’) — Spec(A’) and Z; x g Spec(A’) —
Spec(A’) are flat and universally equidimensional of dimension r. Thus we can
consider the following two elements in Q(Hilb(X x g Spec(A’)/ Spec(A’),r)):

W = Z ni(Z; o Spec(A4’))

Wi = nji(¢y,(Z1) x Spec(A'))
il Spec(A)

Assume that y; maps the generic point of Spec(A) to 71 , then we further have
that
Wi = mu(¢y,(Z11) % Spec(4'))
1 Spec(A)

Lemma 2.3.9 ([SV00, Lemma 3.3.5]).

CyCIX X g Spec(A’) (W) = CyCIX X g Spec(A’) (Wl)
Proof. Let K (resp. K') denote the quotient field of A (resp. A’). Since the map
p : Spec(K') — Spec(A4’) is flat we have the map p* : Cycl(X xg Spec(A’)) —

Cycl(X x g Spec(K')) which we can restrict to relative cycles and extend to
rational coefficients and get a map

Cycl(X x Spec(A")/ Spec(4’), r)®7Q — Cycl(X x Spec(K")/ Spec(K'), r)@zQ

which is clearly injective. Thus we may replace A’ by K’ everywhere. Further-
more

CyCIX X g Spec(K") (W Spe(>:<(A’) SpeC(K/)) = Z ;g CyCIX X g Spec(K’) (Z~Z ;f/ SpeC(K/))

and according to Lemma m this cycle is equal to Z5; ®p(oy) K.
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On the other hand we have:

CyClX X g Spec(K') (Wl x SpeC(K/)) =
Spec A’

= cycl / Z X  Spec(K X Spec(K")) =
5yl et (B (Z10) % SpeclRO] ¢ Spec(iC)

= n1 g cycly o spec(i) (211 % Spec(K) % Spec(K')) =
zl: xs Spec(K) T Spec(K)

=D nireyely wg specti(n ) (Z1 x Spec(k(11)))] @k(r) K’
1

Furthermore by Lemma [2.1.13| we have that

eyl xg spec(r(r)) (Z11 X Spec(k(m))) = 21

Thus

Cde X s Spec(K') (Wl Sp;f: A Spec(K')) =

D) " nageyely xg speerin)) (214 X Spec(k(11)))] @p(r) K' =

l
= (D m1u210) k() K = (Zoy Ok(or) K1) @iy K' =
1

= Z5, ®k(al) K'.

which completes the proof of the lemma. O

Proposition [2.2.1] implies now that

CYCIX X g Spec(k’) (W X Spec(k,)) = CyClX X g Spec(k’) (Wl X Spec(k,))
Spec A’ Spec(A’)

l.e.

D nicycly g spec(r) (Zi X Spec(k)) =Y " nucycly g specqrry (@1(Z1 . ><(A/) Spec(k')) =
] pec

= (Yo, 1) (Zr) @ K.

On the other hand the cycle (zg,x1)*(Z) ® k' coincides with
Z njcycly X s Spec(k’) (ZZ ;5 Spec(k/))

where this time the morphism Spec(k’) — S’ is a lifting of the same point
Spec(k’) — Spec(k) — Spec(R) — S obtained using the unique lifting of
Spec(R) — S. Proposition[2.1.21|shows that (2o, z1)*(Z)®@kk’ = (yo, y1)* (Z1)®%
k" and hence (zg, 21)*(Z) = (y0,v1)*(Z7). This shows that the cycle Zp has the
desired property and by Lemma we also see that Zp € Cycl(X xgT/T,1).
Theorem [2.3.1] is proven. O
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Notation 2.3.10 (|[SV00, p.29]). Let f : T'— S be a morphism of Noetherian
schemes and X — S be a scheme of finite type over S. We denote by

cycl(f) : Cycl(X/S,r) @z Q — Cycl(X >§ T/T,r)®zQ

the homomorphism cycl(f)(Z) = Z7 where Z7 is defined as in Theorem m
The following remark is similar to the remark on p.27 of [SV00.
Remark 2.3.11. In general it is possible that a cycle with integer coefficients

can be pulled back to one whose coefficients are not integers. Such an example
due to A.S. Merkurjev will be given in [Example 2.5.14]

The statement of the following lemma is stated without proof on p.30 of
[SV00].

Lemma 2.3.12. Suppose we have two morphisms f:T' — T and g : T — S.
Then

cycl(g o f) = cycl(f) o cycl(g)

Proof. Suppose k is a field and A, A" are discrete valuation rings such that we
have a commutative diagram of the form:

Spec(A') —2 T

&
Y1

Spec(A) —— T

By Lemma we can find a field extension L/k and a discrete valuation ring
R such that we get a commutative diagram of the form

Spec(A’) BTN

Spec(L) —— Spec(k) f
&

~
o

Spec(d) —2— T

g

~
Z1

Spec(R) —— S



Then

(50, 1)* (cyel(g)(Z)) @k L = (yo © @, 31)" (cycl(g)(Z)) = (zo,21)*(Z) =
= (yo o, y1)"(cycl(g o £)(2)) = (yo, ¥1) " (cycl(g o f)(Z)) @k L

hence
(¥, y1)" (cyel(g o £)(2)) = (yo, 1) (cycl(9)(2))
Thus by uniqueness of cycl(f)(cycl(g)(2)) it follows that

(cycl(g o £)(2)) = cycel(f)(cycl(g)(Z)).

Properties of the pullback homomorphism

Note the easy observations regarding the pullback cycl(f).

Lemma 2.3.13. Let X — S be a scheme of finite type over a Noetherian
scheme S, Z =Y a;z; € Cycl(X/S,r).

(1) Suppose that f : T — S is a Noetherian scheme over S. If the set
theoretic image f(T) does not intersect the set theoretic image of Supp(Z)
in S, then cycl(f) = 0.

(2) If n is a generic point of S and f : Speck(n) — S is the canonical
morphism, then

CyCl(f)(Z) = Z aq CyCIX X s Spec k(r])(Zl >S< Spec(k(n)))

= Z a;z; € Cycl(X >§ SpeCk(n)a T)'

z; lies over n

(3) If s € S and there exists a fat point (xo,x1, R) over the canonical k(s)-
point f : Speck(s) — S, then (zo,x1)*(2) = Z;.

Proof. For (1) note that if we have a field k and fat points (zg, z1, R), (yo,y1, A)
and a commutative diagram of the form

Spec(A) —2» T



Then the set theoretic image of supp(Z) does not contain the image of z1 o xy,
hence (xg,z1)*(Z) = 0 thus by uniqueness we deduce that cycl(f)(Z) = 0.
For (2): For any diagram of the form

Spec(A) —— Spec(k(n))

Spec(R) —2— S
we easily see that Spec(R) 2 S factors through Spec k(1) — S thus

(0, 21)* =Y _ ai cyely y g spoc(r) (Zi x k) =
= (Y0, y1)" (D _ ai cyclx g Spoc k() (Zi X Spec(k(n))))

= (Y0, y1)"( Z aizi).

z; lies over n
For (3): For an independent variable ¢ we have that the canonical inclusion

k(s) — k(s)[t] () gives a fat point over the identity map Speck(s) — Spec k(s).
Consider now the diagram

Spec(k(s)[t])) —— Spec(k(s))

Spec(R) ——2—— §

Then clearly (yo,y1)*(Zs) = Z5 hence (xg,21)*(2) = Zs.
O

Lemma 2.3.14. Let S be a Noetherian scheme and X — S a scheme of finite
type over S. Let Z =3 n;z; € Cycl(X/S,r) and let Z; denote the closure of

ziin X. If f:8" — S is a blow-up of Sieq such that the proper transforms Z;
of Z; are flat over S’ then

cycl(f)(2) = Z nicycly g s (Zi)
and each Z; is flat and equidimensional of dimension r over S'.
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Proof. Let 7y,..., T, denote the generic points of S’ and let o1, ..., 0, be their
images in S. By Construction [2.3.8] we have

cyel(f)(2) = 2o, ®(oy) k(75)
j=1

where the points here are considered as points in the scheme X xgS’. By
Lemma [2.3.7] we now have that

cyl(f)(2) = 2o, i) k() =
j=1

=Y nicyelx g specti(ny) (i % Spec(k(75))) = > nicyely o 5i(Zi).
j=1 1 ;

(2

The last statement follows from Lemma [2.3.4] O

Lemma 2.3.15 ([SV00, Lemma 3.3.6]). In the notations and assumptions of
Theorem [2.3.1] we have

supp(27) C (supp(Z))r = supp(Z) xT.

Proof. The claimed inclusion can be checked fiberwise hence it is sufficient
to consider the case T' = Spec(k) for a field k. Using Corollary we find
an extension k'/k and a fat point (xg,x1, R) over the k’-point Spec(k’) —
Spec(k) — S. The defining property of the cycle Z; (Lemma shows that

supp(Z;) X%  Spec(k’) = supp(Zi) = supp((xo,21)*(Z)) C

Spec(k)
C Uiz, (Z;)  x  Spec(k’) C Uij(Z; x Spec(R)) C U;(Z; x Spec(R)) x  Spec(k') =
Spec(R) S S Spec(R)
= supp(Z) x Spec(k’) = (supp(Z) x Spec(k)) x Spec(k’).
S S Spec(k)

Since the morphism X — X} is surjective the above inclusion implies the
desired one supp(Zx) C supp(Z) x g Spec(k). O

Corollary 2.3.16. Suppose that S is a Noetherian scheme and Z € Cycl,,,,;,(X/S,r).
Then for any Noetherian scheme T and morphism T — S we have that the
generic points of Supp(Zr) are generic points of T X g Supp(Z).

Proof. By Lemma [2.3.15 we have the inclusion
Supp(Z2r) C T x Supp(Z2)

Let z; be any generic point of Supp(Zr) and z be a generic point of 7' X g Supp(Z)
whose closure contains the point z;. Then it is clear that both points lie over a
generic point of S say 1 and by Lemma [1.1.15]it easily follows that we must
have z; = z. ]
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Lemma 2.3.17 ([SV00, Lemma 3.3.7]). Consider a pull-back square of mor-
phisms of finite type of Noetherian schemes of the form

X — X

L

s 1,3
and assume that the morphism f is universally open and any generic point of
X lies over a generic point of S. Then any generic point of X' lies over a
generic point of S’.

Lemma 2.3.18 (|SV00, Lemma 3.3.8]). Let X — S be a scheme of finite type
over a Noetherian scheme S, Z =3 n;z; be an element of Cycl(X/S,r)®Q, f :
S" — S be Noetherian scheme over S and Z' = cycl(f)(Z) be the corresponding
element of Cycl(X xgS'/S",r) ® Q.

(1) If f is a universally open morphism then supp(Z2’) = (supp(Z) x5 5 )red-

(2) If f is dominant then supp(Z) is the closure of prx(Supp(Z’)) where
prx : X xgS" — X is the projection.

Proof. For (1): The inclusion
supp(Z/) - (Supp(Z) >5'< S,)red

follows from Lemma It is enough to check that these two sets have the
same generic points. To this extent note that Lemma[2.3.17]implies immediately
that generic points of supp(Z) xg S’ lie over generic points of S’. Hence we
may assume that S’ = Spec(k) and the image of S’ in S is a generic point 7 of
S. Then k is an extension of k(n) and according to Lemma[1.7.2(2) we have

supp(Z2') = supp(Z;; Qr(y) k) = (supp(Z,) Spoch(n)) Spec(k))rea-

By Lemma [2.3.13(2) we have
Zn = Z n;z;

z; lies over n

and hence supp(Z,) = supp(Z) xg Spec(k(n)).

For (2): It is enough to show that z; € prx(Supp(Z2’)) for all i. Let n;
denote the image of z; in S and let 1} be a point of S’ lying over n;. Note that
Zp) = (2")i(y) and hence by Lemma@ we have supp(Z(,,)) C Supp(Z’).
Moreover part (1) of this present lemma yields that

supp(Z,,  x  Spec(k(n;)))rea = supp(Z,)
Spec(k(n:)) !
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And since the morphism

supp(Z,,)  x  Spec(k(n;)) — supp(Zy,)
Spec(k(ni))

is surjective and by Lemma [2.3.13(2) we have z; € Z,, the desired result
follows. O

The following result is a corrected version of [SV00, Lemma.3.3.10] (see the
paragraph preceding [Corollary 2.2.2)).

Lemma 2.3.19. Let T — S be a morphism of Noetherian schemes. Then for
any scheme X of finite type over S and W an element of Z(Hilb(X/S,r)) we
have

[Cyclx (W >§ Sred)]1 = cyclx wgr(Wr ? Trea)

Proof. This is immediate from |[Corollary 2.2.2| ]

Lemma 2.3.20 (|SV00, Lemma 3.3.12]). Let X — S be a scheme of finite type
over a Noetherian scheme S and f : S’ — S be a flat morphism of Noetherian
schemes. Assume further that the schemes S and S" are both reduced. Then
for any element Z in Cycl(X/S,r) one has

cycl(f)(2) = fx(Z)

where fx =prx : X xgS" — X and f% is the flat pull-back defined in Section
7

Proof. Let 71,..., 7, denote the generic points of S’ and we let o1, ...,0, be
their images in S under the morphism f. Since generalizations lift along flat
morphisms it follows that all the o; are generic points of S. We briefly recall
how cycl(f)(Z) is constructed: Let n;; € Q be such that we have

Z5; Qo) k(Ti) = anzm € Cycl(X >S< Spec(k(m;)),r) ®z Q
J

Then cycl(f)(Z) = >, ; nijzi,j Where z; ; is considered as a point in X xg.5".
By Lemma [2.3.13|(2) it follows that if Z = ) a;z; with Z; denoting the closure
of z; in X then we have

Zs, Oke(07) k(TZ) = Z ajcycly X Spec(k(Tl-))(Zl ?; Spec(k(Ti)))
On the other hand we have
fx(2) =) acydy , o(Z X S
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Hence if we can show that the generic points of Z; x g Spec(k(7;)), as i goes
through 1,...,n , are exactly the generic points of S’ x g Z; then we will have
that

eyelx xgs7(Z1%8") = D eyely o 5/((Z1% 8) X Spec(Os: 7))

(2

Since S’ is reduced we have Og ., = k(7;) we only need to compare generic
points to complete the proof. By continuity of the projection Z; xg S’ — S’
we easily see that any generic point of Z; x g Spec(k(7;)) must necessarily be a
generic point of Z; xgS’. Suppose now that £ is a generic point of S’ xg Z;.
Since S’ xg Z; — Z; is flat it follows that £ is mapped to z; the generic point
of Z;. Since S is reduced by assumption there is an open dense subset U of
S such that Z; — X — S is flat over U, hence we see that the morphism
Spec k(§) — S’ x g Z; factors through S’ x g Z; x g U, but the latter is flat over
S’ hence £ is mapped to one of the generic points 7; of S’ which completes the
proof. O

Chow presheaves

For a scheme X of finite type over a Noetherian scheme S we follow [SV0O|
and set

Cycl(X/S,r)g(S") := Cycl(X , S'/S" ) @z Q.
By Lemma we then get a presheaf of Q-vector spaces
Cycl(X/S,7)g : NoethSch /S — Vectg

on the category of Noetherian schemes over S. Similarly in the notations
of [SV00| we also have the presheaves of Q-vector spaces PropCycl(X/S,r)q,
Cyclequi(X/S,7)q, and PropCyclequi(X/S, r)g as well as presheaves of uniquely
divisible abelian monoids Cycl®¥(X/S,r)qg, , PropCycl®/(X/S,7)q, .

Lemma 2.3.21 (|[SV00, Lemma 3.3.9]). Let S be a Noetherian scheme, X — S
be a scheme of finite type over S and Z be an element of Cycl(X/S,r)q. Then
the following conditions are equivalent:

(1) For any Noetherian scheme T over S the cycle Zr belongs to Cycl(X xsT'/T,r)
(inparticular Z € Cycl(X/S,r)).

(2) For any point s € S the cycle Z5 belongs to Cycl(Xs,r).

(3) For any point s € S there exists a separable field extension k/k(s) such
that the cycle Z = Zs @y s) k belongs to Cycl(X x g Spec(k),r).

Proof. (1) obviously implies (2) which again obviously implies (3). To see that
(3) implies (2) apply [Lemma 1.7.2| and [Lemma 1.4.9]
The final implication (2 = 1) follows from the construction of Z7. O
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Definition 2.3.22 ([SV00, p.30-31]). We shall call a relative cycle satisfying
the equivalent conditions of Lemma [2.3.21] a relative cycle with universally
integral coefficients. We denote by Cycl(X/S,r)yr (resp.

PropCycl(X/S,r)yr, Cycl X/S,r)ur, PropCycl X/S,m\ur

equi( equi(

) the subgroup of Cycl(X/S) (resp. of PropCycl(X/S, ), Cycl,,,,;(X/S,r), and
of PropCycl.,,;(X/S,r)) consisting of relative cycles with universally integral
coefficients. It is clear that Cycl(X/S,r)yr (resp. ...) yields a subpresheaf in
the presheaf Cycl(X/S,7)qg (resp. ...). Moreover

PropCycl(X/S,r)yr = Cycl(X/S, r)uyr N PropCycl(X/S, r)o
etc.

Remark 2.3.23. In [SV00| the presheaves Cycl(X/S, )y and PropCycl(X/S, )y
are denoted by the notation z(X/S,r) and ¢(X/S,r) respectively.

Lemma 2.3.24. We have a homomorphism of presheaves
cycl : Z(Hilb(X/S,r)) = Cycl(X/S,r)u1.
given by
Wi CyClX(W >§ Sred)

Proof. Follows immediately from Lemma O

Remark 2.3.25. [Lemma 2.3.24]is the corrected statement of Corollary 3.3.11
in [SV00].

Proposition 2.3.26 (|SV00, Proposition 3.3.13|). Let S be a Noetherian
scheme of exponential characteristic n and X — S be a scheme of finite type
over S. Then the subgroups Cycl(X xgT/T,r)[1/n] in Cycl(X xsT/T,r)®zQ
for Noetherian schemes T over S form a subpresheaf Cycl(X/S,r)[1/n] in the
presheaf Cycl(X/S,r)q.

Proof. Follows easily from Lemma and the construction of the pullback.
O

The next proposition tells us that the definition Cycl(X/S,r)y  is reason-
able. The proof given in the original source is rather clear and therefore omitted
here.

Proposition 2.3.27 (|SV00, Proposition 3.3.14|). Let X — S be a scheme of
finite type over a Noetherian scheme S. Then the quotient presheaf

Cycl(X/S, 1)/ Cycl(X/s,m)ur

is a presheaf of torsion abelian groups. i.e. for any Z € Cycl(X/S,r) there is
a positive integer N such that NZ € Cycl(X/S,r)ur.
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Corollary 2.3.28. Let X — S be a scheme of finite type over a Noetherian
scheme S. Then the canonical morphisms

CyCl(X/S, T)U[ Rz Q — CyCl(X/S, ’I“)Q (2.3.1)
CyclT (X/S,r)ur ®n Q4 — Cyd (X/S,7)q, (2.3.2)

are isomorphisms, and the analogous statements for the proper and equidimen-
stonal versions also hold.

Remark 2.3.29. Suppose that k is a field of exponential characteristic p and S
is a Noetherian scheme such that k is a subfield of the residue field k(s) for any
point s € S. If X — S is a scheme of finite type over S and Z € Cycl(X/S,r)
is a relative cycle then for any point s € S it follows from that
the cycle Z, has necessarily coefficients in Z[1/p]. [Proposition 2.3.27| tells us
that we can find some N > 0 such that N - Z; has integral coeflicients for
all s € § and it is clear that if p” is the greatest power of p dividing N then
p"Z € Cycl(X/S, ’I”)U[.

The last proposition we state in this section tells us that there is a relatively
large class of schemes where Cycl(X/S,r) and Cycl(X/S,r)yr coincide. Again
we refer the reader to the original source for a clear proof.

Proposition 2.3.30 (|SV00, Proposition 3.3.15|). Let S be a reqular Noethe-
rian scheme. Then for any scheme of finite type X over S and any r > 0 one
has:

Cycl(X/S,r) = Cycl(X/S,r)ur
Cydequi (X/Sa T) = Cydequi (X/Sa T)UI

etc.

2.4 Relative cycles over geometrically unibranch
schemes

Over geometrically unibranch schemes it turns out that the group of equidi-
mensional relative cycles of dimension r are freely generated by integral closed
subschemes which are equidimensional of relative dimension r over the base.
In order to prove this we will need the following lemma whose proof can be
found in [SV0O).

Lemma 2.4.1 (|SV00, Lemma 3.4.1]). Let k be a field, X — Spec(k), S —
Spec(k) be two scheme of finite type over k and Z be a closed subscheme in
X Xspec(k) S defined by a nilpotent sheaf of ideals which is flat over S. Let
further E be an extension of k and s1, s2 be two E-points of S over k. If S is
geometrically connected then the cycles associated with the closed subschemes
Z X, Spec(E) and Z X, Spec(E) in X Xgpec(r) SPec(E) coincide.
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Theorem 2.4.2 (|SV00, Theorem 3.4.2|). Let S be a Noetherian geometrically
unibranch scheme and X — S be a scheme of finite type over S. Let further

Z C X be a closed subscheme which is equidimensional of relative dimension r
over S. Then cyclyx(Z) € Cycl,,;(X/S,r).

Proof. By Corollary we may assume that the closed subscheme Z is
integral. Choose a blow-up S’ — S;eq such that the proper transform ZofZ
is flat over S’. Let further k be a field, s : Spec(k) — S be a k-point of S and
s1, 82 : Spec(k) — S’ be two liftings of s to S’. According to Proposition
we have to show that the cycles cycl(Z x, Spec(k)), cycl(Z x, Spec(k)) co-
incide. Note that according to Proposition and Lemma the
closed subscheme Z in Z xgS' is defined by a nilpotent sheaf of ideals
and hence Z xgSpec(k) is a closed subscheme of (Z xgS’) xgSpec(k) =
(Z x5 8pec(k)) Xgpec() (S’ x5 Spec(k)) defined by a nilpotent sheaf of ideals.
The scheme S’ x g Spec(k) is geometrically connected according to Proposition
Thus our statement follows from Lemma 2.4.71 O

Remark 2.4.3. [Theorem 2.4.2|is very similar to [Kol96, p. 1.3.17].

Corollary 2.4.4 ([SV00, Corollary 3.4.3]). Let S be a geometrically unibranch
scheme and X — S be a scheme of finite type over S. Then the abelian group
Cyclegyi(X/S,7) (resp. PropCycl,,,;(X/S,7)) is freely generated by cycles of
integral closed subschemes Z in X which are equidimensional (resp. proper and
equidimensional) of dimension r over S.

Corollary 2.4.5 ([SV00, Corollary 3.4.4]). Let S be a Noetherian geometrically
unibranch scheme and X — S be a scheme of finite type over S. Then the
abelian group Cycl,,,;(X/S,r) (resp. the abelian group PropCycl,,,;(X/S,7))
is generated by the abelian monoid Cycl/(X/S,r) (resp. by the abelian monoid
PropCycl®//(X/8,r)).

equi (

Proof. Follows immediately from Proposition [2.1.23| and Theorem [2.4.2 O

Corollary 2.4.6 (|SV00, Corollary 3.4.5|). Let S be a Noetherian regular
scheme and X be a scheme of finite type over S. Then the abelian group
Cyclegui(X/S,m)u1(S) (resp. the abelian monoid Cycl®/(X/S,7)u1(S)) is the
free abelian group (resp. free abelian monoid) generated by closed integral
subschemes of X which are equidimensional of dimension r over S.

Proof. Follows immediately from Proposition [2.3.30] and Theorem [2.4.2 O

Corollary 2.4.7 ([SV00, Corollary 3.4.6]). Let S be a Noetherian regular
scheme and X be a scheme of finite type over S. Then the abelian group
PropCycley,; (X/S,m)u1(S) (resp. abelian monoid PropCycl®// (X/S,7)(S)) is
the free abelian group (resp. free abelian monoid) generated by closed integral
subschemes of X which are proper and equidimensional of dimension r over S.
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Example 2.4.8. Let S denote the plane nodal cubic curve S = Spec(k|[z, y]/(y*—
2?2 —2%)). Example shows that S is not unibranch and hence not geometri-
cally unibranch. The aforementioned example also shows that the normalization
of S is the morphism Spec(k[t]) = Aj — S induced by the ring morphism
z+ (t* —1), y — (1> — 1)t. Note that the only point of A} /S lying over a
generic point of S is the generic point & of A,lg itself. We will show that £ is not
a relative zero cycle, that is £ ¢ Cycl(A;/S,0). To this extent note that the
preimage of the singular point of S is the two points (¢ + 1) and (¢t — 1) of Al.
This gives us two fat points over the singular point p : Spec(k) — S as follows:
Consider the ring map R = k[t];_1) — k given by ¢ + 1, this induces a mor-
phism of schemes x( : Spec(k) — Spec(R) with the closed point as its image.
Let further z1 : Spec(R) — S be the obvious composition Spec(R) — A} — S
this gives us a fat point (xo, 71, R) over p. Similarly letting A = k[t];4.1) we
get another fat point (yo,y1, A) over p.

The maps idgpec(r) : Spec(R) — Spec(R) and the canonical map Spec(R) —
A,lC induces a closed embedding

Spec(R) —— Spec(R) xg Al

We claim that this closed embedding is in fact equal to ¢, (A}). Indeed it
is obviously flat over Spec(R) and easily seen to be an isomorphism over the
generic point of Spec(R) as well. Now note that

Spec(k) x A} = Spec(h{]/(#* — 1)) = Spec(k[f/(¢ + 1)) [ | Spec(klt)/ (¢ — 1))
And we have that

(z0,21)"(§) = Cyclgpec(r) x5 Al (Spec(k) Spe>c<(R) Spec(R)) = Spec(k[t]/(t — 1))

On the other hand we have

(y0, y1)*(§) = Spec(k[t]/(t + 1))
hence Cycl(A}/S,r) = 0 for all 7. We could also have showed this using

Proposition [2.1.21]

Example 2.4.9. For simplicity we here fix an algebraically closed field k& and
consider the plane nodal cubic in the projective plane S = V, (y?2z — 222 —23) C
Pz. We know that the blow-up of S'is (5 : IE’),lC — S and if we give IP’}€ coordinates
A and p then the blow up S : ]P’,lC — S can be understood in terms of classical
points as the map taking [\ : ] to [uA? — p® : A3 — p2X : 4] and we see that
the points p1 = (L — A),pa = (—pu— ) € IP’,I€ corresponding to the coordinates
[1:1] and [—1 : 1] respectively, are both mapped to the singular point (z,y)
which corresponds to the coordinates [0 : 0 : 1] of S. Now consider a P} with
coordinates Xg, X7, Xo and consider the cubic polynomials

9(Xo, X1, X2) 1= X1X3 + XoX? ; h(Xo, X1, X2) = XoX1Xo + X3 X2
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since g and h don’t have common factors and involve all three coordinates of
IP’% we have that
X :=V(\g+ ph) C Pp x P}

defines a smooth elliptic surface over ]P’,{,. We then have a canonical morphism
X — S of finite type. Consider now the curves

Zy = V(,LLXO —AX, X1+ XQ) cX

o= V(—,uXO — )\Xl, X1+ XQ) c X.
It is readily checked that the composition of Z; with the projection onto }P’i
is an isomorphism, thus letting z; and 23 denote the respective generic points
of Z1 and Z,, we have that z1, z9 are both mapped to the generic point of S.
Moreover these points have dimension 0 in their fibers. We will however show
that the cycle Z = z; — 22 ¢ Cycl(X/S,0).

Let s denote the singular point of S, and consider the corresponding k-point

v : Spec(k(s)) = S. Let Ry (resp. R2) be the discrete valuation ring Op1 1,
(resp. OPL,I)Q)' Then R; and Ry give us fat points over «

Speck 13 Spec(R;) B S

Speck = Spec(Ry) 2 S
By either using the fact that Z; and Z5 isomorphic to IP’,Ic or the valuative
criterion of properness we have that the maps Spec(R;) — Pi both lift to Z;

and Z. It is then readily checked using that k(S) = k(Z1) = k(Z2) that for
1 = 1,2 the graphs of the liftings

Spec(Rl) — Spec(Rl) XS Zz
satisfy the following
( Spec(Ry) —— Spec(R1) X5 Z; ) = ¢, (Zs) (2.4.1)

( Spec(R2) —— Spec(R1) xXg Z; ) = ¢ (Z;). (2.4.2)
Consider the fibers
Xpy = X xSpec(k(p1)) = V(X1X3 + XoX7 + XoX1 X2 + X5 X»)
]P)k

Xpy = X x Spec(k(p2)) = V(= (X1.X3 + XoX7) + X0 X1 X2 + X X5)
]P)k
(Z1)p, = Z1 x Spec(k(p1)) = V(Xo — X1, X1 + X2) C X,
k

(Z1)py = Z1 x Spec(k(p2)) = V(X + X1, X1 + X2) C X),
k

(Z2)p, = Z2];<1 Spec(k(p1)) = V(=Xo — X1, - X1 + Xa) C X,
k

(ZQ)p2 = ZQ[;E Spec(k:(pg)) = V(—Xo + X1, — X1+ XQ) C sz.

k
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For 4,7 = 1,2 consider now the diagram where each square is a pullback square

Spec(k) > Spec(Rj)

! !

(Zi)m H(Zi)pz = SpeC(k) Xg Zi _—> Spec Rj Xg Zi e Zz'

I ! |

X, 11X, = Spec(k) xg X —— Spec(R;) xg X — X

l | |

Spec k(p1) [T Spec k(p2) = Speck x g Pi, —— Spec(R;) xs Pt —— P

J | |

Spec(k) » Spec(Rj) —— S

From which we see that
(70,71)%(2) = cyclgpec(h) x s x (V(Xo—=X1, X1+X2) = V(=Xo— X1, —X1+X3))
which we can write out in coordinates as
[1:1:—-1]—[-1:1:1]
On the other hand we have that
(70, 71)"(2) = cyclgpec(hy x5 x (V(Xo+ X1, X1+ X2) =V (=Xo+ X1, - X1+ X3))

which translates to
[—1:1:—=1]—[1:1:1]

thus Z ¢ Cycl(X/S,0).

IP),lC and let S be as in Example [2.4.9 and let (5 : IP’}€ — S be the blow up of S in
the singular point. Consider the morphism o f: X — S. Let nx denote the
generic point of X. We will show that nx ¢ Cycl®//(X/S,1). To this extent
let s be the singular point of .S and let pi,ps € IP’}C be the two points in the
fiber B71(s). The two points p1,ps give liftings 21, x5 : Spec(k) — P}, of the
map Spec(k(s)) — S. According to Proposition it is enough to show
that if X is the strict transform of X (with respect to the blow-up ) then

Example 2.4.10. Let f: X — IP’ be a smooth integral elliptic surface over
BLg

Cdepec(k) X s X(Spec(k) xx1 X) 7é CyCISpec(k) Xg X(Spec(k) X X)

T2

Note that X5 = (80 f)71(s) is a disjoint union of the two curves X,, = f~1(p1)
and X,, = f~1(p2) and since any codimension one subscheme of a factorial
scheme is an effective Cartier divisor, it follows that X blown up at X is just
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X itself, but then it follows that the proper transform X of X is the graph of
the morphism X — P}, that is

X=X —PlxsX, (2.4.3)
thus we have
Spec(k) ;<1 X =X,
Spec(k) X X =X,

proving that ny ¢ Cycl®//(X/S,1). By exactly the same argument one shows
that if C' is a smooth curve on X with generic point n¢c mapping to the generic
point of S, then ¢ ¢ Cycl®//(X/S,0).

2.5 Functoriality of Chow presheaves

Proper push forward

The following definition can be found on p.43 in [SVO00].

Definition 2.5.1. Let f: S — S be a morphism of Noetherian schemes. We
say that a closed subscheme Z of S is proper with respect to f if the restriction
of f to Z is a proper morphism. We say that a point s of Sy is proper with
respect to f if the closure of s in S; which we consider as a reduced closed
subscheme is proper with respect to f.

Let S be a Noetherian scheme and f : X — Y be a morphism of schemes
of finite type over S. Let further Z = > n;z; be a cycle on X which lies over
generic points of S. We say that Z is proper with respect to f if all the points
z; are proper with respect to f. We define then a cycle f.(Z) on Y as the
sum Y n;m; f(z;) where m; is the degree of the field extension k(z;)/k(f(zi))
if this extension is finite and zero otherwise. Note that if g : Y — Z is another
morphism over S such that the cycle > n;m;f(z;) is proper with respect to g

then (g0 f)u(2) = gu(f+(2).
The proof of the following theorem is somewhat technical and omitted here.

Theorem 2.5.2 ([SV00, Theorem 3.6.1|). Let S be a Noetherian scheme,
p: X1 — Xo be a morphism of schemes of finite type over S, and f:S" — S
be a Noetherian scheme over S. Set X| := X; xgS" (i = 1,2) and denote
by p' : X — X} the corresponding morphism over S'. Let further Z =
Y-niZ; (resp. W = > m;jW;) be an element of Z(Hilb(X1/S,r)) (resp. of
Z(Hilb(X2/S,7))). Assume that the closed subschemes Z; are proper with
respect to p and

px(cycly, (£) = cycly,(W).
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Then the cycle cych{ (Z xg 8" is proper with respect to p' and we have
/ Ny !
Pileyelx;(£57) = cyely (W x 57).

Lemma 2.5.3. Let S be a Noetherian scheme and X — S be a finite type
morphism. Let Z be an integral closed subscheme of X and let = : Spec(R) —
S be a morphism from the spectrum of a discrete valuation ring. Let i :
Spec(R(g)) x5 X — Spec(R) xg X be the canonical projection. Then

Uy (CyCISpec(R(O)) xg X (Spec(R(O)) >S< Z) = CyCISpec(R) xg X (¢w(Z))

Proof. Since ¢,(Z) — Spec(R) X g Z is an isomorphism over the generic point
of Spec(R) it follows that the morphism ¢ induces a one to one correspondence
between the generic points of Spec(Rg)) X5 Z and those of ¢,(Z). The result
now follows from the general fact that for any scheme 7" over a scheme V we
have that if v is a point of V' then the stalks of the scheme Spec(Oy,,) xy T
are isomorphic to stalks of 1" at points mapping to generalizations of v. O

Lemma 2.5.4. Let p: X — Y be a morphism of schemes of finite type over
a Noetherian scheme S. Suppose that Z = > n;z; € Cycl(X/S,r) is a cycle
such that the points z; are proper with respect to p and let Z; (resp. W;) denote
the closure of z; (resp. p(z;)) considered as an integral closed subscheme of X
(resp. of Y ). Suppose that x1 : Spec(R) — S is a morphism from the spectrum
of a discrete valuation ring mapping the generic point to a generic point of S.

(1) We have that ¢, (Z;) is flat and equidimensional of relative dimension r
for all i hence

Zy = Zniqﬁm(Zi) € Z(Hilb(X X Spec(R)/ Spec(R),r)).

(2) Set m; = [k(z) : k(p(z:))] if this field extension is finite and zero
otherwise, we have that for each i such that m; # 0 the morphism
¢z, (Wi) — Spec(R) is flat and equidimensional of relative dimension r,
thus

W := Z nim;ipq, (W;) € Z(Hilb(Y >S< Spec(R)/ Spec(R),r)).
(3) We have the equality
eycl(Wo) = (p x Spec(R). cyel(20)).

Proof. The first statement is Corollary To prove (2) it is by Proposition
1.1.23| enough to check that the generic fiber of ¢,, (W;) — Spec(R) is of pure
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dimension r or empty. To this extent let 7; be the generic point of S which z;
lies over. Then we have a map of integral k(n;)-varieties (Z;) x g Spec k(n;) —
(W;) x s Spec k(n;) and we have

dim(Z; >§ Spec(k(n;))) = tr. degy ) k(2i)
im(IV; x Spec(k(1))) = . deg ) h(p(:1)
from which it follows that if dim(W; xg Spec(k(n;))) < r then m; = 0 and
since relative dimension is stable under base change (2) now follows.
We now prove the final statement. Consider the cycle W = > n;m;p(z;).

From Lemma and functoriality of push forward of cycles it is enough to
show that

(p X Spec(Rg)))«(cycl(d_niZ; . Spec(R(p)))) = cycly Spec(R(O))(Z nimi Wi Spec(R(p)))-

To this extent let U be an open dense subscheme of S;eq such that Z; xgU —
U,W; xgU — U are flat for all i. We can then consider the relative cycle Zy €
Cycl(X xgU/U,r) which we may view as an element of Z(Hilb(X xgU/U,1)).
Note that p.(Zy) = Wy hence by Theorem it follows that

(px Spec(Rg)))«(cyel (D> niZ; X Spec(B(g))) = (p % Spec(F(o) )« (eyelx x g spec(ryyy) (ZU X Spec(F
= CyCIY Xs Spec R(O) (WU 5 SpeC(R(O))) = CyClY Xs SpeC(R(O)) (Z nlmlWl >S< SpeC(R(O)))

O]

Proposition 2.5.5 (|[SV00, Proposition 3.6.2]). Let p: X — Y be a morphism
of schemes of finite type over a Noetherian scheme S and Z =Y n;z; be an
element of Cycl(X/S,r) such that the points z; are proper with respect to p.
Then the following statements hold:

(1) The cycle p«(Z) on'Y belongs to Cycl(Y/S,r). Explicitly we have that if
(zo, 1, R) is a fat point over a k-point of S then

(0, 21)"(P+(2)) = (p ¢ Spec(k))« (w0, 21)"(2))-

(2) For any morphism f : S" — S of Noetherian schemes the cycle cycl(f)(Z)
has the form ijz; where the points zg are proper with respect to
p' =pxgS and moreover

pu(eyel(f)(2)) = cyel(f)(p«(2))-

Proof. Our proof expands slightly on the one found in loc.cit. Let k be a field,
x : Spec(k) — S be a k-point of S and (x¢,z1, R) be a fat point of S over x.
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Denote by Z; (resp. W;) the closure of z; (resp. p(z;)) considered as integral
closed subschemes of X (resp. of Y). Let Z5, Wy be as in Lemma m It
follows then from this same lemma that cycl(Wp) = (p x g Spec(R))«(cycl(Zy)).
Theorem [2.5.2| implies now that

(0, 21)"(p«(Z)) = cycdWo _ x  Spec(k)) =
Spec(R)

= (p Spec(k))(cycl(Z20  x  Spec(k)) = (p x Spec(k))«((z0, 21)"(Z)).
Spec(R) S

Thus the cycle (xo,z1)*(p«(Z)) is independent of the choice of fat point
(0,1, R) over x proving (1).

For (2): We first note from Lemma@ that the points z are proper with
respect to p’. Let further k be a field and let y : Spec(k) —> S’ be a k-point
of S and = f oy. Suppose that (yo,y1,A) is a fat point of S’ over y and
(0,1, R) a fat point of S over z. We then have from part (1) that

(3o, 1) P (cycl(f)(Z)) = p’g<,SpeC(k )« ((yo, y1)" (cyel(f)(Z))

(

p % Spec(k))«((yo, y1)" (cycl(f)(2))
(
)-

D >§ Spec(k))x«((zo, 1)*(2))
z0, 21)"(p+(2)

proving that p/, (cycl(f)(Z2)) satisfies the property defining the cycle cycl(f)(p«(Z)).
O

Corollary 2.5.6 (|[SV00, Corollary 3.6.3]). Let S be a Noetherian scheme and
f: X =Y be a morphism of schemes of finite type over S. Then there are
homomorphisms:

f« : PropCycl(X/S,r)ur — PropCycl(Y/S,r)ur
f« : PropCyecl,,;(X/S,r)ur — PropCycl,,,,;,(Y/S,r)u1
fx : PropCycl®/ (X /S, r)yrr — PropCyclf (Y/S, r)y;.

If moreover f is proper then we also have homomorphisms
fx: Cycl(X/S,r)ur — Cycl(Y/S,m)ur

fi 2 Cyclegi (X/S,m)ur — Cycl,gi(Y/S,m)ut
fo: Cycd® N (X/S, r)yr — Cycd® T (Y/S, r)yr.

such that for any composable pair of morphisms X i) y 4% 7z of schemes
of finite type over S one has (go f)x = g« o fs.

85



Flat pullback

Recall the flat pullback of algebraic cycles from Section [I.77 We will show that
this also behaves well with Chow presheaves.
The following result is stated without proof in [SV00].

Lemma 2.5.7 (|SV00, Lemma 3.6.4|). Let S be a Noetherian scheme and
f: X =Y be a flat equidimensional morphism of relative dimension n of
schemes of finite type over S. Then for any Z € Cycl(Y/S,r) ® Q one has
f*(2) € Cycl(X/S,r +n) @ Q. More precisely we have that for any fat point
(xo,x1) over a k-point of S we have

(f % Spec(k))" (w0, 21)"(2)) = (20, 21)"(F*(2))
and hence for any Noetherian scheme g : S’ — S we have
cycl(9)(f*(2)) = (f % S)" (cyel(9)(2)).

Proof. Let Z be an integral closed subscheme of Y and let T" denote the scheme
theoretic image of Z in S and 7 the generic point of T. Note that since the
closed embedding 7" — S is a monomorphism and Spec(k(n)) — S factors
through T we have Z xgSpec(k(n)) = Z xr Spec(k(n)) and (f~1(2)), =
f~YZ) xsSpec(k(n)) = f~H(Z) xr Spec(k(n)). From this and flatness we
easily see that cycl(f~1(2)) = > njw; = cycl((f~1(Z)),). Also note that if
(0,1, R) is a fat point over a k-point of S such that z; maps the generic point
of Spec(R) to n then if W} denotes the closure of w; in Z then we have

cycl((W;)y X Spec(R(o))) = cycl(¢z, (W;)) ; (2.5.1)
Spec(k(n))

cycl((Z)y, ~ x  Spec(R))) = cycl(¢q, (Z)). (2.5.2)
Spec(k(n))

Now using Lemma we easily see that

eyel(3 o midn, (W) = eyel(én (2) | x (F7(2) % Spec(R))).

Since

> e, (W), 62,(2)  x  (f71(Z) x Spec(R)))

Z x g Spec(R) S

is an element of

Z(Hilb(f~1(2) , Spec(R)/ Spec(R),r + n))

it now follows from Theorem 2.5.2 that
Z njcycl(¢z, (W) x  Spec(k))

Spec(R)
=cyl(¢n, (Z2)  x  (f7(Z) xSpec(R)) x Spec(k))
Z X g Spec(R) S Spec(R)
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which by Lemma is equal to
(F % Spec(k))*(eyel(6s,(2) x Spec(h)))
which now by linearity proves the claim that
(f % Spec(k))™((z0, 21)"(2)) = (z0, 21)"(f*(2)).

This immediately shows that f*(Z) € Cycl(X/S,r +n) ® Q and the final
assertion is easily proved using what we have already showed to check that
(f xs58)*(cycl(g)(Z)) satisfies the defining property of cycl(g)(f*(2)). O

Construction 2.5.8 (|SV00, p.47]). Let S be a Noetherian scheme, f: X —
Y be a flat (resp. flat and proper) equidimensional morphism of relative
dimension n of schemes of finite type over S and F(—,—) be one of the
presheaves Cycl(—, —)pr, Cycl®/ (=, =)y and Cyclegyi(—, —)ur (resp. one of
the presheaves of proper relative cycles: PropCycl(—, —)u 1,PropCycl®// (—, —)ur
and PropCycl,,,;(—, —)ur). If Z is a cycle on Y which belongs to F'(Y/S, )
then by Lemma the cycle f*(Z) belongs to F(X/S,r + n) and this

construction gives us homomorphisms of presheaves
ff:F(Y/S,r)— F(X/S,r+n).

For any composable pair X i> Y % Z of flat (resp. flat and proper) equidimen-
sional morphisms of schemes of finite type over S we have (go f)* = f* o g*.

Proposition 2.5.9 (|SV00, Proposition 3.6.5]). Let S be a Noetherian scheme.
Consider a pull-back square of schemes of finite type over S of the form:

y -4 vy

ool
x L x

such that the morphism f is flat and equidimensional of dimension d. Assume
further that either f is also proper and F(—,—) is one of the presheaves
PropCycl(—, =)y, PropCycl®f (=, =)z, PropCycl, (=, —)ur or that p is
proper and F(—,—) is one of the presheaves Cycl(—, =)y, Cycl*f (=, =1,
Cyclegui(—s —)ur - Then the following diagram of presheaves commutes:

F(Y/S,n) —~— F(Y'/S,n+d)

b I

F(X/S,n) —L F(X'/S,n+d)

Proof. Tt follows immediately from the definitions and Proposition [1.7.9, O
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Comparison with the construction given in [SV96|

The paper [SV96] also introduces a notion of a relative zero cycle. There the
base S is always taken to be a normal algebraic scheme. In this subsection
we will apply the push-forward homomorphisms to show that the pullback of
proper equidimensional zero cycles over normal schemes in the sense of [SV0O)|
coincides with the pullback constructed in [SV96|.

Let us first show that our definition of proper equidimensional relative
cycles of dimension 0 coincides with the definition of relative zero cycles in
op.cit.

Lemma 2.5.10. Let S be a normal integral Noetherian scheme and X — S be
any scheme of finite type over S. Then the group PropCycl,,,;(X/S,0) is freely
generated by integral closed subschemes of X which are finite and surjective over
S. In particular if X, S are schemes of finite type over a field k of exponential
characteristic p then in the notation of Section 6 of [SV96] we have

75(X)(S) = PropCycleg,; (X/ Spec(k))(S)[1/p]

Proof. Since normal schemes are geometrically unibranched Corollary [2:4.4]
tells us that PropCycl®/f(X/S,0) is the monoid generated by cycles of integral
closed subschemes of X which are proper and equidimensional of relative
dimension 0. The desired result now follows from [Stacks, Tag 02LS]. t

We will shortly show that for finite cycles over normal algebraic schemes our
base change homomorphisms coincide with those used in [SV96|, but we now
first follow |[SV00| and introduce a generalization of the latter construction to
an arbitrary normal Noetherian scheme. For an integral scheme X we denote
by k(X) its field of functions.

Definition 2.5.11 (|[SVO00, Def.3.6.6]). A finite surjective morphism f: Y — S
of integral Noetherian schemes is called a pseudo-Galois covering if the field
extension k(Y)/k(S) is normal and the canonical homomorphism

At(Y) = Aut(k(Y)) = Gal(k(¥)/K(S)) (2.5.3)

is an isomorphism.

Notation 2.5.12 (|[SV00, p.48]). Let S be a normal integral Noetherian scheme,
X be an integral scheme and p : X — S be a finite surjective morphism
and assume E| that there exists a pseudo-Galois covering f : ¥ — S and
an S-morphism ¢ : Y — X. Let g : S — S be any Noetherian integral
scheme over S. Denote by X/ the irreducible components of X’ = X xg 5’
and by z} (resp. z) the generic point of X/ (resp. of X). Theorem m

31t is stated in [SV00| that such a covering always exists. For a Nagata scheme S we can
use a normalization.

88



tells us that » € Cycl,,,;(X/S,0) and [SV96, Lemma 5.11] shows that each
point 2} lies over the generic point of S” hence the cycle cycl(g)(z) is of
the form cycl(g)(x) = > niz, with n; € Q. Let G be the Galois group
Gal(k(Y)/k(S)) = Autg(Y). Denote by Y] the irreducible components of
Y=Y xgS5". [SV96, Corollary 5.10] tells us that G permutes the components
Y] transitively so that in particular the field extensions k(Y})/k(S’) are all
isomorphic. Denote by [(i) the number of components ij’ lying over X/ and by
[ the total number of components Yj’.

Proposition 2.5.13 (|[SV00, Proposition 3.6.7]). Under the assumptions and
notation from [Notation 2.5.19 one has:
. — B(X) : k(S)]I(0)
R RS

Proof. We give the same proof as loc.cit. Denote the generic point of Y (resp. of
Y]) by y (vesp. by y). The cycle y is in Cycl(Y/S,0) by Theorem and

has the following obvious properties:
1. fu(y) = [k(Y) : k(S)]s where s is the generic point of S.
2. quly) = (V) : K(X)]z.
3. 0.(y) =y for any o € G.
Consider the cycle cycl(g)(y) = > m;y;. Proposition shows that
(F x )ulexel(g)(w) = [K(Y) £ K(S))S

where s’ is the generic point of S’ thus

> mylk(Y])  k(S")] = [k(Y) : k(S)].

Moreover for any o € G we have
(0 5"))x(cyel(g)(y)) = eyel(g)(ox(y)) = eyel(g)(y).

Since the action of G on the set yj,...,y; is transitive we conclude that all

multiplicities m; are the same and equal to % Finally
7

eyel(s)(a) = e @ )+ level(0) )
and hence
o e ) R(S)G)
= ) D) 2=, RO KD = e e
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The following example shows that the pullback of a relative cycle with
integral coefficients may not have integral coefficients.

Example 2.5.14 (Merkurjev). Assume that char k& > 0 and let a,b € k* be two
elements independent modulo (k*)P. Set A := k[T, Ty, 1o/ (a1} + bIY — T7),
S = Spec(A). One verifies that A is an integrally closed domain so that S is a
normal integral scheme. Let X be the normalization of S in the field k(S)(y),
where v? = b/a. One can then check that X = Spec(k(«, 8)[T1,T5]), where
a, 3 is a p’th root of a, b respectively, and the image of T in k(a, 8)[T1, T3]

is a~ 1Ty — 4T;. Note that clearly the map X ¥ x L Sisa pseudo-Galois
covering. Set finally S’ = Spec(k) and let S — S be the only singular point of
S, that is the point (Ty, T1,T2) € Spec(A) = S. The scheme X’ = Spec(k(«, 3))
is irreducible and the multiplicity of the only component of X’ is given by the
formula

- m =p/p* =1/p. (2.5.4)

Remark 2.5.15. Essentially the same example, but using different arguments
to compute the multiplicities in the base change, is given in [SV00, Example

3.5.10(1)).

Rational equivalence of algebraic cycles

Arguably the most central notion appearing in intersection theory is that
of rational equivalence of algebraic cycles. This notion can both be defined
in terms of orders of vanishing of rational functions or by algebraic cycles
parametrized by the projective line (see [Ful98, Ch.1, Sec.3,Sec.6] respectively).
The latter of these formulations can be (re)stated in the language of relative
cycles as follows:

Definition 2.5.16. Let X — Spec(k) be a scheme of finite type over a field k.
An r-dimensional cycle Z € Cycl(X,r) is rationally equivalent to zero if there
exists a relative effective cycle W € Cycl®/ (X/ Spec(k), r)(P}) such that

Z = cycl(to) W) — cycl(teo) (W), (2.5.5)

where ¢ : Spec(k) — P} and ts : Spec(k) — Pi denote the usual zero and
infinity points of Pk.

Cycles rationally equivalent to zero on an algebraic scheme X clearly
form a subgroup Rat(X,r) of Cycl(X,r). The Chow group of r cycles on X
is defined to be the group CH(X,r) := Cycl(X,r)/Rat(X,r). Two cycles
21,25 € Cycl(X,r) are rationally equivalent if Z; — Z5 € Rat(X,r).

Proposition 2.5.17. Let f : X — Y be a morphism of schemes of finite type
over a field k. Then the following statements hold true:
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1. If f is proper then
f«(Rat(X,r)) C Rat(Y,r) (2.5.6)

2. If f s flat and equidimensional of dimension d then

f*(Rat(Y,r)) C Rat(X,r + d) (2.5.7)

Proof. The two statements follow easily from the definitions together with
[Corollary 2.5.6| and [Lemma 2.5.7] L]

2.6 Relation with Kollar’s families of cycles

Apart from the Chow presheaves we have already seen due to Suslin and
Voevodsky there are also other theories of presheaves whose sections on Spec(k)
are algebraic cycles on an algebraic scheme over k. In this part we will show
that the theory due to Kollar developed in |[Kol96, Ch. I, Sec. 3 and 4] is
strongly related to the theory of relative cycles and chow presheaves which we
have studied earlier in this text.

Since a lot of the notions defined in [SV00| and [Kol96, Ch. I, Sec. 3 and 4]
are very similar, but use different notation we shall save the reader from having
to grasp more notation and mostly stick with the notation and definitions
already given in this text and instead explain how the definitions in [Kol96|
differ from those in [SV00].

Well defined families of proper algebraic cycles

Due to Corollary we can give the following formulation of [Kol96 Ch. 1,
Def. 3.9]

Definition 2.6.1. Let g : Z — S be a proper morphism of schemes over S
with Z an integral scheme and S a reduced Noetherian scheme. By generic
flatness there is an open subscheme U C S such that Z is flat over U. Let
f : Spec(R) — S be a morphism from the spectrum of a discrete valuation ring
such that the image of the generic point is contained in U and let s denote
the image of the closed point. Let ¢;(Z) denote the closed subscheme of
Z x g Spec(R) satisfying the properties of Corollary and let Spec(k) —
Spec(R) be the closed point. The cycle theoretic fiber of g at s along f denoted
by limy_,5(Z/S) is defined to be the cycle

(Z/S) = Cdepec(k) XSpeC(k(s)) Z(Sp@C(k) Speif(R) st(Z))

lim
f—s
Remark 2.6.2. This definition is essentially the same as the pullback along
a fat point. The only difference is a weaker requirement on where f maps
the generic point of the spectrum of the discrete valuation ring and that we
pullback ¢¢(Z) to the closed point of Spec(R) and not to some given field

mapping to the closed point of Spec(R).
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Definition 2.6.3 (|Kol96, Ch. I, Def.3.8|). Let X be an algebraic scheme over
a field k. Let L and K be two field extensions of k. Two cycles

Z € Cycl(X1), W e Cycl(Xk)

are said to be essentially the same cycles if for every field F' and embeddings
L — F, K — F we have

ZQL F =Wk F.
If Z is essentially the same as W we shall denote this by

Z =y

Remark 2.6.4. Note that < is an equivalence relation.
The following definition is standard.

Definition 2.6.5. Suppose that X is an algebraic scheme over a field k£ and
we have field extensions k C F' C K. If Z is an r-cycle on Xg we say that Z
is defined over F if there is a cycle Zp € Cycl(Xp,r) such that

(ZF) QK =2

Definition 2.6.6. Let S be a reduced Noetherian scheme and X — S a
morphism of finite type. A well defined familiy of r-dimensional proper algebraic
cycles of X/S is a cycle Z = > a;z; on X satisfying the following conditions

(1) The morphism Supp(Z) — S is proper and equidimensional of dimension
r. In particular letting Z; denote the closure of the points z; (considered
as integral subschemes of X') there is a largest open dense subset U of S
such that all the Z; are flat over U.

(2) For every point s € S letting k(s)7*"/ denote the perfect closure of the
residue field there exists a cycle

Z.[s] € Cycl((Supp(2Z) x Spec(k(s)))  x  Spec(k(s)Fe "), r) c
S Spec(k(s))
C Cycl(Xy x  Spec(k(s)Fe/),r)
Spec(k(s))
satisfying the following property :

For every morphism f : Spec(R) — S from the spectrum of a discrete
valuation ring R mapping the generic point to a point in U and the closed
point to s we have

Zso [3] €ss Z a; }ﬂ(ZZ/S)
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The next two results of ours tell us that this definition coincides with the
definition of proper equidimensional relative cycles of dimension r given in

[SV00, Definition 3.1.3] ([@.1.11).

Lemma 2.6.7. Let S be a Noetherian scheme and consider a relative cycle
Z = Y a;z € Cycl(X/S,r) so a; € Z. Let s € S and let k(s)P"1 denote
the perfect closure of the residue field of s. Let Z5 be the cycle constructed in
[Lemma 2.5.6. Then the cycle

Zs Dy(s) k:(s)PeTf € Cycl(X; X Spec(k(s)PeTf)/ Spec(kz(s)Pe"f), r)Q
Spec(k(s))

is an element of Cycl(Xs Xgpec(i(s)) Spec(k(s)Ferf),r).

Proof. Let Z; denote the closures of z; with induced reduced subscheme
structure and let S’ — S be a blow-up of Sieq such that the proper trans-
forms Z; are all flat over S’ (Theorem @ Since S — S is a surjec-
tive morphism of finite type we can find a finite normal field extension L
of k(s) such that the map Spec(L) — Spec(k(s)) — S admits a lifting to
S’. From Lemma it follows that Z; ®y,) L has integral coefficients.
Furthermore since the field extension L/k(s) is finite normal it follows from
that the extension LE(L/k()) /k(s) is purely inseparable and
the extension L/LG¥(E/k5) is separable. From part (3) of Lemma
it immediately follows that Zg ®y ) LGAL/K()) has integral coefficients and
since Spec(k(s)F¢"/) — Spec(k(s)) factors through Spec(LE2E/EE)) we are
done. O

Proposition 2.6.8. Let S be a reduced Noetherian scheme and X — S a
morphism of finite type. Then a cycle Z = > a;z; on X is a well defined family
of proper r-dimensional algebraic cycles of X/S in the sense of Deﬁm'tz'on
if and only if Z € PropCycl,,,;(X/S,r).

Proof. Suppose Z is a well-defined family of proper r-dimensional algebraic
cycles of X/S. Then it follows by definition that Supp(Z) is proper and
equidimensional of relative dimension 7 over S. Furthermore if x : Spec(k) — S
is any k-point of S with image s € S and (x, x1), (yo,y1) are any two fat points
over x then we clearly have

(20,21)"(2) = Zools] = (y0,91)"(2)

thus
(0, 21)"(Z) = (yo,11)" 2.

Conversely suppose that Z € PropCycl,,;(X/S,r) then part ((1)) of Defi-
nition [2.6.6] is satisfied by definition. For any point s € S we claim that the
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cycle Zs @) k(s)Perf satisfies the property of Z.[s]. Note first of all that by
Lemma 2.6.7 and Lemma 2.3.15] it follows that

2, ®1(n k()7 € Cyel((Supp(2) x Spec(h(s))) % Spec(k(s)™"). 7).
S Spec(k(s))

Furthermore if Z; denotes the closure of z; considered as an integral subscheme
of X for each ¢ and U is a dense open subset of S such that all the Z; are
flat over U and let S’ — S be a blow-up of S with center disjoint from U
such that the proper transforms Z; are flat over S’ (Theorem then if
f : Spec(R) — S is a morphism from the spectrum of a discrete valuation
ring taking the generic point to a point in U and the closed point to a point
s € S, then Lemma [2.1.8]immediately yields a lifting Spec(R) — S’ and letting
x : Spec(k) — Spec(R) denote the closed point of the scheme Spec(R)

Z a; };IE(Z@/S) = Z @i CYCLX ooy i (Spec(k) ;</ Z;)
and so by Lemma [2.3.7] we obtain

> ailim(Z;/S) = Z, Qs k
f—s

which is essentially the same as Z; @) k(s)ef. This completes the proof. [J
In the course of the proof of Proposition [2.6.8) we established the following:

Remark 2.6.9. Let S be a reduced Noetherian scheme and X — S a morphism
of finite type and Z € PropCycl,,,,;(X/S,r). Then Z is a well-defined family
of proper r-dimensional algebraic cycles of X/S and for each point s € S we
have

Zools] = Zs i) k’(s)Perf.

Definition 2.6.10. (See [Kol96, Ch. I, Sec. 4 , Def. 4.7]) Let X — S be a
finite type morphism over a reduced Noetherian scheme S and let Z = 5" a;z;
a well defined family of proper r-dimensional algebraic cycles of X/S. We say
that Z satisfies the field of definition condition if for every point s € S the
cycle Z4[s] is defined over k(s).

Proposition 2.6.11. Under the assumptions and notations of Definition|2.6.10
we have that Z satisfies the field of definition condition if and only if

Z € PropCycl,g,,;(X/S,r)u1

Proof. From Proposition and Remark we have that Z € PropCycl,,,,;(X/S,7)
and that
Zoo[s] =Z; ®k(s) k(S)Perf

for each s € S which is defined over k(s) for every s € S if and only if

Z € PropCycl,,,;(X/S,r)ur. O
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2.7 Loci of vanishing and effectiveness

In this section we prove that the locus where a given relative cycle is effec-
tive/vanishes is a closed subset of S. As far as we know this result cannot be
found in the literature.

Lemma 2.7.1. Let S be a reduced Noetherian scheme and f : X — S a
morphism of finite type. Consider two elements Wi, Wy € N(Hilb(X/S,r)).
Let V1, Vs be two effective cycles on X such that

V) — Vy = cycly(Wr) — cyclx (Wa)

Let further Z be the union of those irreducible components occuring in both
cycly (Wh) and in cycly (Wa) with the same multiplicities and set

U := Supp(W2) \ (Supp(V1) U 2).
If Vo # 0 then the following assertions are true:
(1) The set U is a non-empty open subset of Supp(Wa).

(2) Ifs € f(U) then the cycle cycly (W1 x s Spec(k(s)))—cycly, (W2 x s Spec(k(s)))
is not effective. Equivalently if we set Z1 = cycly (Wr), Z2 = cycly (Ws)
then the relative cycle (21)s — (22)s = (21 — Z2)s (see is

not effective.
(3) The set f(U) is an open subset of S.

Proof. 1t is clear that U is an open subset of Supp(W2) and since Vo # 0
and Supp(cycly(W2)) is equidimensional of dimension r over S it follows that
Supp(Ws) € Supp(V1)UZ thus (1) follows. For (2) consider any element u € U
and set s = f(u) € f(U) C S. Note that since u ¢ Supp(V1) U Z it follows that
u € Supp(Va). Let Vi = cycl(D_a;Z;) and Vo = cycl(D_b;Z;) where Z;, Z;
are integral schemes and let S’ — S be a blow-up of S such that the proper
transforms Z;, Z are flat over S’ for all 7, j. Let j be such that v € Z; then
since Z — Zj is surjective we can find some @ € Z mapping to u € Z and
let & be the image of @ in S’. By Lemma [2.3.7 we have that

(V1 = Va)s @p(s) k(s) =
Z a; CyCIX X g Spec(k(s’)) (Z X Spec(k: Z b CyCIX x g Spec(k(s’ ))(Z~] ;5/ Spec(k(s'))).

Note that since u is not in the image of any of the maps Z; x ¢ Spec(k(s')) —
(Zi)s but @ € Z; x5 Spec(k(s')) for some j it follows that (V3 —Va)s D(s) k()
cannot be effective and since the pullback of an effective relative cycle must
necessarily be effective it follows that (Z21)s — (22)s is not effective which
completes the proof of (2). The last assertion follows easily from [Stacks, Tag
0CVT]. O
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Corollary 2.7.2. Let S be a reduced Noetherian scheme and f : X — S a
morphism of finite type. Consider two elements Wi, Wa € N(Hilb(X/S,r)).
The set of points s € S such that

cycly, W, >S< Spec(k(s))) — cycly, We >S< Spec(k(s)))

is an effective cycle on X is a closed subset of S.

Proof. By [Lemma 2.3.19|it is enough to show that the set

Effg(Z) = {s € S| Z, is an effective cycle on X},

where Z := cycly (W) — cycly (Wa) € Cycl(X/S,r), is a closed subset of S.

If Z is not already an effective cycle on X it follows from Lemma that
there is a closed subset S; C S where Effg(Z) C S;. We can consider the set
S1 as a reduced closed subscheme of S and we denote the closed embedding
i1 : S1 — S. Then we can consider the pullback

cycl(in)(2) = cyels, x s x (W1 X 81) — eyelg, g x (W2 X S1);

if this is not an effective cycle we can repeat the procedure and we obtain a
descending chain of closed subschemes

S2828D....

Since S is a Noetherian topological space it follows that the aforementioned
sequence must stabilize at some Sy which means that

Cych Xsg SN (Wl) - CyCIX Xs SN (W2)
is an effective cycle and Effg(Z) = Sn. O

Recall from Lemma [2.3.13| that if p : S’ — Srea — S is a blow-up of Sieq
making the proper transforms Z; flat over S’ then one has that

cycl(p)(2) = Z a; cycl(Z;).
This allows us to prove the last few results of this section.

Proposition 2.7.3. Let S be a Noetherian scheme and f : X — S a scheme of
finite type over S. Let F' be either of the presheaves Cycl(X/S,r)q, Cycl(X/S,r)ur
and let FIT denote its respective effective counterpart. For a relative cycle

Z=>a;z € F(S) the set
Effg(Z) = {s € S |2, € F*/ (Spec(k(s)))}
is a closed subset of S.
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Proof. Let Z; be the closure of the point z; and let S — S,eq — S be a
blow-up of Sieq such that the proper transforms Z; are flat over S’. As
cycl(p)(2) = Y ascyel(Z;) € Z(Hilb(X xg5'/8",r)) it follows immediately
from Corollary that Eff /(cycl(p)(Z)) is a closed subset of S’. Since p is

proper it is therefore enough to prove that

Eff5(Z2) = p(Eff s (cycl(p)(2))).

It follows from functoriality that if s € Effg(Z) then for any point s’ € S’ lying
over s we must have that (cycl(p)(Z))y € F//(Spec(k(s'))) thus Effg(Z) C
p(Effg(cycl(p)(Z))). Conversely if s ¢ Eff g(Z) then if s’ € S’ is any point
lying over s then from functoriality and Lemma we have

(eycl(p)(2))s = Zs ®y(s) k(s")

and it is clear that the right hand side is not an effective cycle, thus s ¢
p(Eff g (cycl(p)(Z))) which completes the proof. O

Proposition 2.7.4. Let S be a Noetherian scheme and f : X — S a scheme of
finite type over S. Let F' be either of the presheaves Cycl(X/S,r)q, Cycl(X/S,r)ur.
For a relative cycle Z =) a;z; € F(S) the set

Nullg(Z) = {s € S| Z, = 0 € F(Spec(k(s)))}

s a closed subset of S.

Proof. Note that Nullg(Z) = Eff (Z) N Eff g(—Z) and apply [Proposition 2.7.3
O

2.8 An overview of the literature

Since this chapter has a lot of overlap with [SV00| we have provided a table
explaining how our presentation of the material taken from op.cit. (and other
sources) compares to the original.
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Comparison table

Statement Reference(s) Statement Proof
compari-
son

Lemma 2.1.2 |GD61, (7.1.7)] Translation Translation

Lemma 2.1.6 |GD67, (2.8.5)] Translation Sketch

Proposition 2.1.18)  [SV00, Identical Different
Cor.3.1.6]

IProposition 2.1.21§  [SV00] Identical Identical
Prop.3.1.5]

|Corollary 2.2.2| [SVO00, Correction Corrects and ex-
Cor.3.2.4| pands

[SVO00. Identical Occasionally
Thm.3.3.1] expands

Lemma 2.3.12 [SV00, p.30] Identical Added

Lemma 2.3.15 [SV00, Identical Identical
Lem.3.3.6]

[SV0O, Identical Slight expansion
Lem.3.3.8]

Lemma 2.3.19 [SV00, Corrected
Lem.3.3.10]

Lemma 2.3.20 [SVO00, Identical Added
Lem.3.3.12]

Lemma 2.3.21 [SV00, Identical Slightly different
Lem.3.3.9]

Lemma 2.3.24 [SVO00, Corrected
Cor.3.3.11]

[SV00, Identical Identical
Thm.3.4.2]

|Proposition 2.5.5| [SV00, Identical Slight expansion
Prop.3.6.2]

Lemma 2.5.7 [SV00, Identical Added
Lem.3.6.4]

[Proposition 2.5.13}  [SV00, Identical Identical
Prop.3.6.7]

|Example 2.5.14| [SV96, p.77] Identical Identical
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Chapter 3
The h-topologies

A fundamental tool in the study of relative cycles is the h-topology, a Grothendieck
topology on the category of schemes with more coverings than what one en-
counters in other areas of algebraic geometry. This means that a presheaf has
to allow its sections to be glued together in rather many ways for it to be
a sheaf in the h-topology. As one might expect being a sheaf in such a fine
topology is a potential obstruction to representability by a scheme. On the
other hand if one has a sheaf in the h-topology one then has a nice set of tools
to prove the existence of sections with desirable properties.

The layout of this chapter is as follows: First we introduce the h and gfh
topologies and discuss their basic properties closely following [Voe96|. Notably
we recall Voevodsky’s proof that an h-covering of a Noetherian Nagata scheme
can be refined to a Zariski covering followed by a proper surjective map. As
an application of the limit methods from the first chapter we show that the
Nagata hypthesis is not necessaryﬂ We then follow this up by giving some
consequences of the refinement result. We also briefly discuss a few cousins of
the h-topology where one has more control over field arithmetic, before moving
on to studying presheaves of relative cycles in the context of the h-topologies
essentially following [SV00].

Finally in the last section we recall from [SV96| how sheaves in the ¢ fh-
topology interact with quotients by finite groups.

Throughout this chapter every scheme is separated.

3.1 The h topology

(Universal) Topological epimorphisms

Definition 3.1.1 (|Voe96, Def.3.1.1]). A morphism of schemes p: X — Y is
called a topological epimorphism if the underlying topological space of Y is a

LThis fact is already known as it also follows from Rydh’s more general refinement result
concerning subtrusive covers. See |[Ryd10, Thm. 3.12, Thm. 8.4].
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quotient space of the underlying topological space of X. That is , p is surjective
and a subset U of Y is open if and only if p~!(U) is open in X.

A topological epimorphism p : X — Y is called a universal topological
epimorphism if for any morphism f : Z — Y the projection Z xy X — Z is a
topological epimorphism.

Remark 3.1.2. In the terminology of |Gro71| topological epimorphisms are
(instead) called submersive and the universal topological epimorphisms are
called universally submersive.

Example 3.1.3.

1. Using only point-set topology, we see that any open or closed surjective
morphism is a topological epimorphism.

2. Since any flat morphism locally of finite presentation is universally open
(See |Stacks, Tag 01UA]) and since surjectivity is stable under base change,
we see that surjective flat morphisms locally of finite presentation are
universal topological epimorphisms (This is also the case for surjective
quasi-compact flat morphisms, see |Stacks, Tag 02JY]).

3. Proper morphisms are by definition universally closed, hence surjective
proper morphisms are universal topological epimorphisms.

The following Lemma is straight forward.

Lemma 3.1.4. Any composition of (universal) topological epimorphisms is a
(universal ) topological epimorphism.

The h-topology

Definition 3.1.5 (|Voe96, Def. 3.1.2]). The h-pre-topology is the Grothendieck
pre-topology on the category of schemes with coverings of the form {p; : U; —
X} where {p;} is a finite family of morphisms of finite type such that the
induced morphism [[U; — X is a universal topological epimorphism. If we
in addition require the p; to be quasi-finite then we get the coverings of the
q fh-pretopology.

The h-topology (resp. qfh-topology) is the Grothendieck topology associ-
ated to the h-pre-topology (respectively the qfh-pre-topology).

Example 3.1.6.

1. It follows immediately from the definitions that a coproduct of flat
morphisms is flat, hence any flat covering (of finite presentation) is an
h-covering. Moreover if a scheme S is quasi-compact and quasi-separated
then it follows easily from Theorem that a flat covering of S is a
covering in the saturation of the ¢ fh-pretopology (See Definition .
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2. Since open embeddings are flat, it follows from (1) that open finite
coverings are h-coverings, hence on the category of Noetherian schemes
the Zariski-topology is coarser than the h-topology.

3. Any surjective proper morphism is an h-covering.

4. Since the fibered product of a coproduct with a scheme over some other
scheme, is the coproduct of the fibered products, we see that if {f; :
U; — X }ier is a jointly surjective finite family of proper morphisms, then
this is an h-covering. In particular jointly surjective families of closed
embeddings amd finite morphisms are h-coverings.

5. Consider the affine plane AZ. Let C' = V(y) denote the z-axis and let U
be the complement A? \ C' = D(y). The canonical morphism

W:UHC—LA%

is clearly surjective, however 7~!(C') is open while C is not open, hence
7 is not an h-covering.

6. By blowing up the affine plane at the origin and then removing a point
from the exceptional divisor we get a morphism p : U — X which can be
shown to be surjective but not a topological epimorphism. This counter
example is a special case of [Corollary 3.1.9| below.

Example 3.1.7. Consider the two k-algebra maps ¢1,¢o : k[t] — k[t]/(t?)
where the first is the canonical quotient and ¢ is given by ¢ — 0. When we
compose either of these two maps with the canonical map q : k[t]/(t?) — k we
get the map k[t] — k given by ¢ +— 0. This shows that

Homg, /1, (Spec(k[t]/(t*)), A) — Homge, /x(Spec(k), Ay)

is not injective as we have Spec(¢1) o Spec(q) = Spec(¢2) o Spec(q). Note
however that the closed embedding Spec(q) : Spec(k) — Spec(k[t]/(t?)) is a
qfh-covering, thus the presheaf h Al is not a sheaf in the ¢ fh-topology. Which
implies that both the ¢fh and the h topologies are not subcanonical.

Part of is a consequence of the following more general statement:

Proposition 3.1.8 ([Voe96, Proposition 3.1.3]). Let {U; &% X} be an h-
covering of a Noetherian scheme X. Denote by Hj V; the disjoint union of
irreducible components of [[U; such that for any j there exists an irreducible
component X; of X which is dominated by V;. Then the morphism q : [[V; — X
18 surjective.
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Proof. We recall the proof from loc.cit. Suppose first that X is irreducible. Let
x € X be a point of X. We want to prove that x lies in the image of ¢q. By
considering the base change along the natural morphism Spec(Ox ,) — X, we
may suppose that X is the spectrum of a local ring and x is the closed point
of X.

Denote by Z the closure of the image Z’ of those irreducible components of
11 Ui which are not dominant over X. Since Z’ is a constructible subset of X
by Chevalley’s theorem ([Stacks| Tag 054J|), we have that Z' =[], U’ N Cy,
where U’), are open and C}, are closed. Hence we have that

ZZ?ZUU’kﬂCkCUCk
k

and since Z’ does not contain the generic point, none of the Cj, contain the
generic point, thus
Z CX.

From |[GD67, (10.5.5) (i)] we have that the set of points x in X such that {z}
is finite, is a dense subset Xy of X. Note that since we are working in the
spectrum of a local ring it follows that the closure of one-dimensional points
consists of two points, hence the set of one dimensional points is contained in
Xo. Now if g is in X, then we have that {x} is finite and by |GD67, (10.5.3)]
this implies that the dimension of {x(} is less than or equal to one, hence the set
X is exactly the set of one dimensional points and the closed point, and so we
have that the set of one-dimensional points of X is dense in X. Therefore there
exists a one-dimensional point y € X which does not belong to Z. If  does
not lie in the image of ¢ then we have ¢='({y}) = ¢ '({y} U {z}) = ¢ ' ({y})
and so ¢~ !({y}) is closed which implies that p; '({y}) is closed as well but {y}
is not closed in X, giving us a contradiction that {p;} is an h-covering.
Suppose now that X is an arbitrary scheme and let X,.q = UX} be the
decomposition of the maximal reduced subscheme of X into the union of its
irreducible components. Consider the natural morphism X; — X and let
{Ui xx X — X} be the preimages of our h-covering. Then the morphisms
I Vjr — X, where Vj, are the irreducible components of [ U; x x X}, which
are dominant over X}, are surjective, implying that [[V; — X is surjective

since [TV; =111 V-

O]

Corollary 3.1.9 (|Voe96, Rmk after 3.1.3]). Let Z be a closed subscheme of
an integral scheme X and b : Xz — X the blow up with center Z. Suppose

that for an open subscheme U — Xz, the composition U — Xz — X is an
h-covering. Then U = Xz.

Proof. We expand on the explanation given in loc.cit. Consider the base
change along the projection X; — X, Xz x x Xz. Now since b is a birational
morphism we have some open subset V of X such that b=1(V) — V is an
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isomorphism and b=1(V) 2 b= (V) x x b~ 1(V) < Xz xx Xz. Thus the closure
of b™1(V) xx b=Y(V) in Xz xx Xz denoted by T, is the unique irreducible
component of Xy X x Xz dominating Xz. Now we claim that T is contained
in the diagonal A. To see this, just note that the diagonal morphism Ay /x
restricted to b~ (V) yields the isomorphism b=1(V) 22 b=1(V) x x b=1(V), hence
the diagonal is a closed subscheme containing 7. Now from this it follows from
Proposition that (U xx Xz) N A — X is a surjection, and so we must
have U = X 5. O]

In the case where X is an irreducible geometrically unibranched scheme
(this is the case whenever X is normal and connected) [Proposition 3.1.8 has a
converse.

Proposition 3.1.10 ([Voe96, Prop. 3.1.4]). Let {p; : U; — X} be a finite
family of quasi-finite morphisms over an irreducible geometrically unibranced
Noetherian scheme X. Then {p;} is a qfh-covering if and only if the subfamily
{gj} consisting of those p; which are dominant over X is such that [[g; is
surjective. In that case {q;} is also a qfh-covering of X.

Proof. The "only if" part follows immediately from [Proposition 3.1.8] The "if"
part follows easily from [Proposition 1.1.20]|[[tem 3| O

Refinements of ¢fh-coverings

Let us recall the following theorem due to Grothendieck:

Theorem 3.1.11 (Zariski’s main theorem). Let f : X — S be a quasi-finite
and separated morphism of sch,eme:ﬂ and suppose that S is quasi-compact and
quasi-separated. Then there exists a factorization

X4 7
X / (3.1.1)
s
S
where j is a quasi-compact open embedding and w is finite.

Proof. See |GD67, Corollary (18.12.13)] or |Stacks|, Tag 05K0]. O

As one might expect, Zariski’s main theorem can be used to give neat
refinements of ¢ fh-coverings. In the case of Nagata schemes this is done in
[SV96, Lemma 10.3]. Using the methods from we can in fact remove
the Nagata hypothesis.

2Recall that we are assuming all schemes to be separated anyway, so we could have
omitted writing this assumption.
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Proposition 3.1.12. Let Y € Sch /S be a Noetherian scheme and

{pj:Y; = Y}jes
a qfh-covering. Then there exists a refinement of the form

(V! =Y B Vs (3.1.2)
where {Y] = Y'}icr is a Zariski covering and p: Y —'Y is finite surjective.

Proof. 1f {Zi}},_; denotes the irreducible components of Y then since the
morphism [[ Z; — Y is finite surjective, it is enough to prove that the statement
of the proposition for the covering obtained by base change to an arbitrary
irreducible component of Y. In other words we can assume that Y is an integral
Noetherian scheme.

Let {Vi}1er, denote the set of irreducible components V; of some Y; such
that V; dominates Y. Since the morphisms V; — Y; — Y are quasi-finite and
separated it follows from Zariski’s main theorem (Theorem 3.1.11)) that there
exists a factorization of the form

ViV /Y (3.1.3)

where the first map is an open embedding and 7 is finite surjective. Let F
be the normal closure of the composite of all the extensions k(V;)/k(Y) and
let v: W — Y denote the normalization of Y in the morphism Spec(E) — Y.
Further let Y™ denote the normalization of Y and using we write
Y" as

YY" = ligan (3.1.4)

with Yy — Y finite and birational. Consider the covering of Yy obtained by
base change
{Y} ;Yg — }/b}jej (3.1.5)

and for any irreducible component V;, of some (Y; xy Yp) dominating Yy apply
Zariski’s main theorem again to obtain a factorization of the form

™

Vi, —— W,

0 > Yp. (3.1.6)
Now since the map Yy — Y is birational it follows that if we let {V},} denote
the set of irreducible components V}, of some Yy Xy Y, dominating Yy then the
sets {V,} and {V;} have the same finite cardinality. Moreover for every such
Vi, there is some V; with the same function field. Thus applying [Stacks, Tag
035I] we get surjective integral Y-morphisms

by, W=V, un: W =YY" g W =Yy (3.1.7)
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fitting into the following commutative diagram:

b1y VTQ
ﬁ yle (3.1.8)
Y.

w Ay )

S~

Now for each ly (here we consider all 6) set

Wi, == ¢, (Viy)- (3.1.9)

Letting G = Aut g (y)(E) it follows from the universal property of normalization
in E that G-acts on Yp-automorphisms of W for every 0. For each o € G we
set

W,.e = c(W,). (3.1.10)

Note that since G acts on Yp-automorphisms for every 6 the following diagram
is commutative

Wiy . W Yo
lid lid (3.1.11)
_ b,
Wiyo —— W -2 W -2, 7 -0y,

Furthermore by construction the composition given in the bottom row factors
through the following composition

Ky

Vip —= Vi,

’s Y. (3.1.12)

in particular the map Wi, , — Y must necessarily factor through one of the
p;. Since the map v : W — Y is integral we can by write it as a
directed limit

W = li/{n Wi (3.1.13)

with Wy — Y a finite morphism. Since 7, is of finite presentation over Y it
follows from [Proposition 1.8.8|that for any o € G there is some A such that
the map ¢y, o oW — Vi, factors as the projection W — W) followed by a

map ¢y : Wy — V,,. Furthermore by |[Lemma 1.8.7| and using that the limit is

directed we can also assume that there is some open subset U of W, such that

Wipo=U x W. (3.1.14)
Wi

Thus it follows that the composition U — Wy — Y factors through one of the
pj. Observe that since all the projections W — W), are surjective and the limit
W = lim W), is directed we could conclude the proof if we knew that W could
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be covered by finitely many of the Wi, ,. In fact since W is quasi-compact
(being given as an integral morphism to a Noetherian scheme) it is enough to
prove the equality

W =uw, . (3.1.15)

By [Bou64, Ch.5, Sec. 2, n.3, Prop. 6] we have that G acts transitively on
the (set theoretic) fibers of vy. Hence in order to prove the claimed equality
it is enough to show that every fiber of vy intersects one of the W;,. To this
extent pick an arbitrary ' € Y. By we have some 0 and an
y'g € Yy such that ¢/ is the only point of Y lying over yy. Furthermore by
[Proposition 3.1.8| the element 3/, is in the image of at least one of the maps
7Tl9|Vlg thus if v € V}, lies over ¢y then vy must necessarily map the fiber

¢l_01({v}) to 3y’ completing the proof. O

Remark 3.1.13. [Proposition 3.1.12| is a special case of |[Ryd10, Theorem
3.11] which is a generalization to the case of quasi-finite universally subtrusive
morphisms. Our proof is much more similar to Voevodsky’s original in the
Nagata case.

Refining h-coverings

Theorem 3.1.9 of [Voe96| states that an h-covering of a Noetherian excellen‘ﬂ
scheme has a refinement of the form

{Ul' —-U—=>V —> Xred — X}iEI (3.1.16)

where {U; — U}ier is an open covering of U and U — V is finite surjective,
V — X,eq is a blow-up of X,.q in a closed subscheme and X,.q — X is the
obvious closed embedding. The proof reduces to the case of gfh-coverings
which is where Voevodsky uses the excellency /Nagata assumption, however as
we saw in [Proposition 3.1.12 we do not need the Nagata hypothesis. In order
to prove Voevodsky’s theorem we need the following result which tells us that
a faithfully flat morphism can be refined by a qfh-covering.

Theorem 3.1.14. Suppose that f : X — S is a faithfully flat morphism
locally of finite presentation. Then there exists a morphism g : S — S which
18 fasthfully flat, locally of finite presentation and locally quasi-finite and an
S-morphism S’ — X factorizing g together with f. If S is quasi-compact
(resp. quasi-compact and quasi-separated which in particular is the case if S
is Noetherian), then S’ can be taken to be an affine scheme (resp. S’ can be
taken to be affine and g can be taken to be quasi-finite).

Proof. See |GD67, Corollaire 17.16.2]. O

3The reader not familiar with this notion need not worry, all that is needed is that such
schemes are Nagata, and we will actually see that this assumption is not necessary.
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Remark 3.1.15 (Fun implication). Hilbert’s Nullstellensatz may be stated as
follows: For any finite type morphism X — Spec(k) where X is a scheme over
a field k , there exists a finite field extension k’/k and a morphism of k-schemes
Speck’ — X.

As quasi-finite morphisms over a field are finite we get the Nullstellensatz

as a special case of Theorem [3.1.14]f|

Theorem 3.1.16. Let Y be a Noetherian scheme. Then any h-covering {Y; —
Y}jes has a refinement of the form

v/ - Y" B v (3.1.17)

where {Y] — Y'}ier is a Zariski covering and p : Y' —'Y is a proper cover.
Furthermore the map p : Y — Y factors as a finite surjective morphism
Y — Y followed by a blow-up Y — Y,.q followed by the closed embedding
Y;"ed — Y.

Proof. [Proposition 3.1.12| makes it possible to run the original proof due to
Voevodsky which we now recall:

Suppose that {p; : Y; = Y};jes is an h-covering of Y. Since the evident
map Y;.q — Y is an h-covering base change allows us to reduce to the case
where Y is reduced. By [Stacks, Tag 052B| there is a dense open subscheme
Yy of Y such that the morphism [[.p; : [[Y; = Y is flat over Yy (hence p; is
also flat over Yp). Now from we can find a closed subscheme Z
disjoint with Yy such that if Yz denotes the blow-up with center Z then the
strict transform ([[Y}) is flat over Yz or in other words the composition

(1Y) —— Yz xy([1Y)) — Yz (3.1.18)

is flat. Let C' denote the scheme theoretic closure of the complement of the
strict transform ([[Y;) in Yz Xy [[Y; and note that the following set of maps

{f, C—=Yz} (3.1.19)

is an h-covering of Y. Note that since the closed embedding
(1Y) —— Yz xy(I1Y;) (3.1.20)

is an isomorphism over the generic points of Yy it follows then from Chevalley’s
Theorem (|Stacks, Tag 054J]) and |Stacks, Tag 005K]| that C' cannot dominate
any irreducible component of Yz thus by [Proposition 3.1.8|it follows that f
is faithfully flat (hence an h-covering by [Example 3.1.6|[Iltem 1). We can now
apply [Theorem 3.1.14] to obtain a faithfully-flat quasi-finite morphism U — Yz

“This example is also given in [Mil80].
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which factors through f. By considering the preimages of Y; in U which we
denote by U; we thus obtain a refinement of the original covering of the form

{Uj - U — YZ — Y}je] (3.1.21)

such that
{Uj = U = Yz}jes (3.1.22)

is a g fh-covering of the Noetherian scheme Y. [Proposition 3.1.12| now allows
us to conclude the proof. O

Remark 3.1.17. [Theorem 3.1.16| can also be deduced from the more general
result [Ryd10, Thm. 3.12] (see also |[Ryd10, Thm. 8.4]).

Applications of the refinement result

A first immediate corollary of [Theorem 3.1.16[ is re-obtaining a Theorem
originally proved by Goodwillie in [GLO1];

Corollary 3.1.18 (Goodwillie). Let X be a Noetherian scheme. Then every
universal topological epimorphism U — X of finite type is a ph—coveﬂ

We also obtain another proof of the following useful known result:

Lemma 3.1.19 (|Gro71, Exp. IX, Prop.2.4|, [SV00, Lem. 4.1.3|). Let S be
a Noetherian scheme and p: X — S a scheme of finite type over S. Suppose
that there is an h-covering f : 8" — S such that the scheme X' = X xg 5" is
proper over S’. Then X is proper over S.

Proof. If S’ — S is an h-covering such that X’ — S’ is proper then since
the property of being proper is local on the target it follows easily from
[Theorem 3.1.16| that there is an h-covering X — X such that the composition
X — X — S is proper. From this it follows that X — S must be proper. [

Another nice application of the refinement result is the following character-
isation of universal topological epimorphisms of finite type which can also be
deduced by other means:

Proposition 3.1.20 (|Gro71}, Exp. IX, Rem. 2.6], |[Ryd10, Cor. 2.10]). Let S
be a Noetherian scheme and f : X — S a morphism of finite type. Then the
following statements are equivalent.

1. The morphism f is an h-covering.

5The ph topology is the topology generated by Zariski covers and proper surjections.
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2. For any discrete valuation ring R and diagram of solid arrows

Spec(R') » X
l (3.1.23)

Spec(R) —— S

there is a discrete valuation ring R’ and morphisms making the diagram
commutative and such that the left vertical morphism is surjective.

Proof. If f is an h-covering then it follows easily from [['heorem 3.1.16| and
that for any morphism Spec(R) — S with R a discrete valuation
ring the diagram given in can be filled with R’ a discrete valuation
ring and Spec(R’) — Spec(R) being surjective.

To prove the converse statement note that it is enough to prove the weaker
statement that if holds then f is necessarily a topological epimorphism
since property is obviously preserved by base change. To this extent
suppose for the sake of contradiction that holds but f is not a topological
epimorphism. Then we have a non-open subset U of S such that f~1(U) is
open. By assumption the morphism f is obviously surjective and it follows
from |Stacks, Tag 054J] that U = f(f~1(U)) is a constructible subset which is
not open hence it cannot be stable under generalization ([Stacks, Tag 0542]).
Thus there is a point s’ € U and a point s € S\ U such that s’ is contained in
the closure of the point s. By |Corollary 2.1.3| we can find a discrete valuation
ring R and a map Spec(R) — S such that the generic point of Spec(R) maps to
s and the closed point maps to s’. By assumption there exists a commutative
diagram

Spec(R') —— X

Spec(R) —— S
where the image z of the generic point of Spec(R’) in X is a generalization
of the image of the closed point which by assumption is contained in f~1(U).

Since this set is open it follows that we must have x € f~1(U) hence s € U
giving the desired contradiction. O

Remark 3.1.21. One can in fact avoid [I’heorem 3.1.16l and work with the
definition of the h-topology to deduce both[Lemma 3.1.19|and [Proposition 3.1.20}
However we find the proofs slightly easier using [TTheorem 3.1.16]

[Proposition 3.1.20] gives further means of checking flatness of morphisms:

Proposition 3.1.22 (h-topological criterion for flatness). Let S be a reduced
Noetherian scheme and f : X — S be a morphism locally of finite type. If there
exists an h-covering S' — S such that the induced morphism f': S xg X — S’
is flat then f is flat.
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Proof. Suppose that 8" — S is an h-covering making the induced map f’ :
S' xg X — S’ flat. To show that f is flat it is by [Theorem 1.3.14] enough to
show that if Spec(R) — S is any morphism from a discrete valuation ring then
the induced map Xrp = X xgSpec(R) — Spec(R) is flat. Given such a map
Spec(R) — S we apply [Proposition 3.1.20 to obtain a diagram

/

Spec(R') —— S

& J (3.1.24)

Spec(R) —— S

with R’ a discrete valuation ring and g surjective. By the map g
is faithfully flat and by assumption Xg = X x g Spec(R’) — Spec(R’) is flat
hence we can apply [Stacks, Tag 036K] to conclude that Xz = X x g Spec(R) —
Spec(R) is also flat. O

Remark 3.1.23. [Proposition 3.1.22]is essentially a special case of [Pic86, Prop
I1.21, page 584|.

Cousins of the h-topology

Throughout the literature there are many coarser variants of the h-topology
which provide more control over the field arithmetic. To name a few one has
the cdh-topology introduced in [SVOO|, the rh topology from |GLO1| and the
eh-topology found in |Gei06]. These topologies are slightly more awkward to
define, and in fact for the purposes of this thesis it will be enough to only
describe the finest sub-topology of the h-topology where points have liftings
inducing separable field extensions. We will now begin to describe this topology
in a more precise manner.

Definition 3.1.24. A morphism of schemes f : X’ — X satisfies the separable
lifting condition if for every point x € X there is a point 2’ € f~!(z) such that
the induced map of residue fields k(x) — k(2') is a separable field extension.

Lemma 3.1.25. The separable lifting condition is preserved under composition
and stable under base change.

Proof. The first statement follows from Lemma [I.4.13] and the second from
Lemma [[.4.14 O

Definition 3.1.26. The sd-h pre-topology on the category of schemes is the
pre-topology where coverings {p; : X; — X };er are h-coverings such that the
induced morphism
[[xi—»x (3.1.25)
i€l

satisfies the separable lifting condition.
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Remark 3.1.27. It can be shown that if the separable lifting condition holds
for a morphism X’ — X of finite type, then the point 2’ over z can in fact
be chosen such that the induced extension of residue fields is finite separable.
Furthermore we expect our sd-h topology to coincide with the sdh-topology
introduced in [HKK17|. The sdh topology is the coarsest saturated topology
containing étale covers and proper surjective morphisms p : X’ — X such that
for every x € X there is a point 2’ € X’ such that the induced map of residue
fields k(z) — k(2') is a finite separable extension.

For the rest of this Chapter we restrict the h, ¢ fh and sd-h topologies to the
category of Noetherian schemes over a fixed Noetherian scheme S. This means
that we only consider those coverings which are sets of morphisms of Noetherian
S-schemes. All results proved so far (such as for instance [Theorem 3.1.16|) are
still valid in this setup.

3.2 Chow sheaves in the h-topologies

Many of the Chow presheaves defined in [2.3] are actually sheaves in one of the
h-topologies (h,qfh or sd-h). We start by showing that Cycl(X/S,r)qg is a
separated presheaf with respect to the h-topology.

Lemma 3.2.1. The presheaves Cycl(X/S,r)q are separated with respect to the
h-topology.

Proof. Let {p; : U; — S}icr be any h-covering of the scheme S and let k be a
field and z : Spec(k) — S be a k-point and (xg,x1, R) be any fat point over
k. We can pick an ¢ € I such that the (set theoretic) image of z1 is contained
in the (set theoretic) image of p;. Using Corollary we can find a field L
an L-point y : Spec(L) — U; and a fat point (yo,y1, A) over y. Letting E be a
composite of L and k we get a commutative diagram of the form

Spec(L) —2— Spec(4) —L—

7

Spec(E)

.

Spec(k) — Spec(R) —2—

<—
2] S S

which implies that if cycl(p;)(Z) = 0 for all i then (xp,21)*(Z2) = 0 for any fat
point and thus by Corollary we have Z = 0. O

Proving that Cycl(X/S,r)g and Cycl®/(X/S,r)g, are sheaves in the h-
topology reduces to the following lemma which is stated but not proved in

[SV00).
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Lemma 3.2.2. Let py : Y — Spec(k),px : X — Spec(k) be two schemes of
finite type over a field k. Then the sequence of abelian groups

Cycl(X/ Spec(k), )@Q TN Cyel(X  x  Y/Y,r) @ Q V@IS

Spec(k)
—Cycl((X x Y x Y)/(Y x Y)reQ
Spec(k)  Spec(k) Spec(k)

where pri 1 Y Xgpec(r) Y — Y are the projections, is exact.

Proof. Suppose that ) is in the kernel of the map (cycl(pri) — cycl(pra)).
Since Y — Spec(k) is of finite type we can find a normal extension L/k
and a morphism of finite type k-schemes t : Spec(L) — Y. Let o be any
k-automorphism of L. We have a map ¢, : Spec(L) = Y XSpec(k) Y satisfying

t =prioqi, and toSpec(o) = prao g .
From our assumption on )Y and Lemma [2.3.20] it then follows that

cyel(t)(Y) = cycl(Spec(a))(cyel(t)(V)) = o™ (I)

where o* denotes the action on Cycl(Xy). Thus we have that the cycle
cycl(t)(Y) is Gal(L/k)-invariant and thus by Lemma there is a unique
cycle Z € Cycl(X/Spec(k),r) ® Q such that Z ®; L = cycl(t)(Y). Let
now y : Spec(F) — Y be an E-point of Y and (yo,y1,R) be a fat point
over y. Since Spec(E) Xgpec(k) Spec(L) is non-empty we can find a field M
and a morphism Spec(M) — Spec(E) Xgpec(k) Spec(L) and hence an induced
morphism Spec(M) — Y Xgpe(r) Y and by functoriality and the defining
property of Z we have that the two cycles ) and cycl(py)(Z) pull back to the
same element in Cycl(Xys/Spec(M),r). By Lemma [1.7.2)2) it then follows
that we must have

(50, 51)"(Y) = eycl(y)(Y) = cyel(y)(eycl(py )(2)) = (yo, y1)" (cycl(py)(Z))
and thus ) satisfies the defining property of cycl(py)(Z) and we are done. [

Theorem 3.2.3. Let X — S be a scheme of finite type over a Noetherian
scheme S. Then the presheaves Cycl(X/S,r)q are sheaves in the h-topology.

Proof. Apart from Lemma [3.2.1] and Lemma [3.2.2] all the details are given in
[SV00, Theorem 4.2.2]. O

Corollary 3.2.4. Let X — S be a scheme of finite type over a Noetherian
scheme S. Then the presheaves Cycl (X/S,r)q, are sheaves in the h-topology.

Proof. Since Cycl®f' (X/S,r)q, is a subpresheaf of Cycl(X/S,r)qg it is enough to
show that if {p; : T; — T }ies is an h-covering such that if Z € Cycl(X/S, r)o(T)
satisfies

cycl(pi)(2) € Cyd (X/S, r)q, (T;) (3.2.1)
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for all i then we must have Z € Cycl® (X/S,r)qg, (T), which follows easily
from [Lemma 2.3.13| and [Lemma 1.7.21 O

The following Proposition is [SV00, Prop.4.2.6]. [Theorem 3.1.16|allows us
to simplify the original proof somewhat.

Proposition 3.2.5. Let X — S be a scheme of finite type over a Noethe-
rian scheme S. Then the presheaves PropCycl(X/S,r)q are sheaves in the
h-topology.

Proof. In view of [Theorem 3.2.3|it is enough to show that if {p; : T; — T'}ier

is an h-covering of the Noetherian scheme 7" and Z € Cycl(X/S,r)q satisfies
cycl(pi)(Z2) € PropCycl(X/S,r)q(T;) for all ¢ then Supp(Z) C T xgX is
proper over T'. By [Theorem 3.1.16|the covering {p;};c; has a refinement of the
form

{Uj — T, — T}je]

where {U; — T'}jcs is an open covering and 7" — T is proper surjective.
Since properness is local on the target it is clear that Supp(Z7/) is proper
over T" and hence also over T. Furthermore [Lemma 2.3.18|[ltem (2)| tells
us that Supp(Z27+) — Supp(Z) is surjective from which it easily follows that
Supp(Z) — T must be proper. O

Corollary 3.2.6 (|[SV00, prop.4.2.6]). Let X — S be a scheme of finite type
over a Noetherian scheme S. Then the presheaves PropCycl® (X/S,r)q, are
sheaves in the h-topology.

Proof. In the category of presheaves we have the following pullback diagram

PropCycl® (X/S,r)g, — PropCycl(X/S,7)qg

I j (3.2.2)

Cycl® (X/8, r)g, — Cycl(X/S,7)q.

Since the presheaves PropCycl(X/S,7)qg, Cycl®f (X/S,r)g, and Cycl(X/S,7)g
are sheaves in the h topology by [Proposition 3.2.5] [Corollary 3.2.4] and [The]
respectively, and the forgetful functor from sheaves to presheaves
has a left adjoint hence commutes with limits it follows immediately that
PropCycl®/ (X/S,r)q . must necessarily be a sheaf in the h-topology. O

Definition 3.2.7. Let S be a scheme. We denote by Exp. Char(S) the set
Exp. Char(S) := {p € N: 3s € § with exp. char(k(s)) = p},
where exp. char(k(s)) denotes the exponential characteristic of the field k(s).
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Corollary 3.2.8. Let X — S be a scheme of finite type over a Noetherian
scheme S. Then for any subring A of Q (resp. subsemi-ring of Q4 ) such that
every element of Exp. Char(S) is invertible in A the presheaves

Cycl(X/S,r)ur @z A, PropCycl(X/S, )y ®z A

(resp. Cycl¥(X/S,r)yr @n A, PropCycl® (X/S, )y @n A )

are sheaves in the h-topology.

Proof. Keeping in mind [ftem 2] of [Proposition 1.7.7 the result is deduced from
a technique which we are now familiar with. O

Theorem 4.2.9 of [SV00| says that the presheaves of relative cycles with
universally integral coefficients are sheaves in the cdh topology. We will now
show that they are in fact sheaves in the finer sd-h topology.

Theorem 3.2.9. Let X — S be a scheme of finite type over a Noetherian
scheme S. Then the presheaves Cycl(X/S,r)ur, Cycl® (X/S,r)yr, PropCycl(X/S,r)u1
and PropCycl® (X /S, )y are sheaves in the sd-h topology.

Proof. We only prove the case of PropCycl®/ (X/S,r)yr; the other cases are
proved mutatis mutandis. By [Corollary 3.2.6] it is enough to show that if
Z € PropCycl(X/S,r)o(T) and {p; : T; — T}ier is an sd-h covering such
that cycl(p;)(Z) € PropCycl® (X/S,r)y(T;) for all i then we must have
Z € PropCycl® (X/S,r)y1(T). This follows immediately from
and the definition of the sd-h topology. O

For more fascinating results concerning Chow sheaves in the h-topologies,
such as the fact that Cyclequi(X/S,r)g are sheaves in the ¢fh topology or
that the h-sheafification of the presheaf PropCycl® (X/S,r)g, ®n Q gives
PropCycl(X/S,r)q, see section 4.2 of [SV00].

3.3 Sheaves in the ¢fh-topology via finite group
actions

In this section we recall that sheaves in the ¢ fh-topology interact neatly with
quotients by finite groups, an aspect of ¢ fh-sheaves playing an important role
in [SV96|. Despite this being the natural chapter to discuss such topics, the
proof of [Proposition 7.1.2] is actually the only part of the thesis where this
technology will be put to use. Thus the reader may chose to skip this section
on a first reading.
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Finite group actions and fibers

The following useful lemma is stated but not proved in [SV96|.

Lemma 3.3.1 (|SV96, Lemma 5.1]). Let ¢ : X — S be a finite surjective
morphism of schemes with S Noetherian and let G be a finite group acting on
the right on X/S. The following conditions are equivalent

(1) For any s € S the (induced) action of G on q~'(s) is transitive, for
any x € q~1(s) the field extension k(x)/k(s) is normal and the natural
homomorphism G5 = Stabg(z) — Gal(k(x)/k(s)) is surjective.

(2) For any algebraically closed field Q and any geometric point ¢ : SpecQ —
S the action of G on the set of geometric points of X over ( is transitive.

(3) For any algebraically closed field Q and any geometric point ¢ : Spec Q —
S the action of G on the (underlying set of the ) geometric fiber X =
X xgSpec() is transitive.

Proof. (1) implies (2): Suppose we have two geometric points 71, 72 : Spec 2 —
X over ¢ : Spec) — S. In other words we have a commutative diagram

X
1
o s
Spec 2 T> S

We want to show that there is some g € G such that 9 = go 7. Let
w denote the only point of Q. Since G acts transitively on ¢~ 1(¢(w)) we
may assume that 71(w) = 7a(w). The problem now translates to having a

g1
o2
Q —

where k(x)/k(s) is normal by assumption, and we want to find g € G, C G
such that the canonically induced morphism g : k(x) — k(x) has the property
that

commutative diagram of fields

|

k(x)
k(s)

09 =0104.

By [Stacks, Tag 0BR4| we have some h € Gal(k(z)/k(s)) such that
oy =010h

and since the canonical map G, — Gal(k(z)/k(s)) is surjective by assumption,
we have some g € G, such that g = h.
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For (2) implies (3): The action of G on the geometric fiber is given as
follows. Let p: Xq — X be the projection to X. Then for any g € G, by the
universal property of Xq, we have a unique map p, : Xo — Xq such that

bPopg=gop

and p, is an automorphism with inverse p,-1. It is clear that this gives a right
group action of G on the geometric fiber Xo. Now this again gives a right group
action of the underlying set of Xq by (z,g) — pg(x) € Xq. We now want to
show that if 21, z2 € Xg, then we can find some g € G such that py(x1) = .
Since Xq — Spec (2 is finite and € is algebraically closed, we have that giving
a point in Xq is the same as giving a Q-morphism Spec 2 — Xqo. We denote
the morphisms corresponding to x; resp. z2, be 7 : Spec Q2 — Xq resp. x3.
By the assumption of (2) there is some g € G such that

go(poTi) =poTs.

But then
po(pgo®r) =pox3
thus by universal property of Xq we must have

Pg ©T1 = T2.

Thus pg(x1) = 2.

For (3) implies (2): Suppose that 7 is the point of SpecQ and let
s =((n) € S. We want to show that if 71,75 : Spec Q2 — X are two geometric
points over (, then we can find some g € G such that gom = 7. By properties
of the fiber product, we may replace X with the finite scheme ¢~!(s) and S
with Speck(s). Let p: Xq — ¢~ '(s) be the projection. By universal property
we get induced maps 71,75 : Spec) — X with po7/ = 7; for i = 1,2. By
assumption there is some g € G such that pg o 71 = 7. Further we have that

7'2:po7'§:po(Pg°T{):gopoT{ZQOTl

which completes the proof of the implication.

For (3) implies (1): Assume that (1) fails and show that (3) fails by
splitting it up into the three cases where at least one of the assumptions of
(1) fails. This is not hard given what we have already done, thus we omit the
proof of this last implication. O

Notation 3.3.2. From now on if we say that (X, G)/S or (X — S, G) satisfies
the equivalent conditions of Lemma [3.:3.1] then we mean that X is a scheme
finite over S, G a finite group acting on S-automorphisms and X/S together
with the action of G satisfy the equivalent conditions of Lemma [3.3.1
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Corollary 3.3.3 (|SV96, Corollary 5.2|). Assume that the equivalent conditions
of Lemma are fulfilled and assume further that S is irreducible. Then G
acts transitively on the set of irreducible components of X and each component
maps surjectively onto S.

Proof. First note that since ¢ is closed and surjective and S is irreducible we
have that some irreducible component X7 of X is mapped onto S. Now suppose
that X5 is an irreducible component of X such that that g(X2) # X. Let 7o
denote the generic point of X5 and let £ be the generic point of S. We have
that any affine open subset of S containing g(72) must also contain £, and from
the going up property of integral ring morphisms, we deduce that there is a
point x € X; with

z€q (g(n))

Thus z is not a generic point of X, but since (1) in Lemma is fulfilled, we
have some g € G such that g(z) = 72, but then since m is not an irreducible
component of X, X5 cannot be an irreducible component either which is a
contradiction. Thus we have deduced that all the generic points of X are

contained in the fiber ¢~1(€), and since G acts transitively on this fiber we are
done. O

Corollary 3.3.4. Assume that (X,G)/S satisfies the equivalent conditions of
Lemma (5.3.1, Then the graph of the pair (X,G)/S, ¥x/s : Gx — X xg X
(Definition 1.5.5) is finite and surjective.

Proof. 1t is enough to show that ¢y/g is surjective over each s € S. To this
extent pick some s € S and let 2 be an algebraic closure of the field k(s).
Consider the commutative diagram

wXQ/SpccQ
Gx, — X Xspec X0

J

GXQ/:XM;C(?( X Spec k(s) Xs = (X xgX)s
Gx vxs X xgX

Since (Xq Xspecn X0) = Xs Xgpec k(s) Xs factors as

Xo x Xo=>(Xs X Xspeer =Xy % X,
Spec Spec k(s) Spec k(s)

where the last morphism is surjective, we have that (Xq Xgpeco Xa) —
Xs Xgpeck(s) Xs 18 surjective, hence it is enough to prove surjectivity of ¥ x, /spec -
To this extent note that giving a point in X Xgpec o Xq is equivalent to giving
a Spec Q2-point Spec Q) — X Xgpeco X which again is equivalent to giving
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two Spec Q-points of Xq, say z,y. Now let 0 € G be such that - o = y. Then
the composition

Spec 5 (Xq)y — Gx, = Xqg x Xq

is the point corresponding to (z,y). O

Lemma 3.3.5. Suppose that (X,G)/S satisfies the equivalent conditions of
Lemma . IfY — S is any morphism then Y xg X — Y together with the
canonically induced action of G also satisfy the equivalent conditions of Lemma

531

Proof. Let SpecQ — Y be a geometric point of Y. Then Spec(Q) xy (Y xg X) =
Spec ) x g X which G acts transitively on by assumption. O

Corollary 3.3.6. Suppose (X — S,G) satisfies the equivalent conditions of
Lemma[53.3.1] and suppose we have a morphism q: Y — X. For each o € G the
morphisms idy : Y — Y andooq:Y — X induce a morphismY — Y xg X
and in turn a morphism

UY,X/S: HY‘)Y)A;X
oeG

The aforementioned morphism vy,x/s is finite and surjective.

Proof. The morphism vy, y,g is clearly finite. Hence it is enough to prove
surjectivity. To this extent let y € Y be any point in Y and let t € Y xg X be
any point lying over y. Letting 4 denote the image of y in Y x g X under the
morphism Y — Y x g X induced by idy : Y — Y and ¢ , we have that ¢/ is in
the fiber of y. Now by Lemma we have that the induced action of G on
Y x g X acts transitively on fibers. Hence there is some ¢ € G such that

(idy x 0)(y') = t,

but this is also the image of y under the morphism Y — Y x g X induced by
idy and o oq. ]

Example 3.3.7. Assume that S is a normal connected (hence integral) scheme.
Let FE be a finite normal extension of the field K(S) with Galois group G =
Gal(E/K(S)), let Y denote the normalization of S in E and let ¢ : Y — S be
the normalization morphism.

From [Bou64, Ch.5, Sec. 2, n.3, Prop. 6] it follows that (¢, G) satisfies the
equivalent conditions of Lemma [3.3.1

Example 3.3.8. Suppose that X is a scheme of finite type over Z and suppose
that the finite group G acts admissibly on X by Z-automorphisms. Then by
Corollary the morphism X — X/G is finite. It follows from Proposition
that the morphism X — X/G satisfies the equivalent conditions of
Lemma [3.3.1]
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Finite group actions and qfh-sheaves

The following Lemma is closely related to [SV00, Lem. 5.16] and it tells us
that if 7 : X — X/G is the quotient of a finite group acting admissibly on
X then for any ¢fh-sheaf F the sections of F(X/G) are identified with the

G-invariant sections of F(X).

Lemma 3.3.9. Let w: X — S be a finite surjective morphism of schemes with
S Noetherian and suppose that G is a finite group acting on S-automorphisms
of X. Suppose further that (m,G) satisfies the equivalent conditions of Lemma
[3.3.4 Let F be a qfh-sheaf. Then 7* : F(S) — F(X) induces an isomorphism
F(S) = F(X)Y and we have a factorization

F(S) = y F(X
~
F(X)©

Proof. By Corollarywe have that ¢ x /g : Gx — X x5 X is a qfh-covering.
Now for each ¢ € G we have a commutative diagram

)

From this we see that if f € F(X) then if

pri(f) = pra(f)

we have that
f=0"(f)
for all o. Conversely if
f=0(f)
for all o, then using that {X — Gx/g = [[,cq X }oec is a gfh-covering we get
that we must have that

Vxsg o pra(f) = ¥x g o pri(f)

and since ¥ x/g is also a qfh-covering we must then have pri(f) = pr3(f). O
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3.4 An overview of the literature

This chapter closely follows and occasionally extends theory found in [Voe96|,|SV96|
and [SV00|. The following table explains how many of our statements compare
to those found in the literature:

Comparison table
Statement Reference(s) Statement Proof
compari-
son
|Proposition 3.1 8| [Voe96|, Propo- Identical Identical
sition 3.1.3|
|Cor011ary 3.1 9| [Voe96, Rmk Identical Expands
after 3.1.3|
|Proposition 3.1.10§ [Voe96, Prop. Extends Similar
3.1.4]
|Proposition 3.1.124 |SV96, Generalises Applies ideas from
Lem.10.3] the original proof
|Theorem 3.1.16| [Voe96, Generalises Similar
Thm.3.1.9]
Lemma 3.2.2 [SVO00. Identical Added
Lem.4.2.3]
|Proposition 3.2.5| [SV00, Similar A little different
Prop.4.2.6]
|C0r011ary 3.2.6| [SV00, Similar A little different
Prop.4.2.6]
[SVO00, Extends Similar
Thm.4.2.9]
Lemma 3.3.1 [SV96, Lemma Identical Added
5.1]
|C0r011ary 3.3.3| [SV96, Corol- Identical Added
lary 5.2
Lemma 3.3.9 [SV00,  Lem. Generalises Central idea is the
5.16] same. More de-
tails added
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Chapter 4

(Generalized seminormalization
with applications

Inspired by the work of Ross [Ros10] and Huber-Kelly [HK18| we introduce
in this chapter a "pointwise" construction suitable for the parallel study of
semi and weak normalization in the context of rings and schemes. This is
demonstrated in several instances: we prove a faithfully flat descent result for
our construction yielding a new proof of the fact that semi and weak normality
descends by faithfull flatness (Proposition 4.1.26)) and in [Lemma 4.2.22| we state
and prove an analogue of Manaresi’s characterisation of the weak normalization
(IMan80, Thm. (I.6)]) yielding a new proof of Manaresi’s Theorem in the
case of rings with finitely many minimal prime ideals. Furthermore we apply
our construction to study representable sheaves in the h-topologies, which
extends Huber-Kelly’s description of representable sheaves in several of the
decomposable cousins of the h-topology ([HK18, Prop. 6.14]) to all Noetherian
schemes and simultaneously gives a special case of Rydh’s h-theoretic version

([Ryd10, Thm. (8.16)]).

We then finish the chapter by applying our efforts to give simple proofs of
many of the results of Section 3.2 of [Voe96| together with some analogues for
the decomposable cousins of the h topology.

Since Rydh has mentioned that one can make appropriate modifications
to his methodology regarding |[Ryd10, Thm. 8.16] (or to the original methods
considered by Voevodsky in [Voe96]) to also cover the cases of decomposable
topologies, and as some of the other results obtained are already known in
some form, we stress that the novelty of this chapter mainly lies in our proofs
and methodology.

Much of the theory appearing in this chapter was developed in collaboration
with Jarle Stavnes.
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4.1 The n-pointwise construction

The construction and its properties

Throughout the rest of this chapter n : Idp;qs — F will always denote a
natural transformation from the identity functor on the category of fields to
some endofunctor F' such that the following conditions are satisfied

1. The field extension F(n(K)) : F(K) — F(F(K)) is an isomorphism for
all fields K.

2. The equivalent conditions of [Lemma 1.4.25| are satisfied, i.e. n(K) is a

purely inseparable extension for all fields K.

Example 4.1.1. The two main examples of interests is the perfect closure
(n(K) : K — K1) or the identity (n(K) : K e K). There are also other

examples of such natural transformations. Indeed for a prime number p and
natural number n let F}, , be the endofunctor on the category of fields defined
as follows: For a field K we set

K, if char K = p and tr.degp,(K) <n, or char K # p;
KPerf  otherwise.

Fp,n(K) = {

Note that we have an obvious map K — F), ,(K) which is natural in K.

Construction 4.1.2. For a ring A set

Ny(4) = F(k(p)) (4.1.1)
pESpec(A)

and let t4 : A — N, (A) be the induced homomorphism such that
l (4.1.2)

commutes for all p € Spec(A). For a homomorphism of rings f : A — B let
N, (f) : Ny(A) = N, (B) be the morphism such that

Ny(A) — Ny(B)
(4.1.3)

)
i) "% Fi(g)

commutes for all ¢ € Spec(B),p € Spec(A) with f~!(q) = p. This makes N,
into an endofunctor on the category of rings and we have an obvious natural
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transformation Idgings — N;. Let P be a subcategory of the category of
rings. Let MWP(A) be the subset of N, (A) mapped to imtr by N, (f) for all
homomorphisms f : A — R with R € P. Then an (A) is a ring, and there is
an induced homomorphism of rings g4 : A — Mﬁ(A) natural in A which is an
injection if and only if A is reduced (indeed, the kernel is the nilradical of A).
Note that ggr is an isomorphism for all reduced rings R € P.

Remark 4.1.3. The main result of [Ros10]| is that if A is a Noetherian ring
and P the full subcategory of discrete valuation rings then g4 : A — M7,(A)
is the seminormalization of the ring A. Furthermore if one instead lets P
denote the full subcategory of all valuation rings then combining Lemma 3.7
and Proposition 6.2 of [HK18| then if A is a ring with finitely many minimal
prime ideals the map g4 : A — M?d(A) is the seminormalisation of A. This

will also follow from the main theorem of this section (Theorem 4.1.4)).

Throughout V,, will denote the category of valuation rings R such that
n(R) : Roy — F(R(O)) is an isomorphism. We will always write M, (A)
for the ring M,‘f’ (A). Note that if f : A — B is a morphism of two rings
such that N, (f) : N,,(4) — N,(B) is an isomorphism then the induced map
Spec(f) : Spec(B) — Spec(A) must necessarily give a bijection of sets, thus if
in addition Spec(f) is a closed map of topological spaces which in particular
is the case if f is integral then Spec(f) is a (universal) homeomorphism. The
purpose of this section is to prove the following Theorem:

Theorem 4.1.4. Let A be a ring with finitely many minimal prime ideals.
Then

1. The map qa : A — My (A) is integral .

2. the induced map Spec(qa) : Spec(M;(A)) — Spec(A) is a bijection of
sets.

3. For q € Spec(M,,(A)) lying over p € Spec(A) the field extension n(k(p)) :
k(p) — F(k(p)) factors through the map of residue fields @ay,,, : k(p) —
k(q). In particular the map Spec(qa) is a universal homeomorphism.

4. The map Ny(qa) : Ny(A) = Np(My,(A)) is an isomorphism.

5. If f : M;)(A) — B is any integral ring homomorphism to a reduced ring
B such that N, (f) is an isomorphism then f is an isomorphism.

6. If g : A — B is an integral ring homomorhism with N, (g) an isomorphism
then there exists a unique map g’ : B — My(A) such that ga =g’ o g.

In particular if n is the identity (n(K) : K Ty K) then ga : A — Myq(A) is
isomorphic to the seminormalization of A as defined in for instance [Tra70).
Furthermore if 1 is the perfect closure (n(K) : K — KTef) the map q4 : A —
M(_ypers (A) is the absolute weak normalization of A introduced in [Ryd1(] .
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The theorem will be proved in many steps starting with the following
Lemma:

Lemma 4.1.5. If K is a field then M, (K) = F(K).

Proof. Let x € F(K) and let ¢ be a positive power of char K such that 27 € K
or in other words there is some ¢ € K such that ¢ — ¢ = 0. Then for any
map f : K — R with R € V,, we have that for any point p € Spec(R) the
image of x under the induced map F(K) — F(k(p)) is a root of a polynomial
of the form 7Y — f(c). Since this holds in particular for the zero ideal of R
and R is integrally closed in its field of fractions we have some r € R satisfying
r? = f(c), thus the image of x in F(k(p)) must coincide with the image of r
for all p € Spec(R). O

Lemma 4.1.6. Let A be an integral domain, and let K be its field of fractions.
Suppose that n(K) : K — F(K) is an isomorphism. Then:

1. The canonical map M, (A) — F(K) is injective.
2. The inclusion A C K C F(K) factors as A C My(A) C F(K).

Proof. Consider the induced morphism M, (A) — M, (K) = F(K). Suppose
that (fp), maps to 0. Then f(5) = 0. Consider any nontrivial specialization
(0) C pin A and let g : A — R be a map to a valuation ring covering
this specialization with Ry = K. Consider the induced ring
homomorphism M, (g) : M,,(A) = M, (R). The image M, (g)((fp)p) € My(R)
is contained in imtg, which means that there exists an element fr € R such
that tr(fr) = My(9)((fp)p). Since fp) = 0 it follows that fr = 0 which
implies that f, = 0. Since p was arbitrary we obtain f, = 0 for all p, thus
(fp)p =0 € M, (A). This proves (1) which again implies (2). O

Proposition 4.1.7. Let A be a integrally closed domain with field of fractions
K. Suppose that n(K) : K — F(K) is an isomorphism. Then ga : A — M, (A)
s an isomorphism.

Proof. We have that A is the intersection of the valuation rings of K containing
A (|Stacks, Tag 090P|). Consider the induced factorizations A — M, (A) —
R C K for valuation rings R of K containing A. It follows from
that the homomorphism M, (A) — R is injective. By taking the intersection
of all such R’s, we get that A = M,,(A) as subrings of K. The result now
follows. O

Lemma 4.1.8. Let A, B be rings and pa,pp denote the projections from the
product onto A, B respectively. Then the induced map

M, (A B)(M"(pA)’M"(pB)M

n(A) x M, (B) (4.1.4)
18 an isomorphism.
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Proof. We have a commutative diagram

M, (A x B PPN 4y ML (B)

j i (4.1.5)

N, (A x B)PAnPeIN 4y o N, (B)

where the lower horizontal arrow is an isomorphism. Which immediately
implies injectivity of the top horizontal morphism. For surjectivity let (fp), €
N, (A x B) correspond to an element in the image of the right most vertical
arrow. If f: Ax B — R is any map with R € V,;, then since R is an integral
domain it follows that f either factors through p4 or pp hence it follows that
(fp)p € My(A x B).

O

Proposition 4.1.9. Let A be a normal ring with finitely many minimal prime
ideals. Suppose that for every minimal prime ideal p of A the morphism n(k(p))
is an isomorphism. Then qa : A — My (A) is an isomorphism.

Proof. If A is a normal ring with finitely many minimal prime ideals then there
exists finitely many normal domains A, ..., A, such that A =[], A; (|Stacks,
Tag 030C]). Thus by [Lemma 4.1.8| and |[Proposition 4.1.7| we have

M, (A) = [ My(A) = J]Ai = A (4.1.6)
O

Proposition 4.1.10. Let A be a ring with finitely many minimal prime ideals.
Then

1. The map qa : A — M,y (A) is integral .

2. the induced map Spec(qa) : Spec(M;(A)) — Spec(A) is a bijection of
sets.

3. For q € Spec(M,,(A)) lying over p € Spec(A) the field extension n(k(p)) :
k(p) — F(k(p)) factors through the map of residue fields ay,,, : k(p) —
k(q)-

4. The map Ny(qa) : Ny(A) = N,(My(A)) is an isomorphism.
Proof. Let A denote the integral closure of A,..q in the product [Ipespecca), F'(k(p)).

~ p minimal
The ring A satisfies the properties of [Proposition 4.1.9] Consider now the com-
mutative diagram

A——m—

qgig (4.1.7)
M, (4) 2 (

]
qA
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Since i is integral it follows that g4 must also be integral proving (1). For
(2) let f = (fp)p € My(A) and denote its image in A by f. This element has
the following property: For any ¢ € Spec(A) with ¢ N A = p the image of f

under the map A — k(q) nE@) F(k(q)) coincides with the image of f,, under
F(iqp) : F(k(p)) = F(k(q)). This shows that for fixed p € Spec(A) if f, # 0
then f cannot be contained in any prime ideal q € Spec(fi) lying over p, and
if f, = 0 we must necessarily have f € q for every q € Spec(A) with ¢ lying
over p. Hence if we have two prime ideals p1,ps of M, (A) lying over p then
surjectivity of Spec(A) — Spec(M,(A)) implies that any element of p; must be
contained in py and vice versa hence (2) follows. Part (3) is now a consequence
of the fact that (2) implies that any prime ideal of M, (A) is the preimage of a
prime ideal of N, (A). Finally part (4) follows from part (3) and the condition

that F' — F' o F' is an isomorphism. O

The proposition easily gives the following consequences:

Corollary 4.1.11. Let f: A — B be a morphism of rings both of which have
finitely many minimal prime ideals. Then the following is satisfied:

1. The map f is integral if and only if the induced map M, (f) is.

2. The map Spec(f) is surjective if and only if Spec(M,(f)) is.

Suppose furthermore that the induced map M, (f) : My(A) — M, (B) is
an isomorphism. Then we also have:

3. The map Spec(f) : Spec(B) — Spec(A) gives a bijection of prime ideals
of A and B.

4. For any q € Spec(B) with p = f~1(q) the map n(k(p)) — F(k(p)) factors
through the induced map of residue fields f,, : k(p) — k(q)-

Recalling Lemma [T.4.28 and Lemma [1.4.30] we also obtain:

Corollary 4.1.12. Let f : A — B be a morphism of rings both of which
have finitely many minimal prime ideals. Then the induced map Spec(f)
is universally injective (resp. a universal homeomorphism) if and only if

Spec(My(f) is

Lemma 4.1.13. Let f : A — B be an integral homomorphism such that Ny (f) :
N, (A) = Ny, (B) is an isomorphism. Then any homomorphism g : A — R with
R €V, factors through f.

Proof. Let g : A — R be such a homomorphism and let p = ¢g~1((0)) C A.
Since N, (f) is an isomorphism by assumption there is a unique prime ideal
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p' C B such that f~1(p') = p and further F(fp//p) : F(k(p)) = F(k(p)) is an
isomorphism. From this we obtain a commutative diagram of the form

B —— Ry
J T (4.1.8)
A—2> R

Now apply to conclude. O

Corollary 4.1.14. Let A be a ring. Suppose that f: A — B is any integral
morphism such that Ny(f) is an isomorphism. Then My(f) is an isomorphism.

Proof. We have a commutative diagram

A—— B

| |

M, (A) —— M, (B) (4.1.9)
Ny(A) —— Ny(B)
from which injectivity of M, (A4) — M, (B) is clear. By |Lemma 4.1.13|surjec-
tivity is also clear. O

Corollary 4.1.15. Let R be a valuation ring with field of fractions K. The
ring My(R) is isomorphic to the integral closure of R in F(K). Furthermore
M, (R) is a valuation ring with field of fractions F(K') and the image of M, (R)
in F(K) intersected with K coincides with the image of R in F(K).

Proof. Let R denote the integral closure of R in F(K) and note that since
the extension n(K) is purely inseparable and therefore algebraic the field of
fractions of R is F(K). If p is the exponential characteristic of the field K then
for a given x € F(K) have some power of p denoted by ¢ such that 7 € K. By
we then either have 29 € R which necessarily means that = € R
or we have (29)~! = (z71)9 € R; thus we see that R is a valuation ring.
Hence for every € R there is some positive integer n such that 27" € R
(and p"x = 0 € R). Thus by [Stacks, Tag 0BRA] it follows that the induced
map N, (R) — N, (R) is an isomorphism, thus by [Corollary 4.1.14| the map

M, (R) — M, (R) (4.1.10)

is an isomorphism. [Proposition 4.1.7] now allows us to conclude the proof. [J

Lemma 4.1.16. Let A be a ring with finitely many minimal prime ideals. Then
the maps qur, 4y * Myp(A) = M;(M;(A4)) and My(ga) : My (A4) = My,(M,(A))
coincide. Moreover this map is an isomorphism.
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Proof. For a given p € Spec(A) we have by [Proposition 4.1.10| a unique g €
Spec(M,;,(A4)) lying over p and moreover the map n(k(p)) : k(p) = F(k(p))
factors through the induced map of residue fields ga,,, : k(p) — k(q). Thus
since k(q)/k(p) is purely inseparable it follows that the following diagram is
commutative

M, (A) — k(q)

(
|

N, (4) n(k(q)) (4.1.11)
|

pr.

S

F(qagp)
F(k(p)) — F(k(q))-
Hence by the definition of gy, (1) and M;,(ga) we see that they must coincide.
The last statement follows from [Corollary 4.1.14] and [Proposition 4.1.10| again.
O]

Proposition 4.1.17. Let A be a ring with finitely many minimal prime ideals.
Then the following hold true:

L. If f: My(A) — B is any integral ring homomorphism to a reduced ring
B such that N, (f) is an isomorphism then f is an isomorphism.

2. If g : A — B is an integral ring homomorhism with N, (g) an isomorphism
then there exists a unique map g' : B — M, (A) such that g4 =g’ o g.

Proof. For (1): Consider the following commutative diagram

M,(A) —L B
iQMn(A) qB (4.1.12)
M, (M, (4)) =, (B).

By the leftmost vertical arrow is an isomorphism and by Corollary
[Corollary 4.1.14] the lower horizontal arrow is also an isomorphism hence we

conclude that f must necessarily be an isomorphism.
For (2): Suppose first that there exists a map ¢’ : B — M,,(A) such that
ga = ¢’ o g. Then we have a commutative diagram

A—ft B9 M4
J,QA aB J,an(A) (4113)
M, (4) 229w (B) M9 v (v, (4))

From which we deduce that
O, (4) © 9 = My(ga) o My(g9) " o g = qui,(a) o My(9) "o qp.  (4.1.14)
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Hence in this case we must have ¢’ = Mn(g)_1 o gp and since the right hand
side always exists we have proved both the existence and uniqueness of ¢’. [

We can now finally prove the main theorem of this section:

Proof of [Theorem J.1.4 Parts (1) through (4) are proved in [Proposition 4.1.10]
and (5)-(6) are both proved in [Proposition 4.1.17} O

The relative case and weak normalization

[ftem 6]|of [Theorem 4.1.4] gives a defining universal property of the map g4 : A —
M,,(A). For a fixed ring map A — B we can apply the pointwise n-construction
to prove the existence of a ring with a similar universal property relative to
the morphism A — B.

Construction 4.1.18. Let A be a ring with finitely many minimal prime
ideals and f : A — B a morphism such that Spec(f) : Spec(B) — Spec(A)
is surjective. Let (B/A), be the pullback of the two maps My(f) : M;(4) —
M, (B) and ¢ : B — M;(B). Denote the two projections by ug/4 : (B/A), —
M;,(A) and ig/4 : (B/A)77 — B . Note that ig/4 is injective. Finally let
qpja A — (B/A)77 be the unique map determined by g4 and f.

Proposition 4.1.19. Let A — B be a map of rings where A has finitely many
minimal prime ideals and the induced map Spec(B) — Spec(A) is surjective.
Then the following assertions hold true:

1. The homomorphism qp/a : A — (B/A)n is integral.

2. The induced map Spec(qp/a) : Spec((B/A),) — Spec(A) is a bijection
of sets.

3. For q € Spec((B/A),) lying over p € Spec(A) the field extension n(k(p)) :
k(p) — F(k(p)) factors through the map of residue fields TB/A,), k(p) —
k(q). In particular the map Spec(qp/a) is a universal homeomorphism.

4. The map Ny(qpja) : Ny(A) — Ny, ((B/A),) is an isomorphism.

5. For any factorization of f of the form

/
/\
AT, g 23p (4.1.15)

where f1 is integral and N, (f1) an isomorphism the map fy factors
uniquely through ig 4 : (B/A)77 — B.

In particular if n is the identity the map (resp. the perfect closure) qp/a
is the semi-normalization (resp. weak normalization) of A in B.
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Proof. Since tells us that ¢4 is integral and the map ¢g has

nil-potent kernel it follows easily that gp /4 is integral and that up,4 is integral
with nilpotent kernel. Hence Spec(up/4) is surjective from which we easily
deduce that Spec(gp/4) must be bijective. Thus (1) and (2) are proved. Parts
(3) and (4) immediately follow from [Theorem 4.1.4] again and the standing
assumptions on 7. For the last part recall from [Corollary 4.1.14] that M, (f1) is
an isomorphism thus the maps M, (f1) togps and f> induce a map B' — (B/A),
with the desired property and the uniqueness of this map follows from the fact
that M,,(f) is a monomorphism and part (2) of [Proposition 4.1.17| O

Lemma 4.1.20. Suppose that A is a ring with finitely many minimal prime
ideals and f : A — B is a ring homomorphism with Spec(f) surjective. Then
letting C denote the integral closure of A in B the induced map

j:(C/A), = (B/A), (4.1.16)

s an isomorphism.

Proof. Recall from [Proposition 4.1.19| that the map gp,4 is integral, hence the
inclusion i4/p : (B/A)n — B factors through C'. Moreover since gg/4 = joqc/a
it follows from part (5) of [Proposition 4.1.19| that there is a unique map
(B/A), — (C/A), which is easily seen to be an inverse to j. O

Taking 7 to be the identity (resp. perfect closure) in the following Lemma
gives us Lemma 1.2 of |Tra70| (resp. Corollary (I.8) of [Man80]) for rings with
finitely many minimal prime ideals.

Lemma 4.1.21. Let A be a ring with finitely many minimal prime ideals and
suppose we have maps f : A — B and g : B — C. If qg/a and qc/p are
isomorphisms then so is qc/x. Moreover if g : B — C s injective then we have
that if qoya is an isomorphism then so is qg/a

Proof. Consider the following diagram where each square is a pullback:

(B/A), — B

(C/A), — (C/B), ——— C (4.1.17)

We see that if go/p is an isomorphism then so is ¢’ : (B/A), — (C/A), and
since g/ = q oqp /4 the first statement follows. For the last note that if go/4
is an isomorphism then clearly gp,4 is an injection and if g is an injection then
so is ¢’ hence qp /A must also be a surjection completing the proof. O
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Relations to Kollar’s description

The description of the semi/weak normalization given in the proof of [Kol96,
Ch.1, Prop. 7.2.3| will be useful for us later on. Thus we will use our pointwise
description to directly prove that for F' = Id (resp. F = Perf(—)) our (B/A),
coincides with Kollar’s semi (resp. weak) normalization of A in B, at least
when B is integral over A. In order to do so we will need the following lemma;:

Lemma 4.1.22. Let f : A — B be an integral ring homomorphism with
Spec(f) surjective. Then x € Ny(A) is contained in My (A) if and only if
Ny (f)(2) € My(B).

Proof. One implication is obvious. For the other suppose N, (f)(z) € M, (B).
Let g : A — R be any ring homomorphism with R € Vp. By Lemma [1.3.12
there exists a commutative diagram

.

NT»’L
:QTUU

_h

with R' a valuation ring, Spec(h) surjective and R’ N Ry = R (where the
intersection is taken inside R’(O)). By assumption there is some ' € R’ with

tr (1) = Ny(g ) (N, (/) (f)(2)) = Ny(h) (N, (9)(2))
from which we see that 7' € R' N Rg) thus r’ € R and by injectivity of N, (h)
we must necessarily have tr(r") = N,)(¢)(x) thus € M, (A) completing the
proof. O

Proposition 4.1.23. Suppose that f : A — B is an integral ring homomor-
phism with Spec(f) surjective. Then the following diagram

is a pullback of tg : B — Ny(B) along N, (f) : N(A) = N, (B).
Proof. Follows easily from Lemma [4.1.22 O
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From this proposition it follows that the image of ig/4 in B is exactly the
description of the semi/weak normalization given in [Kol96].

The following example is the standard example telling us that the notions
of semi and weak normality don’t necessarily coincide in positive characteristic.

Example 4.1.24. Consider the Whitney umbrella with coordinate ring A =
k[X,Y, Z]/(XY? — Z?) with normalization k[S,T] given by X ~ S2Y
T,Z +— ST which induces a homeomorphism of spectra (at least when k
is algebraically closed). Using Lemma we then easily see that A is
seminormal, and if k has characteristic two then the weak normalization of A
coincides with the normalization.

Faithfully flat descent
The following is an analogue of [Yan83| Sec.2, Prop.1|

Lemma 4.1.25. Suppose we have a pullback diagram of commutative rings:

A%B

b

U1
with Spec(j') and Spec(j) surjective. If the map qprjar: A" — (B’/A’)77 is an
isomorphism then so is the map qp/a : A — (B/A),.

Proof. Suppose that we are given maps t; : D — M, (A) and t3 : D — B such
that

M’W(]) o tl = (gB ©° t2.

Then by assumption we get a unique map t' : D — A’ such that qq ot =
M, (f) ot and j'ot’ = goty. From this latter equality we get induced a unique
map t : D — A such that

fot=t and jot =ty

Since the map M, (j) is a monomorphism it is clear that we must have g4 ot =
t1. Furthermore since j' is necessarily a monomorphism j must also be a
monomorphism hence t is the unique map satisfying the following two equalities:

jot=tyand gqgot =1t;.
O

If 7 is the perfect closure then the following Proposition gives us [Man80,
(IL.1)] and |Yan83|, Sec 2. , Cor.1| for rings with finitely many minimal prime
ideals. Similarly if 7 is the identity then it gives us Theorem 1.6 of |GT80].
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Proposition 4.1.26. (Faithful flat descent) Let f : A — A’ be a faitfully
flat ring homomorphism of rings with finitely many minimal prime ideals and
j A — B a morphism with Spec(j) surjective. Set B' := A" ®4 B. If
aprjar A" — (B'JA"), is an isomorphism then so is qp/4 : A — (B/A),.

Proof. Note that if qp/ 4/ is an isomorphism then it follows that A" — B’
must necessarily be an injection. Lemma [4.1.25( and Lemma |1.4.22| now let us
conclude. O

The following is the analogue of Corollary (I1.2) of [Man80] and Corollary
1.7 of [GTS0].

Corollary 4.1.27. Let A — A’ be a faithfully flat ring homomorphism of rings
with finitely many minimal prime ideals, and A (resp. A’) denote the integral

closure of A (resp. of A’) in Q(A) (resp. in Q(A")). If
G A = (@A),
18 an isomorphism then so is
Txjp:A— (Z/A)77

In particular if A is a local Noetherian ring then Gx/a 15 an isomorphism if
this is the case when A is replaced with its completion.

Proof. By Lemma we have that A’ and A’ ®4 A have the same total
ring of fractions hence we have an inclusion A’ ®4 A C A’. From Lemma
4.1.21) it follows that if ¢z, : A — (Z/A)77 is an isomorphism then so is

A — (A®y A'/A"),. By Proposition 4.1.26( we are done. O

Study on distinguished opens

We will now begin to make some preparations for the scheme theoretic story to
be considered in the next section.

Lemma 4.1.28. Let A be a ring and f € A be an element of A. Then the
natural map

N77<A)f - Nn<Af)

18 an isomorphism.
Proof. Surjectivity of the map is evident. For injectivity note if € N, (A);
is an element of the kernel then we must necessarily have f - x = 0; hence

z = 0. O
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Lemma 4.1.29. For a ring A with finitely many minimal prime ideals and
an element f of A, let ¢ : A — B be a map with Spec(¢) surjective. Then the
induced map

((B/A),)s — (Bf/Af),

18 an isomorphism.

Proof. Let C denote the integral closure of A in B and consider the following
commutative diagram

((C/A),); — (Cy/Ay),

| |

((B/A),); — (Bf/Ay),

By Lemma both vertical arrows are isomorphisms. Hence we can reduce
to the case where ¢ is integral. By Proposition 4.1.23| the following sequence of
A-modules is exact:

(B/A), — (N,(A) x B 27N, (B)

Thus by exactness of localization and Lemma [{.1.28 we get an exact sequence
of the form:

Ny(é5)—tp
((B/A),)r — (Ny(Af) x By) —— Nyp(By)

which completes the proof. ]

Corollary 4.1.30. For a ring A with finitely many minimal prime ideals and
an element f € A the induced map

M (A) p = My(Ay)
is an isomorphism.

Proof. Let A denote the normalization of A in [Ipespec(a), F'(k(p)). Then from
p minimal
Lemma [4.1.29| the induced map

(A/A),, — (Ar/Ap),

is an isomorphism and the desired result follows now easily from Proposition
4.1.9 [

Lemma 4.1.31. Let A be a ring with finitely many minimal prime ideals and
¢ : A — B be a morphism of rings with Spec(¢) surjective.
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1. If A— (B/A)77 is an isomorphism and [ is any element of A then
Ay — (By/Ay),
s an isomorphism.

2. Suppose that fi,..., fn € A generate the unit ideal (1) = A and that the
mnduced maps

are all isomorphisms. Then

qB/A A= (B/A)n
is an isomorphism.

Proof. The first assertion follows directly from [4.1.29 and part (2) is proved in
a standard manner. O

4.2 The case of schemes

We use the notation of throughout.

Construction 4.2.1. For a scheme X let .47 (X) be the Zariski sheaf on X
given by U + A7(X)(U) := [[,cr F'(k(x)) and the obvious restriction maps.
We also have a canonical map tx : Ox — A, (X) giving A7 (X) the structure
of an Ox-algebra. For any map f:Y — X we have a commutative diagram

Ox — fuOy

l lf*(m (4.2.1)
(1)
M(X) —= futy(Y).

Here A7 (f) is the unique map such that for any open subset U of X with
y € f~Y(U) the following diagram commutes:

()

M(X)U) == M) (fHU))

(4.2.2)

B(f(y)) —229 s k(y).

Note that if .47 (f) is an isomorphism then f has to give a bijection of underlying
sets.

For a full subcategory P of the category of schemes we let //lf (X) be the
sub-presheaf of 47 (X) such that for an open subset U of X the set

M (X)) € A(X)(O) (4.23)
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consists of exactly those elements (fz)zetvr € 47(X)(U) such that if g : Y — X
is a morphism with Y € P then

%(g)(U)((fx)er) € im(g*ty(U)). (4'2'4)

The map tx factors through ///g) (X)) and we let gx denote this map Ox —
AT (X) . Furthermore if f : Y — X is a morphism then e/%(f)]//ff(X) factors
through f*%f(Y) thus we get a morphism %f(f) : ///,Z)(X) — j}///f(Y).
Note that if X is a reduced scheme with X € P then ¢x is an isomorphism.

Throughout we let #;, denote the full subcategory of schemes where objects
are spectrums of valuation rings R with n(R()) an isomorphism. We shall

always denote .//[7;1/” by .#,. Finally observe thatif g: Z =Y and f:Y — X
are morphisms of schemes then we have

No(fog) = fey(g) o Np(f);
%n(f og)= f*///n(g) o %n(f)

Lemma 4.2.2. Let X be a scheme where quasi-compact opens have finitely
many irreducible components. The following statements hold true:

1. The presheaf #,(X) is a Zariski sheaf.

2. The map tx : Ox — A,(X) makes A3 (X) into a quasi-coherent sheaf
of Ox-algebras such that for any affine open Spec(A) of X we have

J%Y(X”Spec(A) = Nn(A)- (4.2.5)

3. The map qx : Ox — My(X) makes My (X) into a quasi-coherent sheaf
of Ox-algebras such that for any affine open Spec(A) of X we have

P

'//H(X”Spec(A) = Mn(A) (4.2.6)

Proof. For (1): Note first that the presheaf 47(X) is a Zariski sheaf. Hence
to see that .#,(X) is a Zariski sheaf it is enough to show that if U is any
open subset of X and u = (ug)zcy an element of 47 (X)(U) such that there
is an open cover {U;} of U with u|y, € .#,(X)(U;) then we must necessarily
have u € #,(X)(U). To see this just notice that if g : Spec(R) = X is a
morphism with Spec(R) € 7, then since gitgpec(r) 18 injective and both g.Oy
and g,.4;,(Y) are sheaves we see easily that the .4 (g)(u) is in the image of
g*tSpec(R)'

For (2): For any affine open subscheme Spec(A) of X we have an obvious
isomorphism

(X (Spee(A)) - Ny(4) (12.7)
and since the map N, (A); — N,(Af) is an isomorphism for any f € A

(Lemma 4.1.28]) we can conclude.

136



For (3): We first claim that if Spec(A) is an affine open subscheme of
X then the image of .#,(X)(Spec(A)) in N;(A) under the canonical isomor-
phism A47,(X)(Spec(A)) — N, (A) is exactly the subring M,(A4). One inclu-
sion is rather obvious so suppose that u = (uz)zespec(a) € H5(X)(Spec(A))
maps to an element of M, (A). If g : Spec(R) — X is any morphism with
Spec(R) € ¥, we must show that the element N,(g)(u) is in the image
of tgpec(r) (91 (Spec(4)). Since we don’t necessarily have g~!(Spec(4)) =
Spec(R) we cannot conclude straight away, but since g~!(Spec(A)) can be
covered by affine opens which by can be taken to be valuation
rings with the same function field as R the claim follows easily.

[Corollary 4.1.30| now lets us conclude the proof. ]

If X is a scheme where quasi-compact opens have finitely many irreducible

components then in light of we get a morphism
p'" s XM = Spec  (My(X)) = X (4.2.8)

such that if f : X — Y is a morphism of schemes whose quasi-compact
opens have finitely many irreducible components then we have a morphism
f1: XM — Y7 fitting into a commutative diagram

xn L0y oy
Mn(x)l lun(y) (4.2.9)
/

X —Y.

Proposition 4.2.3. Let X be a scheme such that any quasi-compact open
subset has finitely many irreducible components. Then the following statements
hold true:

1. The morphism p"(X) : X" — X is integral.
2. The morphism p"(X) induces a bijection of underlying sets.

3. For any ' € X" with v = p"(X)(2') € X the map n(k(z)) — F(k(x))
factors through the the map of residue fields (u"(X)),: , * k(z) = k(2').
In particular (X)) is a universal homeomorphism.

4. The map Np(u"(X)) : A(X) = (W(X))sM7(XT) is an isomorphism.

Proof. Follows immediately from [Lemma 4.2.2| and [Proposition 4.1.10] O

Corollary 4.2.4. Let f : X — Y be a morphism of schemes where quasi-
compact opens have finitely many irreducible components. Then:

1. f isintegral if and only if the induced morphism f" is integral.

2. f is surjective if and only if f7 is surjective.
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3. f" is an isomorphism if and only if f is affine and the morphism A, (f) :
My(Y) = fodly(X) is an isomorphism.

Moreover if the equivalent conditions of (3) are satisfied then we also
have:

4. The morphism f induces a bijection of underlying sets.

5. For any x € X with y = f(x) the map n(k(y)) : k(y) — F(k(y)) factors

through the induced map of residue fields f, : k(y) — k(z).

Proof. For (1): Suppose that f is integral. Then since fo u"/(X) and the diag-
onal dy /YE| are both integral it follows that f7 is integral (one can also deduce
this from the fact that p7(Y’) is integral without considering the diagonal).
Conversely if f7 is integral then fop”(X) is also integral. From which it follows
that if U is any affine open of Y then the induced map U xy X" = U xy X
is a surjective integral morphism from an affine scheme hence by [Stacks, Tag
05YU] the scheme U xy X is affine proving that f is an affine morphism. Now
we can apply [Corollary 4.1.11] to see that f is integral.

For (2): This follows immediately from part (2) of [Proposition 4.2.3|

For (3): It is clear from the construction of f that if this is an isomorphism
then .#,(f) is an isomorphism, furthermore in this case it follows from part
(1) that f is integral hence affine. Conversely if f is affine with ., (f) an
isomorphism then from [Corollary 4.1.11| we easily deduce that f is integral
and induces a bijection of underlying sets. Thus f gives a homeomorphism of
underlying topological spaces and so does f7 and since (f7)# is an isomorphism
it follows that f” is an isomorphism.

For (4): This is clear.

For (5): Follows from the affine case (Corollary 4.1.11]). O

Corollary 4.2.5. Let f : X — Y be morphism of schemes whose quasi-compact
opens have finitely many irreducible components. Suppose in addition that f is
integral and that N,(f) : M(Y) = fety(X) is an isomorphism. Then f" is
an tsomorphism.

Proof. By Part (3) of |[Corollary 4.2.4] it is enough to show that ., (f) is
an isomorphism. To this extent it is enough to show that .#,(f)(U) is an

isomorphism whenever U is an affine open of Y. By this now
follows from [Corollary 4.1.14] O

Throughout this thesis we occasionally use the following basic fact without further
mention: If P is a class of morphisms between schemes which is closed under composition
and base change and f1 : X1 — X2, f2 : X2 — X3 are morphisms of schemes such that
fa o f1 is in P and the diagonal dx,,x, is in P then f1 is necessarily also in P (see |[Vak13}
Thm.10.1.19]).
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Corollary 4.2.6. For a scheme X where quasi-compact opens have finitely
many irreducible components the morphism p(X") : (XM)" — X" is an isomor-
phism.

Proof. Follows from part (4) of [Proposition 4.2.3| and [Corollary 4.2.5| O

Proposition 4.2.7. Let X be a scheme such that every quasi-compact open
has finitely many irreducible components. Then for any integral morphism
f Y = X such that A5 (f) : (X)) = futy(Y) is an isomorphism there
exists a unique morphism 7(f) : X" =Y such that p"(X) = f o 7(f).

Proof. Existence follows immediately from |[Corollary 4.2.5, To prove the
uniqueness of 7(f) it is enough to prove that if g is any other morphism
satisfying u"(X) = f o g then 7(f) and g must agree over an affine open cover
of X. This follows from [Proposition 4.1.17] O

Lemma 4.2.8. Let f: X — Y be a morphism of schemes whose quasi-compact
opens have finitely many irreducible components. Then " : X7 — Y is the
unique morphism that can fill the dotted arrow in the following commutative
diagram

X" » Y1

J’MW(X) lm(y) (4.2.10)

x 1y

Proof. Since X" is reduced and p"(Y") radicial it follows immediately from

Corollary [1.4.29 O

Lemma 4.2.9. Let p: X' — X be a surjective morphism of schemes where
quasi-compact opens have finitely many irreducible components. Then the
induced morphism p" : (X')" — X" is an epimorphism in the category of
schemes.

Proof. Follows because p" is a surjective morphism to a reduced scheme. [

Proposition 4.2.10. Let X be a scheme such that every quasi-compact open
has finitely many irreducible components. Suppose that f :' Y — X" is an
integral morphism from a reduced scheme Y such that A;(f) is an isomorphism.
Then f is an isomorphism.

Proof. Consider the commutative diagram

Oxn —— fiOy

qun lf*qy (4.2.11)
Ay xm) I ).
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By the morphism gx» is an isomorphism and by
and |Corollary 4.2.4|it follows that .#,(f) is an isomorphism. Thus for any open

subset U of X the map f.(qy) is surjective and since Y is reduced it is in fact
an isomorphism. Now since f is integral hence closed and induces a bijection
of underlying sets it follows that f gives a homeomorphism of underlying
topological spaces. Thus gy is an isomorphism from which we conclude that f
must be an isomorphism. ]

Lemma 4.2.11. Let f: X — Y be a morphism of schemes where every quasi-
compact open subset has finitely many irreducible components. Then the induced
morphism f: X7 — Y" is universally closed if and only if f is.

Proof. Suppose first that f is closed. Then since both p7(X) and p?(Y)
are universal homeomorphisms it follows that p7(Y") o f7 is universally closed.
Moreover since the diagonal morphism dy-+ /y is also universally closed it follows
that f” must necessarily be universally closed.

For the converse statement suppose that f7 is universally closed and let Z —
Y be any morphism of schemes. The commutative diagram from
induces the following commutative diagram:

Xy XT —— Zxy YT

| |

Ixy X — 7

where the vertical maps are universal homeomorphisms and the upper horizontal
map is closed by assumption. We now easily conclude that the lower horizontal
map must also be closed.

O
We summarise the main results in this section here:

Theorem 4.2.12. Let X be a scheme whose quasi-compact open subsets have
finitely many irreducible components. The following statements hold true:

1. The morphism p"(X) : X" — X is a universal homeomorphism such
that for any point ' € X" lying over x € X the field extension n(k(z)) :
k(z) = F(k(z)) factors through the induced map of residue fields p(X), /, :
k(x) — k(x').

2. For any integral morphism f :' Y — X such that A;(f) : M (X) —
JeMy(Y) is an isomorphism there exists a unique morphism 7(f) : X" —
Y such that p"(X) = for(f).

3. If f:Y — X" is an integral morphism from a reduced scheme 'Y with
Nn(f) an isomorphism then f is an isomorphism.
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4. If f : X — Y is a morphism to a scheme Y whose quasi-compact open sub-
sets have finitely many irreducible components then there exists a unique
morphism f: X7 — Y making the following diagram commutative:

X" > Y1
J{N”(X) Jfﬂ(y) (4.2.12)

x 1 v

In particular p1?X : X1 — X is the semi-normalization of X and ;L(_)P”fX :

X 5 X s the absolute weak normalization of X.
Proof. [I] follows from Proposition [£.2.3] 2] is Proposition [£.2.7] [3| is Proposition
and finally the last part [ follows from Lemma O

Also integrality, surjectivity and universal closedness are preserved and
reflected by the (—)" functor:

Proposition 4.2.13. Let f: X — Y be a quasi-compact morphism of schemes
whose quasi-compact opens have finitely many irreducible components. Then f
is integral (resp. surjective, resp. universally closed) if and only if f" is.

Proof. The statement concerning integrality and surjectivity were both proved
in Corollary The final statement regarding universal closedness is exactly

Lemma 42,171 O

The relative case

Construction 4.2.14. For a surjective affine morphism of schemes g : Z — X
whose quasi-compact open subsets have finitely many irreducible components
we let . #,,(Z/X) be the pullback of g.qz : 9.0z — g« (Z) along #,(g) :
My(X) = g« My (Z). Note that 4, (Z/X) considered as a sheaf of O x-modules

is easily seen to be isomorphic to the kernel of the following map
My (g)—gx
My(X) % g0z I () (4.2.13)
hence it follows from |[Lemma 4.2.2| that .#,(Z/X) is a quasi-coherent sheaf of

Ox-algebras.

wh(Z[X)
We set (Z/X)" := Spec, (4,(2/X)) "4 x.
More generally for a surjective quasi-compact and quasi-separated morphism
of schemes g : Z — X whose quasi-compact open subsets have finitely many
irreducible components we set

My(Z]X) = My (Spec (9:0z)/ X) (4.2.14)
and (Z/X)" := Spec, (A,(Z/ X)) #¥ZX) X Note that we have an obvious
monomorphism .#;,(Z/X) — g«Oz which thus induces an X-morphism g :
Z = (Z/X)".
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Proposition 4.2.15. Let g : Z — X a surjective quasi-compact and quasi-
separated morphism of schemes whose quasi-compact open subsets have finitely
many irreducible components. Then the following statements hold true:

1. The morphism p"(Z/X) : (Z/X)" — X is integral.

2. The morphism pu"(Z/X) induces a bijection of underlying sets.

3. For any 2’ € (Z/X)" with v = p"(Z/X)(z') € X the map n(k(z)) :
k(x) — F(k(z)) factors through the map of residue fields p"(Z/X), :
k(x) — k(z').

4. The map Ny(W"(Z) X)) : Np(X) = 1 (Z/X) N ((Z/X)") is an isomor-
phism.

5. For any factorization of g of the form

g

/\
z Ty 13x (4.2.15)

where f is integral and the map N,(f) + (X)) — fupy(Y) is an
isomorphism there exists a unique map 7(f) : (Z/X)" — Y such that

p(Z/X) = for(f).

Proof. Parts (1) through (4) follow directly from [Proposition 4.1.19] For the last
part note that since the f is an affine morphism we can replace the morphism
g:Z — X with SpecX(g*OZ — X) and hence assume that g is affine. From
|Corollary 4.2.5| it follows that the map ., (f) : A, (X) — fodly)(Y) is an
isomorphism. Thus we can consider the map

My(f) o filay) + fOy — My(X) (4.2.16)

which together with f.(f'#) : f,Oy — g.Oz uniquely determine a morphism of
Ox-algebras f.Oy — p"(Z/X),(O(z/x)n) and hence give us an X-morphism
7(f): (Z/X)" — Y. The uniqueness of this morphism follows easily from the
affine case (Proposition 4.1.19)). O

Corollary 4.2.16. Let g : Z — X be a surjective quasi-compact and quasi-
separated morphism of schemes whose quasi-compact open subsets have finitely

many irreducible components. Suppose that g factors as Z i) Y i> X were f
is integral and the map A, (f) is an isomorphism. Then the schemes (Z/X)"
and (Z]Y)" are canonically isomorphic.

Proof. Follows easily from the universal property (Proposition 4.2.15| part
Item 5)). O
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Lemma 4.2.17. Let p : Z — X be a surjective quasi-compact and quasi-
separated morphism of schemes whose quasi-compact opens have finitely many
wrreducible components. The following are equivalent:

1. The morphism p"(Z/X) : (Z/X)" — X is an isomorphism.

2. For every affine open U of X the induced morphism U x x(Z/X)" — U
is an isomorphism.

3. There exists an affine cover {U;} of X such that the induced morphism
Ui xx(Z/X)" — U; is an isomorphism for every i.

Proof. Clearly (1) implies (2) which again implies (3). Furthermore by|Lemma 4.1.31

it follows from affine communication that (2) and (3) are in fact equivalent.
Finally if (2) holds then it follows easily that u7(Z/X) : (Z/X)" — X is a
homeomorphism with x7(Z/X)# : Ox — w(Z/X),Oz/x)» an isomorphism
thus p(Z/X) is an isomorphism. O

Faithfully flat descent for schemes

Lemma 4.2.18. Let f : Y — X be a faithfully flat morphism locally of finite
presentation. The following statements hold true:

1. If every quasi-compact open subset of X has finitely many irreducible
components then so does every quasi-compact open subset of Y.

2. Any affine open subset U of X has an affine cover U = U;cr Spec(A4;)
such that for each i € I there is some affine open subset Spec(B;) of Y
such that f(Spec(B;)) = Spec(A4;) or in other words the corresponding
map of rings A; — B; is faithfully flat.

Proof. For (1): Let V be any quasi-compact open subset of Y then since f is
(universally) open (|Stacks, Tag 01UA]) it follows that f(V') is open and we
easily see that it is also quasi-compact. Furthermore since f is necessarily locally
of finite type and generic points are mapped to generic points it follows then
easily that any quasi-compact open contained in f~!(f(V)) must necessarily
have finitely many irreducible components, thus we conclude that V' has finitely
many irreducible components. For (2): We may reduce to the case where X
is affine, say X = Spec(A). For any point x € X let Spec(B) be an affine open
of Y such that the open subset f(Spec(B)) contains the point x. We can then
find some g € A such that x € D(g) and D(g) C f(Spec(B)). This then easily
implies that the induced map Spec(By) — Spec(A4y) is surjective. Since z € X
was arbitrary we can conclude. O

Corollary 4.2.19 (Faithfully flat descent). Let p : Z — X be a surjective
integral morphism of schemes whose quasi-compact opens have finitely many
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irreducible components. Suppose that f :' Y — X s a faithfully flat mor-
phism locally of finite presentation from a scheme Y. If p'(Y xx Z/Y) is an
isomorphism then so is W (Z/X).

Proof. Suppose that u"(Y xx Z/Y) is an isomorphism. To check if p"(Z/X)
is an isomorphism we may by Lemma [£.2.17] check this on an arbitrary affine
cover hence by Lemma we may assume that all schemes Y, X and Z
are affine. The result follows now from Proposition [4.1.26] O

We denote the normalization of a scheme X by X™.

Corollary 4.2.20. Let X be a scheme whose quasi-compact opens have finitely
many irreducible components and f 1Y — X be a faithfully flat morphism
locally of finite presentation. If the morphism

P Y"/Yy): (Y*/Y)T Y (4.2.17)
18 an isomorphism then so is
p"( X"/ X) (X" X)) = X (4.2.18)

Proof. By Lemma[£.2.17] this can be checked on an arbitrary cover of X and by
Lemma [4.2.18|[2] we reduce to the case where Y and X are affine. By Corollary
4.1.27 we are done. [

Relations with Manaresi’s description

Lemma 4.2.21. Suppose X1, Xo and X3 are locally ringed spaces p : X1 —
Xo, f1 : X1 — X3 morphisms of locally ringed spaces where the map p is
surjective. If fo 1 Xo — X3 is a morphism of ringed spaces such that fi = foop
then fo is mecessarily a morphism of locally ringed spaces.

Proof. This is easy. O

Lemma 4.2.22. Suppose that X and Z are schemes whose quasi-compact open
subsets have finitely many irreducible components. If p: Z — X is a morphism
satisfying the following conditions:

1. p is quasi-compact and quasi-separated.

2. There exists a surjective quasi-compact universally closed morphism p/ :
Z' = X and an open cover — UserU; such that for every i € I the
restriction p’ |, factors through p. In particular p is necessarily surjective.

3. For the fived natural transformation n : Idpieiqs — F we have that for any
point x € X there exists some z, € p~1({z}) such that if (k(2))pi C k(2z)
denotes the purely inseparable closure of k(x) in k(z;) then the induced
map F(k(x)) = F((k(22))pi) is an isomorphism.
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Then
(Z Xx Z)rea Zﬁl 7 2. (z/x)m (4.2.19)
T2

is a co-equalizer diagram in the category of schemes.

Proof. To see that the maps p; = popry and po = p o pro coincide let
2" € (Z Xx Z)yea be any point and note that since u(Z/X) : (Z/X)" — X is
a bijection of sets we must necessarily have p;(z') = p2(2’) € (Z/X)" and we
denote this common point by z’. Furthermore from our standing assumption
on the natural transformation n and [Proposition 4.2.15|[ltem 3|it follows that if
x is the image of 2’ in X then the induced map of residue fields k(z) — k(2/)
is purely inseparable hence it follows that p; and ps must agree on the level of
residue fields as well thus p; = po.

Now suppose that f : Z — Y is any morphism such that fopri = foprs:
(Z Xx Z)reqg — Y. Note that this implies in particular that if p(z1) = p(z2) € X
then f(z1) = f(22) € Y.

Thus given z € X we set (fx)top(z) := f(25). This gives us a map of sets
(fx)top : | X| = |Y|. Hence on the level of maps of underlying sets we have f =
(fx)top © p- Thus for any subset Y C Y we have f~1(Y’) = p_l((fX);O;,(Y’)).
By assumption it follows easily that the map of underlying topological
spaces |p| : |Z| — |X| is a quotient map hence we conclude that the map of
sets (fx)top is continuous.

Pick now x € X and let z, € Z be an element lying over x satisfying
the condition given in (3), i.e. F(k(z)) = F(k(2g)pi) is an isomorphism. By
assumption and we have that the image of k(f(z;)) — k(2)
is contained in k(zy)pi. If z € Z is any other element lying over x then
f(2) = f(zz). Denote f(z) by y. If we consider the diagram

k(y) ————— k(z)pi k(22)

i l i (4.2.20)

k(z) — (k(2) k() k(zx)pi)red — (k(zz) Oke(x) k(2))red

we have that the outer rectangle commutes by assumption from which we
easily deduce that the leftmost square is commutative. Then since (k(2) ®@p(y)
k(zz)pi)rea is a field it follows that the induced map F(k(y)) — F(k(z))
coincides with the compositions

F(k(y)) = F(k(z2)p) = F(k(2)) F(k(2)). (4.2.21)

From this one easily concludes that if 2/, € Z is any other point lying over x
satisfying the condition given in ((3])), then we have an equality

(F(k(y)) = F(k(za)pi) = F(k(x))) = (F(k(y)) = F(k(2)pi) = F(k(z))).
(4.2.22)
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We denote this common map by v, : F(k((fx)top(z))) = F(k(x)).

Now for V an open subset of Y we let v(V') : A, (Y)(V) = ((fx)top)+ (X)(V)
be the unique map such that for any = € ((fx)top) 2 (V) With y = (fx)top(z) €
V the diagram

M(YV)V) —— A (X)(Fx)iap(V))

l l (4.2.23)

F(k(y)) ———— F(k(x))

commutes. This gives us a map of sheaves of rings v : A7 (Y) = ((fx)top)+Hn(X).
Note that

M (f) = An(p) 0. (4.2.24)

We will now show that the restriction of .4;(f) to .#,(Y") factors through
fsdly(X). To this extent suppose that g : Spec(R) — X is a morphism
with R a valuation ring with n(R()) an isomorphism. We need to show
that for any open V' of Y the image of [((fx)top)«(Nf(9))] o v(V)|.a, (vy(v)
is contained in the image of ((fx)top)+gx(tspec(r))(V). By assumption [2 and
Lemma it follows easily that we can find a valuation ring R’
together with maps ¢’ : Spec(R’) — Z and h : Spec(R') — Spec(R) such that
pog = goh with h surjective. We claim that the map f o ¢’ can be factored
through h. Indeed if z is the image of the generic point of Spec(R') in Z
and y = f(z) € Y, z = p(z) € X then we have a diagram where each square
commutes

idp

/ (0) /

N2

k(y)

— 3

(4.2.25)

=

I3
LN

F(k(y)) — F(k(z)) — F(Rg)) — F(Rly).

Thus by picking an affine open of Y say Spec(A) containing the image of f o ¢’
we see that the image of the induced morphism of rings A — R’ must be
contained in R'N Ry = R from which we deduce that there exists a morphism
g" : Spec(R) — Y such that fog = ¢g”oh. Since A (f) = ((fx)top)s-H5(p) 0

and since ¢”,.4;(h) is a monomorphism we conclude the equality

((fx)iop)+(An(9)) 07 = A5(g").- (4.2.26)

Thus for any open V' of Y the image of [((fx)top)«(-47(g))] © ’7(V)|’///n(y)(v)
is contained in the image of ((fx)top)s(tspec(r))(V) Which now immediately
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implies that the restriction of N¢(f) to .#,(Y) factors through f..#,(X). Thus
we have a map 7 : A, (Y) = (fx)top,#n(X) such that

'//W(f) = (fX)top*/%n(p) oT. (4.2.27)
Thus by the definition of .#,,(Z/X) we get induced a morphism

() 2 Oy = (fx)top, Mn(Z]X) = (fX)top " (Z/ X),O(z/xyn,  (4.2.28)

hence we get a map of ringed spaces
fl=(fx ou"(Z/X), f7): (Z/X)" » Y (4.2.29)

such that f = f’op. It follows immediately from [Lemma 4.2.21]that f is a

morphism of schemes. Uniqueness of f’ follows because p is an epimorphism in
the category of schemes (being surjective and giving an injection on the level
of sheaves). O

Remark 4.2.23. The condition of Lemma can be replaced with
requiring the morphism p to subtrusive; since such morphisms yield a quotient
map of the underlying topological spaces and they have a valuative criterion
(Remark the same proof will work. Moreover we emphasize that [Ryd10,

Thm. 7.4] is essentially a non-Noetherian generalization of [Lemma 4.2.22

In the case of rings with finitely many minimal prime ideals we now get
another proof of Manaresi’s characterization of the weak normalization [Man80,
Thm. 1.6].

Corollary 4.2.24 (Manaresi). Let A C B be an integral extension of rings

both of which have finitely many minimal prime ideals. Let xp(A) denote the

weak normalization of A in B. Then the following diagram is an equalizer:
(1®)7'ed

xg(A) —— B @li)i (B®a B)red (4.2.30)
red

Proof. Letting F be the perfect closure (—)7¢"f the result follows immediately
from [Lemma 4.2.22] O

Corollary 4.2.25. Suppose that p : Z — X is a surjective quasi-compact,
quasi-separated and universally closed of schemes whose quasi-compact opens
have finitely many irreducible components. Then if every point x € X has a
point z, € Z lying over x such that the induced extension k(x) — (k(zz))pi is
an isomorphism then we have the equality

(Z)X)14 = (z/x)" (4.2.31)
In particular if A — B is an integral extension of rings where every point
p € Spec(A) has a point q € Spec(B) lying over p such that the induced
extension k(p) — (k(q))pi is trivial then the semi and weak normalizations of
A in B coincide.
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Proof. Follows immediately from Lemma [4.2.22 O

Remark 4.2.26. [Corollary 4.2.25 can also be deduced from the universal
properties.

Limit description

In |[Ryd10] it is explained that the absolute weak normalization of a scheme X
is the limit over all universal homeomorphisms of finite presentation over X.
We will now give a similar description of X".

Lemma 4.2.27. Let X be a Noetherian scheme. The morphism
pl(X): X" — X (4.2.32)
is the directed limit of all finite morphisms fy : X — X such that
M) s H(X) = Frnta(Xn) (4.2.33)
is an isomorphism.

Proof. By [Stacks, Tag 0817| the quasi-coherent sheaf of Ox-algebras .4, (X)
is the direct colimit of its finite quasi-coherent Ox-subalgebras. If A is any such
finite quasi-coherent Ox-subalgebra, then letting f : SpecX (A) — X be the
induced map it is clear that p"(X) factors through fy and that X7 — Spec, (A)
is surjective. Thus .4;(f)) is an isomorphism.

To complete the proof it is thus enough to show that if f : Y — X is any
finite morphism with .4;,(f) an isomorphism then there exists some finite quasi-
coherent Ox-subalgebra of .#,(X) which we denote A" such that Spec, (A’)
factors through f. To this extent note that by [Corollary 4.2.5|it follows that
A = f,(Oy,eq) is a finite quasi coherent sub-sheaf of ., (X) satisfying the
desired property. O

4.3 Applications of the n-construction to
representable sheaves
From this point on until the end of the thesis every scheme is assumed to be

separated. Moreover in this section S will always denote a Noetherian scheme
unless we state otherwise.

Describing representable sheaves in non-subcanonical
topologies

In this last part of the chapter we will for a suitable topology t describe the
sheafification of a representable presheaf in terms of the pointwise n-construction.
The main ideas behind the proof are not so different from those of |[Ryd10,
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Theorem 8.16] in the sense that we both essentially reduce the argument to
a certain diagram being a co-equalizer and then apply a limit argument to
conclude the proof.

We will need the following lemma:

Lemma 4.3.1. The following assertions hold true:

1. For a surjective quasi-compact and quasi-separated morphism p : Z — X
of schemes where quasi-compact opens have finitely many irreducible
components we have an isomorphism (Z"/XM)" = X",

2. Suppose that T1 — T, To — T are two finite type morphisms to a locally
Noetherian scheme T Then the canonical morphism

(T1 X T2)" = (A" X To")yeq (4.3.1)
T T

is an epimorphism in the category of schemes

Proof. The first assertion follows immediately from [Proposition 4.2.10 For the
second assertion it is enough to show that the map

(T1 x T2)" = (0" X To")req (4.3.2)
T Tn

is surjective. To this extent note first that by the universal property of 71 x7 15
we get an induced map

T TlTI X Tgn — Ty x 15 (4.3.3)
n T
and the map
un(Tl X Tg) : (Tl X TQ)n — (Tl X Tg) (4.3.4)
T T T
factors as
(Ty x Tp)" — Th" x Ty" 5 Ty x Ts. (4.3.5)
T n T

Hence it is enough to show that 7w gives a bijection of underlying sets. Surjec-
tivity is easy. For injectivity suppose that

Y1,72 : Spec(E) — T4 x Ty (4.3.6)
Tn

are such that m oy; = m o y5. Then by universal injectivity of T;"7 — T; for
i = 1,2 it follows easily that we must have ;3 = o which completes the
proof. O

Lemma 4.3.2. Let t be a topology on the category of Noetherian schemes over
S satisfying the following properties
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1. If{T; 2y T}ier is a t-covering of the Noetherian scheme T' then so is the
induced morphism

(pier: [[Ti = T (4.3.7)
icl

2. For every t-covering p : W — T the induced morphism p" : W1 — T
satisfies the conditions of [Lemma §.2.23

Then for any scheme X over S the presheaf on the category of Noetherian
schemes over S
Homg((—)", X) (4.3.8)

is a t-sheaf.

Proof. Suppose we have a t-covering {7; 2 T}ier and morphisms f; : T;7 — X
such that for every pair ¢,j € I letting pri, pro denote the projections from
T; x7 T} on the first and second factor respectively we have

fiopri" = fjopry” (4.3.9)

Set W := [1,c; Ti and note that we get induced S-morphisms p = (p;)icr :
[I7: = T and f: W — X such that f|r, = f; for all i € I.

Since (—)" commutes with coproducts it follows easily that if g1, g2 denote
the projections from W x W onto the first and second factor respectively then
we must have

foq"=fog" (4.3.10)

Thus if p1, pe denote the projection from (W xpn W™),q onto the first and
second factors respectively it follows from Lemma that we must have

fopi = fops. (4.3.11)

Since p" : W — T satisfies the conditions of by assumption, we
get induced a unique morphism fp : (W7 /T")7 = T" — X such that f = frop
hence fr is also the unique morphism satisfying f; = fr o p; for every i € I.
Since p" is an epimorphism in the category of schemes (being a surjective
morphism to a reduced scheme) it follows that fr is a morphism of S-schemes.
Thus proving that Homg((—)", X) is a sheaf in the ¢-topology. O

Lemma 4.3.3. Let t; be a finer topology than ta on a category C. Suppose
that F — F' is a sheafification with respect to to and that F' is a sheaf with
respect to t1. Then F — F' is a sheafification with respect to t1.

Proof. This is easy. O

If t is a (Grothendieck) topology on the category of schemes over S (Sch /S)
we shall denote by t|noesn its restriction to the full subcategory of Noetherian
schemes over S. This means that the coverings of ¢|noetn are exactly those
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coverings of ¢ which only involve Noetherian S-schemes. Further we let ¢, be the
topology on Sch /S where the coverings are (either empty) or the singletons of
the form {p : U’ — U} where p is a finite morphism with .47, (p) an isomorphism.

Proposition 4.3.4. Let t be a topology on the category of schemes over S such
that t|Noetn satisfies the conditions of. If the topology t is finer
than t, for some given 0 : Idpieqs — F then iof X is a scheme locally of finite
type over S the canonical morphism

®x/g: hx/g = Homg(—, X) — Homg((—)", X)
(f:T = X) = (fop™(T)).

of presheaves on the category of Noetherian schemes over S is a t'|Noeth-
sheafification for any topology t' (on Sch/S) finer than t, and coarser than
t.

Proof. By the presheaf
Homg((—)", X) (4.3.12)

is a t|Noetn-sheaf. Hence by |[Lemma 4.3.3|it is enough to show that ®x /g is a

tn|Noetn sheafification. To this extent it is enough to show that ® x /s 1s both a
local monomorphism and a local epimorphism. To show the former suppose
that 7" is a Noetherian scheme over S and we have S-morphisms f, g € hx,s(T)
such that ®x,g(T)(f) = ®x/5(T)(g). Then since p(T)req — Treq is an
epimorphism in the category of schemes we have that f|r,_, = g|r., or in
otherwords f and g pullback to the same S-morphism under 7..q — 1" which
is a ty| Noetn-covering of T'.

To see that ®x /g is a local epimorphism let f* € Homg (7", X) be an
element of Homg((—)", X)(T). Then using we can write 7" as
a limit 77 = lim T where the py : T\ — T are finite morphisms with .47, (py)
isomorphisms. Now since X is locally of finite presentation over S we have by
[Proposition 1.8.8]some S-morphism fy : T\ — X such that f’ coincides with
the composition

™ 5T 3 X (4.3.13)

Furthermore by [Proposition 4.2.7| and [Lemma 4.2.8| it follows that

faou(Ty) = fop\" (4.3.14)

which completes the proof. O

Notation 4.3.5. For a scheme X we shall from now on use the less clunky
notation X*" in place of X% (and for a morphism f : X — Y we use f*" :
X*" — Y*" in place of fI9) . Similarly we will use X**" in place of X
and fown . XN — YT in stead of f(’)PETf L Xy ()Pt
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Lemma 4.3.6. Let p : Z — X be a sd-h-covering (resp. an h-covering) of
Noetherian schemes . Then p*™ (resp. p®™) satisfies the three conditions given

in |Lemma 4.2.24 for n = Id (resp. n = (=)Fe"f).

Proof. The first condition is checked straightforwardly (recall that we
assume all schemes to be separated in this section). For the second condition
note that by [Theorem 3.1.16| we have a proper surjective morphism p’ : 72/ — X
and a Zariski covering Z' = U;e;U; such that p/|y, factors through p. By
the morphism (p)*" (resp. (p/)*“™ ) is surjective and universally
closed and since (—)" takes open embeddings to open embeddings we conclude
that the second condition is also satisfied. Finally the last condition is
straightforwardly satisfied. O

Definition 4.3.7. We define the uh (resp. cd — uh-topology) on Sch /S to be
the topology where coverings of a scheme U are of the form {p : U' — U} where
p is a finite universal homeomorphism (resp. a finite universal homeomorphism
with trivial residue field extensions).

Remark 4.3.8. Note that uh (resp. cd — uh) is exactly ¢(_ypers (resp. ty4) in
the text preceding [Proposition 4.3.4]

From this point on we restrict the h, sd-h, uh and cd — uh topologies to
the category of Noetherian schemes over S and for ease of notation we shall
still denote them by h, sd-h etc. (in place of h|noetn €tc.).

Theorem 4.3.9. Let X be a scheme locally of finite type over S. Then the
following statements hold true:

1. For any topology t on the category of Noetherian S-schemes finer than
the cduh topology and coarser than the sd-h-topology the natural transfor-
mation

hx/s — Homg((—)™, X)
(f:T = X)— fopuldT).
of presheaves on the category of Noetherian schemes is a t-sheafification of
hx/s. Moreover for any Noetherian scheme T we have Homg(T*", X) =

colimp, Homg (T, X) where the colimit is over all finite universal home-
omorphisms with trivial residue field extensions of T'.

2. For any topology t on the category of Noetherian S-schemes finer than the
uh topology and coarser than the h-topology the natural transformation

hxs — Homg((—)*", X)
(f:T— X))~ fopu™)

Perf

().
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of presheaves on the category of Noetherian schemes is a t-sheafification of
hx;s. Moreover for any Noetherian scheme T" we have Homg(T*", X) =
colimp, Homg (T, X) where the colimit is over all finite universal home-
omorphisms of T.

Proof. We prove (1) and (2) simultanously. From |[Lemma 4.3.6| it follows

that the sd — h topology (resp. the h-topology) satisfies the conditions of

Lemma 4.3.2| when 1 = Id (resp. n = (—)7"f). By Proposition and

Lemma 4.2.27 we are done. O
Remark 4.3.10.

1. of this Theorem extends most of the statement of (J[HK18| Prop.
6.14]) (the isomorphism to hx/, S, Peing the statement not considered
by us).

2. is a special case of [Ryd10, Thm. (8.16)], indeed in loc.cit. X
may be taken to be an algebraic space locally of finite presentation over
S, and the Noetherian conditon is also relaxed a little there.

More on representable sheaves in the h-topologies

can be applied to give simple proofs of many of the results of

Section 3.2 of [Voe96| and we can also deduce analogous results for several
related topologies.

For a Grothendieck topology t we let L;(X/S) denote the t-sheafification
of the representable functor hx/g. The following Corollary is a generalization
of [Voe96, Prop.3.2.5].

Corollary 4.3.11. Let f : X — Y be a morphism of finite type of schemes
locally of finite type over S and t1 any topology that is finer than the uh topology
and coarser than the h-topology and to any topology finer than the cduh topology
and coarser than the sd-h topology. Then the following assertions hold true:

1. The morphism Ly, (f) (resp. Ly, (f)) is a monomorphism in the category
of t1 (resp. ta) sheaves if and only if f is radicial.

2. The morphism Ly, (f) (resp. L4, (f)) is an epimorphism of t1 (resp. t2)
sheaves if and only if f can be refined by a t; (resp. t2)-covering.

3. The morphism Ly, (f) (resp. Ly, (f)) is an isomorphism if and only if f
is a uh covering (resp. c¢d — uh covering).

Proof. For (1): Suppose first that f is radicial. Then if T" is any Noetherian
S-scheme and «, 8 are any two morphisms with source T%*™ (resp. T*") and
target X such that foa = f o f then from Corollary we get a = f.
Conversely suppose that f is not radicial, then by Lemma [1.4.28| we can find
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some field K and two morphisms t1, t3 : Spec(K) — X such that fot; = fots
but t1 # to. Moreover it is clear that this field can be taken to be perfect hence
Ly, (f) (resp. L, (f)) is not a monomorphism.

For (2): This follows easily from the following general fact: If ¢ : F — G
is a morphism of presheaves on a category with a Grothendieck topology then
the associated map of sheaves is an epimorphism if and only if ¢ is a local
epimorphism with respect to this topology.

For (3): If f is a uh covering (resp. cduh) covering then it follows
immediately from (1) and (2) that L, (f) (resp. Ly, (f)) is an isomorphism.

Conversely if Ly, (f) (vesp. L, (f)) is an isomorphism. Then it follows from
(1) that f is radicial and from (2) that f can be refined by a ¢; (resp. t2) covering.
Recalling that both the ¢; and t5 topologies are coarser than the h-topology
we see that since f is necessarily a radicial universal topological epimorphism
it easily follows that f is a universal homeomorphism. It remains to show
that a universal homeomorphism which is a covering in the sd-h-topology is
necessarily a cd — uh covering, but this is easy. O

Corollary 4.3.12. Let X and Y be schemes locally of finite type over S and
suppose t is some topology where we have an isomorphism of t-sheaves

Li(X/S) S Ly(Y/S). (4.3.15)

If the topology t is finer than the uh (resp. cd — uh) topology and coarser than
the h (resp. sd-h) topology then there exists an S-scheme Z and finite universal
homeomorphisms (resp. finite universal homeomorphisms with trivial residue
field extensions) of S-schemes f1:Z — X and fo: Z =Y.

Proof. By Theorem and Theorem Part it follows from Yoneda
Lemma that we get induced an isomorphism f’ : X" — Y*" (resp. f :
X*" — Y*™) which canonically gives us a morphism of S-schemes f with source
X4 (resp. X*™) and target Y. Furthermore by Lemma and Proposition
there exists some finite universal homeomorphism f; : Z — X (resp. finite
universal homeomorphism with trivial residue field extensions) and a morphism
fo 1 Z — Y such that f factors through fo. One verifies straightforwardly that
f2 is a universal homeomorphism (resp. universal homeomorphism with trivial
residue field extensions) and since both Z and Y are locally of finite type over
S it follows that fo must necessarily be finite. O

The following Lemma is more or less [Voe96, Lemma.3.1.7].

Lemma 4.3.13. Let Y be a Noetherian integral geometrically unibranch Nagata
scheme. Let L be a finite purely inseparable field extension of the field of
functions of Y denoted by K. Then if f: X — Y is the normalization of Y in
L the morphism f is a universal homeomorphism.
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Proof. Note that f : X — Y is a finite surjective morphism (this is where we
are using the Nagata hypothesis) between integral schemes. It is necessarily
equidimensional of dimension zero and by |Proposition 1.1.20] it is in fact
universally equidimensional of dimension zero and therefore also necessarily
universally open. By |Lemma 1.4.30]and [Lemma 1.4.2§]it is enough to show that
the diagonal morphism Ay/y : X — X Xy X is surjective. Note that since
f is universally open it follows that every irreducible component of X xy X
surjects onto X under either of the two projections. From this we see that
to prove that Ay y is surjective it is enough to show that the kernel of the
multiplication map

LogL— L (4.3.16)

is contained in the nilradical of L ® g L. But since the kernel is generated by
elements of the form z®x 1 —1®k z with z € L, and L/K is purely inseparable
this is easy. O

Corollary 4.3.14 (See also [Voe96|, Prop.3.2.11]). Let Y/S be a Noetherian
integral geometrically unibranch Nagata scheme over S. Let t be any topology
finer than the uh-topology and coarser than the h-topology. Then we have

Lh(Y/S) (T) = COlimL Homs (TL, Y)

where the colimit runs over all finite purely inseparable field extensions of the
field of functions of T and T, denotes the normalization of T in L.

Proof. Just note that if 7/ — T is a finite purely inseparable universal homeo-
morphism then if L is the function field of 7", it follows from [Stacks, Tag 035I]
that the normalization of T in L denoted f : T;, — T must factor through 7.
By [Lemma 4.3.13| and [Theorem 4.3.9| we conclude the proof. O

Finally the following is a generalization of [Voe96| Proposition 3.2.12].

Corollary 4.3.15. Let X be a scheme locally of finite type over S and let t
be any topology which is either finer than the uh topology and coarser than the
h-topology or finer than the cd — uh topology and coarser than the sd-h-topology.
Then the morphism

of presheaves on the category of Noetherian schemes is an isomorphism if and
only if X is étale over S.

Proof. Suppose first that X is étale over S. Then since surjective morphisms
of reduced schemes are necessarily epimorphisms it follows easily from the
functorial characterisation of étale morphisms (|Stacks, Tag 025K]) that the
map
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of presheaves is a monomorphism. To show that it is an epimorphism as well
Theorem 4.3.9/tells us that it suffices to show that if 7" — T is a finite universal
homeomorphism of S-schemes with 7" reduced and we are given an S-morphism
f:T" — X then it must necessarily factor through 7. To this extent we first
have from |[GD67, Corollaire (17.9.3)] that the graph I'y : 7" — T" xg X is
both an open and closed embedding, and moreover since T/ xg X — T xg X
is a universal homeomorphism it follows that the set theoretical image of I'y in
T xg X is an open and closed subset of T' x ¢ X which we denote by Z. Note
that the restriction of the projection T'x g X — T to Z (considered as an open
subscheme of T' x g X)) is necessarily surjective and universally injective, thus by
loc.cit again we know that the map T'xg X — T hasasectiong: T — T xg X
which is necessarily a closed and open embedding with ¢(7') = Z. Furthermore
by |[GD67, Theorem (17.9.1)] we have that the map Z — T is necessarily an
isomorphism hence f does indeed factor through T'.

Conversely suppose that hx/s — Li(X/S) is an isomorphism. To show that
f is étale it is by [GD67, Proposition (17.14.2)] enough to check the functorial
characterisation of étale morphisms with the additional hypothesis that the
affine S-scheme being Noetherian. Thus suppose Y = Spec(A) is a Noetherian
S-scheme and I a square-zero ideal and let i : Yy := Spec(A/I) — Y be the
closed embedding. Consider now the following commutative diagram

L(X/S)(Y) —— Le(X/S)(Yo)

T T (4.3.19)

hxys(Y) —— hys(Yo)
Since i* : Ly(X/S)(Y) — L¢(X/S)(Yp) is an isomorphism by Corollary

and the vertical arrows are isomorphisms by assumption it follows that hx/g(Y) —
hx/s(YO) is a bijection thus proving that X is étale over S. O
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Chapter 5

Representable monoids in the
h-topology

The purpose of this chapter is to prove a theorem which will play a key role in
the proof of our main Theorems. Indeed we want to compare relative cycles
with morphisms to a commutative monoid in the category of schemes. The
theorem to be proven in this chapter then allows us to transform this problem
to working with h-sheaves instead. This is useful because we then have more
tools to produce maps between our sheaves.

The precise result that we are going to prove is the following Theorem:

Theorem 5.0.1. Let S be a Noetherian scheme and M/S be a commutative
monoid object in the category of schemes over S and t be any Grothendieck
topology finer than the uh topology and coarser than the h topology. Suppose
further that the morphism M — S is flat, locally of finite type and AF
. Then after restricting the presheaves hyy/s and its t-sheafification
L:(M/S) to the category of semi-normal Noetherian S-schemes the natural
map

harys @ Q1 — Li(M/S) @n Q4 (5.0.1)

becomes an isomorphism.

In light of [Theorem 4.3.9|[[ltem 2| we can informally say that

provides a bridge between the absolute weak normalization and the seminor-
malization, or more precisely we have:

Theorem. Let S be a Noetherian scheme and M/S be a commutative monoid
object in the category of schemes over S where the morphism M — S is flat,
locally of finite type and AF (Definition 1.5.26). Then the natural map

Homg((—)‘m, M) XN @+ — HOms((—)awn, M) QN Q+ (5-0-2)

becomes an isomorphism.
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The heuristic argument for this theorem to hold is that the extension of
scalars makes up for the difference of the degrees of purely inseparable field
extensions arising from the maps 7" — T and T°" — T.
combined with some elementary number theory and combinatorics makes it
possible to transform this somewhat vague idea into a precise proof.

5.1 Representable sheaves and monoid objects

Let S be a Noetherian scheme and suppose that M /S together with +,0 is
a commutative monoid object in the category of S-schemes. As discussed
in the presheaf hy;/g can be considered a commutative monoid
object in the category of presheaves on Sch /S and so h M/s can be considered a
presheaf of commutative monoids. Furthermore for any Grothendieck topology
t we may also consider the t-sheaf 1;(M/S) as a commutative monoid object
in the category of sheaves on the category of Noetherian S-schemes so that
L;(M/S) may be considered a t-sheaf of commutative monoids.

Letting + : harys X harss — hars denote the addition map induced from
the commutative monoid object structure on M /S we recall that the addition
map + : Ly(M/S) x Ly(M/S) — Ly(M/S) is the map making the following
diagram commutative

Lo(M/S) x Lo(M/S) — s L(M/S)

T ~ T (5.1.1)

harys X hagys — hays

commutative. Suppose now that M is locally of finite type over S. If the
topology t is finer than the uh and coarser than the h topology then we can
describe the map + in terms of as follows: For a given Noetherian
S-scheme T and S-morphisms fi, fo : 7" — M then if (f1, fo) : T*" —
M x g M denotes the induced map such that f; = pr; o (f1, f2) for i = 1,2 then
we have

(f1+f2):+o(f1,f2):T“w”—>M>S<Mi>M. (5.1.2)

Similarly if ¢ is finer than the c¢d — uh topology and coarser than the sd-h
topology we can describe the addition using the seminormalization in stead of
the absolute weak normalization.

5.2 Auxiliary lemmas

Lemma 5.2.1. Let p: T" — T be a universal homeomorphism of S-schemes
with T reduced. Suppose that we have an S-morphism f' : T' — Y and an
open affine cover U; of T' such that for every i the morphism f/|p_1(Ui) factors
through pl,-1(,), then the morphism f! factors through p.

158



Proof. By assumption we have S-morphisms f; : U; — Y such that

Flo-1wy = fioplp-11) (5.2.1)

for every 4. Since p is an epimorphism in the category of S-schemes being
a surjective morphism to a reduced scheme, it follows easily that fi|y,nv, =
filuinu;. Thus the f; glue to give an S-morphism f : T'— Y and it is clear
that we have f' = fop. O

Lemma 5.2.2. Let p : T' — T be a finite universal homeomorphism of
Noetherian S-schemes. Then for any t' € T' with t = p(t') € T the degree
[k(t') : k(t)] of the induced field extension of residue fields k(t')/k(t) is a power
of the exponential characteristic of k(t). Furthermore there exists a strictly
positive number d € N such that for any t' € T' lying over t € T the number
[k(t) : k(t)] divides d.

Proof. The first assertion follows from [Section 1.4 and [Proposition 1.4.17 For
the second consider for each number i € N the set U; := {t € T'| dimy) (p«O1)|¢ =
dimy) I'(T}, Oy) <i}. It is well known and follows almost immediately from
Nakayama’s Lemma that these sets are open for every ¢ € N. Furthermore
by quasi-compactness of T there is some N € N such that T' = Uy. For
a given prime number p let e, denote the largest natural number such that
pr = [k(t') : k(t)] for some point ¢’ € T lying over t € T'. Note that p» < N
hence the number e, is well defined and there are only finitely many primes p
such that e, > 0, denote these by p1, ..., pm. Now set d :=[[;*, pepi O

i .

Our proof will also involve some elementary number theory. For a prime
number p let v, denote the p-adic valuation on Q, i.e. if n is a natural number
then vp(n) is the exponent of the largest power of p that divides n.

Lemma 5.2.3. Let p be a prime number and n a natural number. Suppose

that ay, ..., ar are positive natural numbers satisfying n = Zle a;. Then we
have the inequality

k
vp(n!) = " vplaql), (5.2.2)
i=1

and if there exists an i € {1,... k} such that p*»™) does not divide a; then the
inequality is strict.

Proof. Recall Legendre’s formula:

vp(nl) = i LZLJ , (5.2.3)

u=1
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where there are of course only finitely many non-zero terms in this sum. Whence

we have
Zk:up(ai!) = zk:i U;“J = izk: {;J . (5.2.4)

=1 =1 u=1 u=1 =1

Since for any u > 1 we have

p" (i LZ;D < zk:ai =n, (5.2.5)

=1

we conclude that
n a;
— | > — 5.2.6
L?“J Z L?“J ( )

for every u thus proving the first claim. Now suppose that there is some

i € {1,...,k} such that p"»(™ does not divide a; then {%J < 4 thus
p*P p'P
we have
k a; "o n n
(2 7 o _
; \\p’/p(")J < ;p%(n) a p”p(”) a \‘pr(n)J (527)
and from ([5.2.6) we conclude the claimed strict inequaility. O

5.3 Proof of the theorem
Proof of[Theorem 5.0.1. Let T be a seminormal Noetherian scheme over S and

consider the natural map
hM/S(T) — Ly(M/S)(T). (5.3.1)

Using the description of the t-sheafification given in we recall
that this map is given by

fes (f o™ ().

Since M(_)Pﬂf (T) is a surjective morphism to a reduced scheme it is an epi-
morphism hence the map (5.3.1) is a monomorphism thus by [Lemma B.4.1
and it will remain a monomorphism after we tensorize with Q..

Hence to complete the proof it is enough to show that if p : 7/ — T is a finite
universal homeomorphism and we have an S-morphism f: 7" — (M/S) then
there exists a natural number n € N\ {0} such that the map n- f : T" — (M/S)
factors through p. To this extent we apply to obtain a natural
number d > 1 such that for any ¢ € T” lying over ¢t € T the degree [k(t') : k(t)]
of the field extension of residue fields divides d. We now claim that the map
d - f factors thorugh p. Note that the map d - f factors as

T L Ml (MY —— M
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where the map A is the diagonal map and (M/S)? — M is given by the
monoid structure on M/S. Note that the morphism (M/S)¢ — M is invariant
under the action of ¥4 on (M/S)? hence it factors through Sym?(M/S). By
we can construct an affine cover {U,g}a s of M such that
{(Ua5/Sa)%}a s is an open cover of (M/S)? and

{Symd(Ua,B/Sa)}a,ﬁ

is an open affine cover of Sym?(M/S). Note now that (d- Pls-1w, 4) coincides
with the following composition

flf*l(Ua
F (Uap) YU p <2 (Uap)Sa)* — Sym% Uy 5/S0) — M.

Thus by we can now reduce the proof to proving the following
statement:

Let C be a Noetherian seminormal A-algebra and C — C’ an A-algebra
homomorphism such that the induced morphism of affine schemes Spec(C’) —
Spec(C) is a finite universal homeomorphism. Suppose that there exists a
strictly positive number d € N such that for any p’ € Spec(C’) lying over
p € Spec(C) the number [k(p') : k(p)] divides d. Then for any flat A-algebra
B where we let my : (B/A)®? — B denote the multiplication map induced
by b1 ® ... ® by Hle b;, we have that if ¢ : B — C’ is any A-algebra
homomorphism then the composition

S4(BJ/A) — (B/A)®d 4, B 2, ¢

factors through C.
To prove this statement it is enough to show that the image of any generator
of the A-algebra S;(B/A) in C” is contained in the image of the ring extension

C — C'. By |Theorem 1.6.7| this A-algebra is generated by the elementary
symmetric n-tensors of elements b € B denoted p¢(b) and by [Remark 1.6.6

the image of pf(b) in C" is of the form (i)(p(b)k = %g@(l))k € C'. Let now
x’ € Spec(C’) lie over z in Spec(C) and suppose that the residue field k(z) has
exponential characteristic p. Then note that if v, (k!(d — k)!) < vp(d!) then the
image of mgp(b)k in k(z") will necessarily be 0, and if the image of this
element in k(2’) is not to be zero then by it follows that we must
necessarily have some natural number [ such that & = v,(d)l. But then the
image of ¢(b)* in k(2’) must by the assumption on d and [Proposition 1.4.17| be
contained in k(x) thus by [Proposition 4.1.23|and [Theorem 4.1.4] we conclude
that the image of pf(b) in C’ must in fact be contained in the subring C' which
was what we needed to show. O

Remark 5.3.1. The proof of shows that it is enough to tensor
with any sub semiring A of Q4 such that every element of Exp.Char(S)

(Definition 3.2.7)) is invertible in A.
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Chapter 6

Chow schemes and Chow
monoids

Recall from classical algebraic geometry that there is a variety due to Chow
which parametrizes effective cycles of a given dimension and degree on a
projective variety. Using a similar construction and a lot of modern theory
Suslin-Voevodsky prove in Section 4.4. of [SV00] that if i : X — IP% is a closed
embedding then the presheaf Cyclsﬁ ((X,1)/S,r),;, of relative effective cycles
of dimension r and degree d with respect to ¢ is representable in the h-topology.
This means that there exists some scheme C). 4 such that the h-sheafification of
the corresponding representable presheaf is isomorphic to the h-sheafification
of Cyclgﬁ((X,i)/S, 7)y;- On the other hand in [Kol96, Ch. I, Sec. 3,4] one can
also find a theory of Chow schemes in mixed characteristic, which in many ways
is the same as Suslin-Voevodsky’s, yet one could argue that the construction is
a little more explicit.

In this chapter we will extract ideas from both [SV00| and |[Kol96| and pro-
vide a few of our own in order to give a transparent proof of the h-representability
of effective relative cycles of fixed dimension and degree. From this we will see
that we can form a monoid object C,((X,%)/S) which we will call the Chow
monoid of degree r cycles with respect to i. The existence of such a monoid
already appears in the literature when S is a field, indeed see for instance
[F'V00]. We then prove that the sheafification of the Chow monoid with re-
spect to the h topology is isomorphic to the sheafification of the presheaf of
relative cycles on X/S with universally integral coefficients. Which we shortly

afterwards apply together with [Theorem 5.0.1] to finally prove our first main
theorem [Theorem 6.5.3

The precise outline of the chapter is as follows: first we recollect some
intersection theory such as intersection numbers and the multi-degree of an
algebraic cycle on projective space. In the second section we recall the definition
and properties of relative effective Cartier divisors. Furthermore
is devoted to proving that the presheaf of effective relative cycles of fixed
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dimension and degree is representable in the proper/h-topology, which as
we mentioned earlier has been proved by Suslin-Voevodsky and our proof
incorporates many of their ideas, but is arguably more explicit and detailed
than the original proof. After this is done we then introduce the Chow monoid

in which we then use in to state and prove the first

main theorem of the thesis. The final section gives a rough overview of how
the first three sections of this chapter compare to the literature.

6.1 Effective relative cycles on multi-projective
space

Intersection numbers

Let us now very briefly recall some intersection theory. Let k be a field. For
a k-scheme X we let K(X) denote the Grothendieck group of X and for each
natural number r we denote by K, (X) the subgroup generated by coherent
sheaves whose support has dimension at most r. For a coherent sheaf F on X
whose support has dimension at most r one has (|Kol96, VI.2, Corollary 2.3|)

F =) length,, F- Oy, (mod K, 1)

where y; are the generic points of the irreducible components Y; of (Supp(F’));eq-

Definition 6.1.1 (|Kol96, Def.VI1.2.4]). Let L be an invertible sheaf on X. We
define an endomorphism of the abelian group K(X) by the formula

a(L)-F=F—-L'®F.

Properties of ¢1(L) can be found in |[Kol96, VI.2, Prop. 2.5| the most
important one for us is that ¢1(L) - K,.(X) C K, _1.

Definition 6.1.2. |Kol96| VI.2, Definition 2.6] Let X be a proper k-scheme and
F a coherent sheaf on X. Assume that m > dim Supp(F') and let Lq,..., L,
be invertible sheaves on X. The intersection number of Lyi,..., Ly on F is
defined by

(Ll s Lm . F) = X(X,Cl(Ll) s -Cl(Lm) . F)

where y denotes the Euler-characteristic. If L = Ly = ... = L,,, then we write
(L™ - F) instead of (Ly--- Ly, - F). If Y C X is a closed subscheme, then we
write (L™ -Y) instead of (L™ - Oy). To avoid confusion we let (L)™ denote
c1(L)---c1(L) and use L®™ to denote the tensor-power. For an effective cycle
Z = Z?:l a;z; of dimension at most m we set

(Ly- Ly~ 2) = (L1 - .. L - (872, (05%)).
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Intersection numbers are locally constant in families:

Proposition 6.1.3 (|[Kol96, VI.2, Proposition 2.9]). Let f : X — S be a
morphism of schemes, L; invertible sheaves on X and F' a coherent sheaf on
X, flat over S, such that Supp(F) is proper over S. Then the function

s+ (Ly-+ Ly - (F®0Ox,)
1s locally constant on S.
We also have a projection formula

Proposition 6.1.4 (|[Kol96, V1.2, Prop. 2.11]). Let f : Y/S — X/S be an
k-morphism of proper k-schemes, L; line bundles on X and F a coherent sheaf
onY. Let m > dim Supp(F'). Then

L) [ (Lm) - F = Ly -+ L - fo(F).

There are other definitions of intersection numbers. To see the equivalence
of Definition with the one given in [Stacks, Tag OBEP| simply apply
[Kol96| VI.2, Theorem 2.13]. Further in the case of algebraic cycles one can
define the intersection number by using the first Chern class (see [Stacks, Tag
02S0]| or [Ful98, Ch. 2, Sections 4 and 5| for the definition) and again this
coincides with in the sense of the following lemma:

Lemma 6.1.5 (|Stacks, Tag OBF1|). Let k be a field. Let X be a proper scheme
over k. Let Z C X be a closed subscheme of dimension d. Let Li,...,Lq be
invertible Ox-modules. Then

(£1 Ly Z) = deg(cl(ﬁl) n...N Cl(ﬁl) M [Z]d)

Algebraic cycles on multi-projective space

Definition 6.1.6. A multi-index I = (i1, ...,is) is a sequence of nonnegative
integers. For any scheme S we denote by }P’g the fiber product

PL .= P x P22 x ... x Pk.
S SS SS g S

We will define the multi-degree of an algebraic cycle on multi-projective
space in terms of the following example. The reader not familiar with the topic
of intersection theory may instead take the intersection numbers appearing in
the next Lemma [6.1.9] as the definition.
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Example 6.1.7 ([Ful98, Example 8.3.7|). For the multi-index I = (i1,...,1s)
the exterior produc

AP ®...@ A (Pl) 5 A*(PL)

is an isomorphism and since the Chow group A, of IP)Z? is the free Z-module
generated by an r-dimensional linear subspace L, of ]P’Zj it follows that the class
of an r-cycle Z in A*(PL) can be written as

Z=Y dyeycl(Lj x ... x Ly,) in A.(P}) (6.1.1)

where the sum is over all tuples J = (j1,...,js) of non-negative integers such
that >, i =

Definition 6.1.8. Under the assumptions and notations of Example [6.1.7] we
shall call the integers d; of (6.1.1) the multi-degrees of the cycle Z.

Lemma 6.1.9. Let I = (iy,...,is) be a multi-index and let Z be an r-
dimensional cycle on ]P’é. Set L; = pr;O]Pij(l) forj =1,...,s. The multi-
k

degrees of Z are exactly the intersection numbers of the form
(Lo (L) - 2)
whenever > )y =1 and r; < 4 for all l.

Proof. Write Z in A, (P) as

Zd]CYCl(le X ... X Ljs)

where the dj are the multi-degrees of Z.
By additivity of intersection numbers (see |[Kol96, VI.2, Proposition 2.7])
and by Lemma [6.1.5] we have that

(L) (L) - 2) =Y dg((L1)™ - (L) - eyel(Ly, x ... x Ly,))
By [Ful98, Example 2.5.3] we have
((L1)™ - (L) cyel(Lj, X...XL;,)) = deg((cl((’)ﬂmi1 (1))™"NLj))x.. .><(C1((9P25 (1))™=NLy,)))

and since (c1(Opi (1)) N Lj,)) = 0 whenever ry > j; and (¢1(Oy, (1)) N L))
k k

is the class of a k-point it follows that for sequences ji,...,js and r1,...,7;

that both sum to r we have

1 ifj;=mr foralll

0 otherwise

((ﬁl)rl . (LS)TS .CyCI(le X ... X Ljs)) = {

which completes the proof. O

Tn this example we use Fultons notation for the Chow rings and groups.
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Example 6.1.10. For a multi-index I = (i1,...,4s) it is well known that the
map ' '
Pic(P}!) x ... x Pic(P}’) — Pic(PL)

given by
(OPfj (di),..., OPZS (ds)) — O(dy,...,ds) :== pri‘Opzl (d1)®.. .pr:OP;f (ds)

is an isomorphism of abelian groups and can for instance be deduced from the
isomorphism given by the exterior product in Example [6.1.7} Thus an effective
Cartier divisor Z on Pi is cut out by a global section of O(dy,...,ds) where
di,...,ds are non-negative integers and one can show that the class of the
associated (D7, %) — 1 dimensional cycle in A(Zleiz)—l(Pé) coincides with
class of

S
D dieycl (P x . x BT x Hy x P x L x Py,
=1

Hence giving an effective cycle of dimension (};_,%) — 1 and with multi-
degrees d, . ..,ds is the same as giving a global section of O(dy,...,ds) which
again coincides with giving a multi-homogeneous polynomial of multi-degree
di,...,ds i.e. a sum of the form

T S

> ai ][ P
j=1 I=1

where a; € k and Pj; is a homogenous polynomial of degree d; in the coordinates

of P}'. Note that the dimension of the global sections of O(dy,...,ds) as a

k-vector space is equal to N' = N'(I, D) := szl (if;rjdj).

Effective relative cycles on multi-projective space

Definition 6.1.11 (|SV00, p.77]). Let S be a Noetherian scheme. For any
multi-index I = (iy,...,ix) let Z be an element of Cycl®//(PL/S,r). For any
point s € S we denote by deg,(Z) the sequence of multi-degrees (after fixing
some ordering on these) of the algebraic cycle Z5 on Pis.

Proposition 6.1.12 (|SV00, Prop. 4.4.8]). Let S be a Noetherian scheme and
Z an element of Cycl®/(PL/S,r). Then the function s — deg,(Z) is locally
constant on S.

Proof. 1t is sufficient to show that if n is a generic point of S and s is a point
in the closure of n then deg,(Z) = deg,(Z). Since for any cycle W on P!
and any field extension k’/k we have that the multi-degrees of W coincides
with those of W ®;, k' it is therefore sufficient to show that for some field
extensions L, F' of k), ks respectively the cycles Zgpec(r) and Zgpec(g) have the
same multi-degree. Let (xo,z1, R) be a fat point on S such that the image of
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x1 is {n, s}. Replacing S with Spec(R) we may assume that S is the spectrum
of a discrete valuation ring. In this case Z = ) n,; cycl(Z;) where Z; are closed
subschemes of }P’g which are flat and equidimensional over S. Noting that for
s € S the pullback of the line bundle O zl( ) to IP’Z is the line bundle O P (1)

it follows from Lemma [6.1.9)and Proposmon [6.1.3] that multi-degrees are locally
constant in flat families Wthh completes the proof. O

Corollary 6.1.13 (|SV00, Cor.4.4.9]). Let S be a connected Noetherian scheme.
Then for any cycle Z € Cycleff(Pé/S, r) and any point s of S the multi-degree
deg (Z) is a sequence of integers which does not depend on s.

Definition 6.1.14 ([SVO00, p.78]). For a Noetherian scheme S, a multi-index
I = (i1,...,1x) and a sequence of non-negative integers D = (dy, ... ,d,) denote
by Cyclgf (PL/S,r)u1 the subset in Cycl®// (PL /S, )7; which consists of cycles
Z such that for any point s of S one has deg,(Z) = D.

The following lemma is stated without proof in the context of the cdh-
topology on p.78 of [SV00).

Lemma 6.1.15. Under the notations and assumptions of Definition
the presheaf Cycll (PL/S, 7Yy is a sub-sd-h sheaf of Cycl®!f (PL/S, T)UI cmd

if S is connected then we have
Cycl® ! (PL/S,1)ur = Up Cyd S (PL/S, r)ur

Proof. Since multi-degrees of algebraic cycles are invariant under change of base
field it is clear that Cycl%ff (PL/S,r)ur is a presheaf. Further since we already
know that Cycleff(]P’{g/S, r)ur is a sheaf in the sd-h topology it is enough to
show that for any element Z € Cycl®/(PL/S,7)7(S) such that there exists
a sd-h-covering p : S — S such that cycl(p)(2) € Cyclgf(]P’é/S,r)UI(S’) one
has Z € Cyclef f (PL/S,7)u1(S). By surjectivity of sd-h-coverings and the fact
that multi-degrees of algebraic cycles are invariant under change of base field
the first part of the lemma follows.

The last statement is a direct consequence of Corollary O

6.2 Relative effective Cartier divisors

Relative effective Cartier divisors

We recall the definition of a relative effective Cartier divisor. We shall follow
the definition/convention given in [Stacks| and |[Fan+05] which is slightly more
general than the one given in |[GD67, Section 21.15] in the sense that we do
not require the S- scheme X/S to be flat and locally of finite presentation.
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Definition 6.2.1. [Stacks, Tag 062T| Let f : X — S be a morphism of
schemes. A relative effective Cartier divisor on X/S is an effective Cartier
divisor D C X such that D — S is a flat morphism of schemes.

The following Lemma gives a nice characterisation of relative effective
Cartier divisors.

Lemma 6.2.2 (|[Fan+05, Lemma 9.3.4]). Let D C X be a closed subscheme,
x € D a point, and s € S its image. Then the following statements are
equivalent:

(1) The subscheme D is a relative effective Cartier divisor at x (that is, in a
neighborhood of x ).

(2) The schemes X and D are S-flat at x, and the fiber Dy is an effective
Cartier divisor on X, at x.

(3) The scheme X is S-flat at x, and the subscheme D C X is cut out at x
by one element that is reqular (a nonzerodivisor) on the fiber Xs.

Lemma 6.2.3 (|Stacks, Tag 0B8U|). Let f : X — S be a morphism of schemes.
If D1, Dy C X are relative effective Cartier divisor on X/S then so is Dy + Da.

It will be useful for us to keep the following result in mind before moving
on.

Lemma 6.2.4 (|Stacks, Tag 0BCN]|). Let X be a Noetherian scheme and
D C X be an effective Cartier divisor. Let n € D be a generic point of an
irreducible component of D. Then dim(Ox ,) = 1.

Corollary 6.2.5. Suppose that X — S is an equidimensional morphism of
dimension r where S is a reduced Noetherian scheme. If D is a relative effective
Cartier divisor then cycly (D) € Cycl® (X/S,r — 1)y;. Furthermore we have

cycly (D1 + D) = cycly(D1) + cycly (D2) (6.2.1)

Proof. 1f D € Divy,g(S) then using for instance Krull’s Hauptidealsatz one
checks easily that D — S is an equidimensional morphism of relative dimension
r — 1. The first claim now follows from Corollary For the latter just note
that the set of generic points of Dy + Dy is the union of the sets of generic
points of D; and Ds and all these points are codimension one points of X. By
additivity of length (Corollary A.1.9)) we conclude the proof. O

Lemma 6.2.6 ([Stacks, Tag 056Q)]). Let f : X — S be a morphism of schemes.
Let D C X be a relative effective Cartier divisor on X/S. Then for every
morphism of schemes g: 8" — S the pullback (¢)~'D is an effective Cartier
divisor on X' = S' xg X where ¢’ : X' — X s the projection.
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Proposition 6.2.7. Let f : X — S be a morphism of schemes and D1, Do
be two relative effective Cartier divisors on X/S. Then for any morphisms
g:S"— S we have the following equality

(9)"H(D1+ D2) = (¢") 71 (D1) + (¢') "1 (D).
In otherwords pullback yields a presheaf of abelian groups
Divy/g : (Sch)” — Ab.
Proof. This result essentially follows from [Vak13| Ex.24.3.H]. O

Lemma 6.2.8. Let f: X — S be an equidimensional morphism of dimension
r and let Z = {z} be an integral subscheme of X with z lying over a generic
point n of S such that dim Z, = r — 1. Then z is a codimension 1 point of X.

Proof. From the equality
dim(X;) = dim(Ox,, ) + dim(Z,) (6.2.2)

we see that dim(Ox, .) = 1. Moreover since z is over the generic point 7 we
have

OXredvz = O(Xn)red,z (623)

proving that z is indeed a codimension one point of X. ]

Comparison with effective relative cycles

Lemma 6.2.9. Let S be a reduced Noetherian scheme and X — S a smooth
equidimensional morphism of dimension r and D a relative effective Cartier
divisor on X/S. Then D does not have any embedded components.

Proof. Since D is flat over S all associated points of D are mapped to associated
points of S which are necessarily generic points since S is reduced. If D has
an embedded point mapping to a generic point € S then there is also a
generic point of D lying over 7. As association of points (of a ring or module)
commutes with localization it is clear that the fiber D, must have an embedded
point. This contradicts [Lemma 6.2.2|[[tem (2)| which tells us that that D, is an
effective Cartier divisor on the regular scheme Xg hence D,, must necessarily
be Cohen-Macaulay and can thus not have any embedded components. O

Corollary 6.2.10. Let S be a reduced Noetherian scheme and X — S a
smooth equidimensional morphism of dimension . If Z € Cycl*f (X/S,r —
1)g, (S) then there is at most one relative effective Cartier D on X/S such
that cycly (D) = Z.

Proof. This follows from [Lemma 6.2.9] [Lemma 6.2.4]and [Proposition 1.7.10l [
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Proposition 6.2.11 (|SV00, Prop. 3.4.8]|). Let S be a normal Noetherian
scheme and X — S a smooth equidimensional morphism of dimension r. Then
the cycl function induces a well defined isomorphism of monoids

Divy/s(S) = Cyc“ (X/S,r — 1)u1(S)
D — Cyclx(D)

Moreover by restricting both presheaves Divy g and Cyc®/(X/S,r —1)yr to
the category of normal Noetherian schemes the aforementioned map gives a
natural transformation.

Proof. The fact that the cycl function induces a homomorphism of monoids

Divy,s(S) — Cycleff(X/S,r — Dyr(S)

is the content of [Corollary 6.2.5|

Let now z be any point of X lying over a generic point of S such that
the closure Z is equidimensional of relative dimension r — 1 over S. By
Lemma it follows that z is a codimension 1-point. Furthermore [GD67,
Prop. 21.14.3] says (among other things) that any codimension one cycle
Z of X such that Supp(Z) does not contain any irreducible components of
any fiber f~!(s) = Xj, is locally principal and since a smooth scheme over a
normal scheme is normal ([Stacks, Tag 07TD]) it follows from [Corollary 1.7.11]|
that Z is an effective Cartier divisor. If x € Z is a point of Z then since
X () is smooth it is clear that the element which cuts out Z at the point
r is regular (nonzero divisor) on the fiber Xy, thus by Lemma (3) it
follows that Z is a relative effective cartier divisor. This proves that the map
Divy/s — Cycl?! (X/S,r — 1)y = Cyc“F(X/S,r — 1)y, the last equality
following from [2.1.23] is surjective and it is injective by [Corollary 6.2.10} The
final statement trivially follows from Lemma O

Proposition 6.2.12. Let S be a Noetherian scheme and X — S be a smooth
equidimensional morphism of dimension r. Suppose that Z C X is a closed
integral subscheme of X flat and equidimensional of dimension r — 1 over S.
Then Z is a relative effective Cartier divisor on X/S.

Proof. By it is enough to prove that Z; is an effective Cartier
divisor on Xy for any point s € S. Let n € S be the image of the generic
point of Z. For an arbitrary point s we apply to find a discrete
valuation ring R with field of fractions k(n) and a morphism Spec(R) — S
taking the closed point to s and the generic point to 7. By [Stacks, Tag 036D]
(or |Gro71, Expose II, Proposition 3.1]) it follows that Xp = X xg Spec(R) is
a regular scheme. Moreover since Z is an integral scheme so is 7, and as Z
is flat over S we see that Zr = Z x g Spec(R) has no embedded components.
Furthermore from it follows that Zp is an integral codimension
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1 subscheme of Xg. Thus we can apply [Corollary 1.7.11] to see that Zy is a
relative effective Cartier divisor which implies that the special fiber of Zp is an

effective Cartier divisor. By we conclude that Z; is an effective
Cartier divisor which is what we needed to show.

O]

Remark 6.2.13. If the morphism X — S in [Proposition 6.2.12]is also projec-
tive, then the result follows directly from [Kol96, Thm. 1.13]. In fact our proof
is very similar to the proof of the second statement of loc.cit.

Corollary 6.2.14. Let S be a Noetherian scheme and X — S be a smooth
equidimensional morphism of dimension r. For any relative cycle

Ze Cycleﬁ(X/S,r — 1)UI

there is a proper surjective morphism p : 8" — S (depending on Z) from a
reduced Noetherian scheme S’ and a relative effective Cartier divisor D on
S'xgX/S" such that

cyclg o x (D) = cycl(p)(2). (6.2.4)

Proof. For Z =) n;z € Cycl(X/S,r —1) let Z; denote the closure of z; in X.
By [Theorem 1.2.3| we can find a morphism p : S’ — S that is a blow up of S,eq

such that the proper transforms Z; of Z; are flat of equidimension r — 1 over

S’ and by [Lemma 2.3.14| we have

cycl(p)(2) = Z nicycly y g (Zy). (6.2.5)

By IProposition 6.2.12| we have that the Z; are relative effective Cartier divisors
on S’ xg X/S" and by |Corollary 6.2.5| we have

cyclg XSX(Z niZ;) = cycl(p)(2). (6.2.6)
O
The following Lemma is trivial and well known.

Lemma 6.2.15. Suppose that t is a Grothendieck topology where the reduced-
induced subscheme structure {X,eq — X} is a covering (for any scheme X ).
Then for any t-sheaf F the map F(X) — F(Xyeq) is an isomorphism.

Proof. Just note that we have (X;cq X x Xred) = Xyeq and the result follows
immediately from the sheaf sequence. O

The following result is implicit in [SVO00, Lemma 4.4.10].
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Theorem 6.2.16. Let S be a Noetherian scheme and X — S be a smooth
equidimensional morphism of dimension r. Then we have an isomorphism of
h-sheaves on the category of Noetherian schemes

(Divyys)n = (Cycd ¥ (X/S,r — 1)y

Proof. By it is enough to show that the morphism

Cydo(_)red : DiVX/S O(_)red — Cyc]eﬁ(X/S,’r - 1)UI o (_)red (6'2'7)

is an h-local isomorphism. By [Corollary 6.2.10]it is already a monomorphism
and by [Corollary 6.2.14] it is h-locally an epimorphism. O

Remark 6.2.17. The proof will work for any topology containing the proper
topology.

Representability of relative effective Cartier divisors in
projective space

The so called Cohomology and base change theorem states that in good cir-
cumstances, given a fibered diagram:

WLX

lﬂf r
Z

L) Y7
and a coherent sheaf F on X, the natural map:
¢y U (R'mF) = RI(7 ) (¢)"(F)

is an isomorphism. We recall the precise statement whose proof can be found
in |[GD63| or [Vak13].

Theorem 6.2.18 (Grothendieck). Suppose m : X — Y is proper morphism
of finite presentation, F is coherent and flat over Y, and assume that for
a gwen integer i and point y € Y the natural base change morphism ¢y :

(R* m,.F), ®oy., k(y) — H'(X,, Fy) is surjective. Then the following hold:

(1) There is an open neighborhood U of y such that for any ¢ : Z — U , the
natural base change morphism

¢y W (R mF) = RU(x') (¢)*(F)
is an isomorphism. In particular, <b§/ is an isomorphism.
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(2) Furthermore, gbz_l is surjective (hence an isomorphism by (1)) if and
only if R m,.F is locally free in some neighborhood of y (or equivalently
(R 7. F)y is a locally free Oy.,-module). This in turn implies that h' is
constant in a neighborhood of y.

This is a powerful theorem used in the construction of many moduli spaces.
A first simple consequence is the following corollary:

Corollary 6.2.19. Under the assumptions of Theorem if Hi(Xy,]:y) =
0 for some y € Y then there is an open neighborhood U of y such that

(1) (R'7.F)|ly =0 and
(2) H(Xy,Fy) =0 forally €U.

In the case i =1 there is some open neighborhood V' of y such that (me F)|v
is a locally free sheaf and qbg, D (e F)y ®0y. k(y') — H' (X, ,Fy) is an

isomorphism with constant h' in a neighborhood of 1.

Proof. By (1) of Theorem [6.2.18] it follows that (R'm.F), ®oy., k(y) = 0
and thus by Nakayama’s Lemma there is some neighborhood U such that

(R 7.F)|y = 0. By taking ¢ : Z — U to be the canonical map Spec(k(y')) — U
for any point 3/ € U it follows from what we have already proved that the
source of cbiZ is zero and hence also the target, but by applying the target sheaf
to Spec(k(y’)) one gets the cohomology group Hi(Xy/, Fy) thus proving part
(2) as well.

For the last statements note that by what we have proved in part (1) we
have that (R! 7,F)|y is locally free (of rank 0) which by part (2) of Theorem
implies that gbg is an isomorphism and we can now apply Theorem
in the case of ¢ = 0. Since gi);l is obviously surjective as it is a map of trivial
modules it follows from part (2) of Theorem that RO7, F = 7, F is
locally free in some neighborhood V of y and this in turn implies that h? is
constant in a neighborhood of y. Hence the final statement also follows. [

Recall from Example [6.1.10| that given a multi-index I = (i1, ...,i;) and
K a field then the effective Cartier divisors on Pg( are cut out by a multi-

homogeneous polynomial of multi-degree d, ..., d; for non-negative integers
di,...,dg.
Definition 6.2.20. For fixed sequences of positive integers I = (i,...,1)

and D = (dy,...,dy) let Hp 1 be the subpresheaf of Divpé/s consisting of those
relative effective cartier divisors which are of finite presentation over .S and
whose fibers have multi-degree D.

The following proposition is the multi-projective version of |[Vak13, Propo-
sition 28.3.6].
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Proposition 6.2.21. For a multi-index I = (i1,...,is) and sequence of non-
negative integers D = (dy,...,ds) set N = N(I,D):=N'—1=N'(I,D)—1=

H?zl (ij;jdj) — 1. Then the presheaf Hp 1 is represented by the scheme Pfgv.

Proof. Tt is enough to prove it in the case S = Spec(Z). Let P be the subset
of M = T'(PL,O(di, . ..,ds)) consisting of products of elements of the form
p= szl P; where P; is a monomial of degree d; in the variables on IP’le say
(7i;)0, -+ (wi;)i;- Note that P forms a basis for M as a Z-module and that

|P| = N’. Hence we may use the p € P to index the coordinates on P} and
we denote them by y,. Consider now the closed subscheme

2 =V(Y y-p) CPY x P
peP

Note that 2" is clearly finitely presented and the fibers are hypersurfaces in P!
cut out by multi-homogeneous polynomials of multi-degree D. One can check
flatness in several ways applying part (3) of Lemma being one of them.
Thus 2 € HDJ(]P’%/) and by Yoneda lemma we have a map h%v — Hp,r. We
will show that this is an isomorphism.

Let S be any scheme and let X € Hp ;(S). Consider the exact sequence

O—>IX—>OP£—>OX—>O
and tensorise this with the invertible sheaf O(dy, ..., ds) which we denote by
0 —>Ix(d1,...,ds) — O(dl,...,ds) — Ox(dl,...,ds) — 0.

For any point ¢ € S note that we have Z(dy,...,ds); = Opi and by for instance
t
applying the Kiinneth formula we see that H! (Pit, Opi ) = 0. Thus we can
t

apply Corollary [6.2.19 and we get that (prs)«(Zx(di,...,ds)) is a locally free
sheaf and we have an exact sequence

0— (prs)«Ix(di,...,ds) — (prs)«O(dy,...,ds) = (prs)«Ox(dy,...,ds) = 0.

Further ho(Pit,I(dl, conds)t) = ho(]%poﬂl’i ) = 1 where we have used the
Kiinneth formula to compute the last cohomoltogy group. Hence from Corollary
it follows that the rank of the locally free sheaf (prg)«(Zx(di,...,ds))
is equal to 1 thus (prg)«(Zx(di,...,ds)) is a line bundle on S. Note also that
(prg)«O(dy, ..., ds) is a free Og-module of rank N’ and that on any affine open
Spec(B) of S we have that (prg).O(di,...,ds)(Spec(B)) is isomorphic to the
B-module of multi-homogeneous polynomials of multi-degree D = (dy, ..., ds)
with coefficients in B. Further since (prs)«(Zx(di,...,ds)) is a line bundle it
follows that we can cover S by affine opens Spec(B;) such that the image of
the map

(prs)«(Ix(di,...,ds)(Spec(B;)) = (prs)«(O(di, ..., ds))(Spec(B;))
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is generated by a multi-homogeneous polynomial F; which cuts X out over
Spec(B;). Furthermore since all fibers of X are hypersurfaces of multi-degee
D it follows that F; cannot vanish at any point of Spec(B;) and thus the
coefficients of F; generate the unit ideal of B;. From this we easily deduce that
we have a surjection

((prg)sO(dy, ..., ds))Y = O = (pre)(Tx(di,. .., ds)" =L

which means that there are N’ global sections which we denote by f, for each
p € P on the line bundle £ with no common zeros. Hence by the universal
property of IP]ZV we get a morphism of schemes

fx:8 =Py,

Note that on an affine open Spec(B) of S where (prg).O(dy,...,ds) trivialises
and the image of (prg)«Zx(di,...,ds) = (prs)«O(di,...,ds) is generated by a
multi-homogeneous polynomial of multi-degree D of the form F = ZpE'P ap - p,
the element (fp)|spec B € L(Spec(B)) corresponds to the (Og)|spec(p) -module
map (Og)|spec B = (O5)|spec B given by multiplication with a,. From this
description it is clear that we have

xZ =X

proving surjectivity of the map h%v — Hp,r and injectivity is rather clear. [J

Remark 6.2.22. [Proposition 6.2.21]is a special case of [Kol96, Ex. 1.1.14.2].

Corollary 6.2.23. For a multi-index I = (i1,...,i) and a sequence of non-
negative integers D = (dy, ..., dy) let }P’g(I’D) be the projective space of Proposi-
tion representing the presheaf Hp 1 and let iD”:I denote the sub-presheaf
of Hp 1 consisting of those X — S € Hp 1(S) such that for any geometric
point x : Spec(k) — S the fiber x*X is an integral hypersurface in ]P’i, (i.e.
the polynomial cutting out x*X 1is irreducible). There exists an open subset

Up, C PQ(I’D) representing H%TI.
Proof. Note that the universal hypersurface

2 c Py xgPL — PyOP)

(1,D)

is both proper and flat over }P’g , hence by |[GD67, (12.2.1)] the set

Upr:={te Pg(I’D) | 2% is geometrically integral }

(1,D)

is an open subset of Pg and it is clear that Up ; represents H%TI.
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The monoid of equi-degree hypersurfaces

Let n,7 € N be given. For d > 0 we let Hy, denote the presheaf Hp ;
(Definition 6.2.20) where D (resp. I) is the (r + 1)-tuple where every entry
is equal to the integer d (resp. n). We will define Hy, to be the terminal
object in the category of presheaves. Similarly we shall also denote by Hm"dﬁ
the presheaf i[’;’:l. By |Pr0position 6.2.21| we know that the presheaf Hy ,, is
representable by a scheme which we shall from now on denote by Hg, and the
presheaf Hi”d,ﬂ is represented by an open subscheme of Hy,, which we shall
denote by Hi”d@ .
For any pair di,d2 € N we have a natural transformation

Ozdl’d2 : H@,ﬂ X devﬂ — Hd1+d2@ (6.2.8)

given by sending the pair of relative effective Cartier divisors (D1, D2) to their
sum D 4+ Dy. Commutativity and associativity of addition ensures that for
di,ds,ds € N the following diagrams commute:

1.
ad11d2
Hayn X Hayn — Hayvdy
lswap H (6.2.9)
dg,dy
[0
Hayn X Hayn = Hay+dpn-
2.
Hyy p X192
Hagn X Hay i X Hayn ——— Hayn X Hay+don
lad3,d1 ><H1172’ﬂ J’ad3*d1+d2 (6210)
da+dq,d
a%37T41,42
Has+dyn X Hay Ha, +dy+ds,n-
3.

=

HCLLE *)EJ HQ,B X HCLLE *)ao’dl dehﬂ‘ (6.2.11)
From Yoneda Lemma we get induced morphisms of schemes

Bd1,d2 . Hﬂ,ﬂ >§ devﬂ — Hdl—&—dz,@' (6.2.12)

which will play a role in proving h-representability of relative cycles.
For later use note that we can apply |[Construction F.2.3|to get a graded
commutative monoid object in the category of schemes

H,, := ]_[ Hyp, 8 Hyp x Hypp — Hy . (6.2.13)
d>0 o

177



Observation 6.2.24. For a positive integer m we can add a relative effec-

tive Cartier divisor of multi-degree (d,d,...,d) with itself m times to get a
hypersurface of multi-degree (md, md, ..., md). This corresponds to a map of
schemes

m-f: (Hgn/S)™ = Hpan (6.2.14)

which we can explicitly describe as follows: We have a commutative diagram

(Hdaﬂ)m > Him.dn

]
(hHg,ﬂ ) m

o~

h(m,B)
h(Hd,ﬂ/S)m hHmd,ﬁ

1%

from which we see that if we let G := ((P%))""! and let 2 denote the
universal hypersurface on Hy,, x g G, then the morphism m - 5 : (Hg,/S)™ —
H,y.q, corresponds to the relative effective Cartier divisor >, priZy on
(Hg,/S)™ x5 G. Suppose now first that S = Spec(Z).

If for each j = 1,...,7 + 1 we give P}, coordinates ((x;)o,...,(xj)n We
let P(d) be the subset of M = I'(G,O(d,...,d)) consisting of products of
elements of the form p = Hgii P; where P; is a monomial of degree d in the
coordinates of the j’'th copy of P%. Note that P(d) forms a basis for M as a
Z-module and from the proof of [Proposition 6.2.21| we know that the scheme
Hyg ,, is a projective space over Spec(Z) whose coordinates are in bijection with
P(d), hence we can denote them as {y,}pep(q)- We then compute that the
relative effective Cartier divisor Y ;" | pri 2y on (Hg,/S)™ xs G is cut out by
the following multinomial

> S @) | pe
pEP(m-d) | (p1,....pm)EP(d)™
[T, pi=p

r ((Hdm/ Spec(Z))™ x G, <®pr:(oﬂd,n(1))> X Og(m-d,...,m- d)) .
i=1

Thus the global sections of the line bundle (®:’i1 pri(On éﬁ(l))) corresponding

to the morphism m - : (Hg,/S)™ — Hy,.qn are the elements of the following
set

> Q217 (Yp:) : (6.2.15)
(pl 77'nplm)€7)(d)m
[TiZpi=p pEP(m-d)
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This solves the problem when working over Spec(Z). The general case is derived
from this using base change.

6.3 Proper representability of relative cycles on
projective space

The Chow homomorphism

For a given r € N consider for each j = 1,...,7+ 1 a copy of (P})¥ = P}
with coordinates o j,¥1,j,--.,Yn,; and also consider an additional P7 with
coordinates g, . .., Z,. Denote by G the product

G = (P2)Y CLox(PRYY
(P7z) EX >Z<( 7)

of the r 4+ 1-copies of (dual) projective spaces. Furthermore for each j =
1,...,r+11let

fi=> wiyi; € T(P} Sl G,priOpy (1) @ priOgy)v (1))
=0

and set
L= ﬁ(ij) —— Py X Spec(Z) G.

Note that the fibers of the projection f : L — P7 onto the first factor are
all isomorphic to (P"~1)"+! over the appropriate field, and thus for a k-point
x : Spec(k) — P7 the k-points of the fiber over 2 may be considered as tuples
(Hi,...,Hp41) where H; are hyperplanes in P} that all contain the point «,
hence the notation (P%)" used in the construction of G. The following statement
can be found without proof on p.78 of [SV00].

Lemma 6.3.1. The projection f : L — IP7 onto the first factor is a smooth
surjective morphism of relative dimension (n —1) - (r 4+ 1).

Proof. We first show that f is flat. Note that f is a projective morphism and
since the fibers at each point ¢ € P7 are isomorphic to (]I”’]Z’L:l)7“+1 it follows that

S D™ (L (On)) = S (1" H (B ), Opgyayen) = 1

m m

where the last equality follows from for instance applying the Kiinneth formula
and the standard calculations of the cohomology of the structure sheaf on
projective n-space. Flatness now follows from [Vak13| Ex.24.7.A (d)]. Since the
morphism f is finitely presented and flat and the fibers (PZ;I)’"H are smooth
varieties of dimension (n — 1) - (r + 1) the morphism f is smooth of relative
dimension (n — 1) - (r 4+ 1). O
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Now let F(—, —) be either of the sd-h-sheaves Cycl(—, —), Cycl®/ (-, =)y;.
Since f is flat of relative dimension (n — 1) - (r + 1) (Lemma|6.3.1]) we get a
morphism (subsection [2.5])

f*: F(Py/Spec(Z),r) — F(L/Spec(Z),(n —1) - (r+1)+r).
Further letting p : L — G denote the composition

L——P,xG ——G

we have that p is a proper morphism and thus by Corollary [2.5.6] we have a
morphism

p«F'(L/Spec(Z), (r +1)n—1) — F(G/Spec(Z),(r+1)n —1)

Thus we have a morphism of presheaves

Chow := p,f* : Cycl®/ (P%/ Spec(Z), 1)1 — Cycl*/ ! (G/ Spec(Z), (r+1)n—1)y;

which we call the Chow homomorphism. From now on we fix a Noetherian
scheme S which shall be our base scheme and we shall denote G' Xgpec(z) S/S
by G/S , furthermore by abuse of notation we will denote the restriction of
Chow to the category of Noetherian S-schemes by

Chow = p,f* : Cycl“/(P%/S, 1)y — CycT(G/S, (r+ 1)n —1)y;.
The following lemma is stated without proof in [SV00].

Lemma 6.3.2 (|SV00, Lemma 4.4.12]). For a positive integer d let D =
(d,...,d) denote the r+ 1-tuple with every entry equal to d. The homomorphism
Chow takes the subsheaf Cyclsz(IP)g/S, r)ur to the subsheaf Cyclgcf(G/S, (r+
1)77, - 1)UI-

Proof. By Lemma [2.5.7] and Proposition [2.5.5] it is enough to show that for
a morphism Spec(k) — S with k an algebraically closed field the function
Chow(Spec(k)) takes an algebraic cycle of degree d in P} to an algebraic
cycle of multi-degree D in (G/S) x g Spec(k). To this extent note that since
both proper push-forward and flat-pullback are linear and respect rational
equivalence it is enough to prove that some r-dimensional hyperplaneﬂ in P} is
taken to an algebraic cycle of multi-degree (1,1,...,1). To this extent consider
the r-dimensional linear subspace W := V (z1,...,z,—,). Note that since all

*Here we are using the fact that CH(P},r) = Z[W] where W is any linear subspace of
dimension r in P} (|Ful98, Exampe 1.9.3])
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xXr+1

fibers of the morphism (f x Spec(k)) are isomorphic to (Py~') it follows

from [Vak13| Ex.11.4.C] that the scheme

FEW) = W];i(L X Spec(k)) = VNV (oyo+ > wiviy) C PR ?(G/S x Spec(k))
k i=n—r+1

is irreducible. Furthermore we have that

(p >S< Spec(k))(f*(W)) ]P?jl(L >§ Spec(k)) =V (det(yl,j)lE{O}U{n—r—I—lSISn},l§j§r+1) .
k
By for instance picking appropriate affine charts and using Cramer’s rule from
linear algebra we see that the induced map of function fields k(p(f*(W))) —
kE(f*(W)) is an isomorphism.

To conclude we have that

Chow(Spec(k))(cycl(W)) = cycl (V (det(yl,j)le{o}u{n—r+1§x§n},1§jgr+1))

and since the multi-homogeneous polynomial det(y; ;)iefo1u{n—r+1<e<n},1<j<r+1
has multi-degree (1,1,...,1) it follows from Example [6.1.10| that

cyel (V (det(yr,5)ief0yu{n—rt1<z<n},1<j<r+1))
has multi-degree (1,...,1) completing the proof. O

We denote the restriction of Chow to Cyclflff (P%/S,r)ur by Chowy and we
restrict its target to Cyclgf(G/S, (r + 1)n — 1)y which we can do by Lemma
0.0.2)

The following well known lemma is useful in the study of C’how and C'howy.

Lemma 6.3.3. Let k be an infinite perfect field and Z o closed irreducible
subvariety of P. Suppose that dim Z = r. Then for any point x € P} \ Z we
can find v+ 1 hyperplanes of P} such that their intersection contains x but does
not intersect Z.

Proof. This follows from Bertini’s Theorem (see Thm. 12.4.2, Ex. 12.4.2A and
Ex. 12.4.2B (b) in [Vak13]). O

Corollary 6.3.4 (|SV00, Lemma 4.4.12|). The homomorphism Chow is a
monomorphism.

Proof. One easily reduces to proving that if k is an algebraically closed field
then Chow(Spec(k)) is an injection. This follows almost immediately from
O

Kolléar gives a little more information about the Chow homomorphism. For
a relative cycle Z = 3" a;2; € Cycl®/ (P%/S,7)(S) let Z; be the closure of the
points z; in P% and set Ch(Z;) := p(f~'(Z;)) C G/S where we give this the
reduced induced subscheme structure. The following lemma is essentially the
statement of [Kol96, Ch. I, Main Lemma 3.23.1.2].
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Lemma 6.3.5. The cycle Chow(Z) € Cycl*//(G/S, (r + 1)n — 1)y1(S) is of
the form

Z aik; cyclg s(Ch(Z;))
where the numbers k; are powers of prime numbers occuring as the characteristics

of the residue fields of generic points of S. If every generic fiber of Supp(Z) — S
18 geometrically reduced, then the numbers k; are all equal to 1.

Proof. We will first prove the result in the simple case where S = Spec(k)
for an algebraically closed field k. For a given i set Z = Z; and consider the
morphism
Ti= p‘fq(z) : f_l(Z) — p(f_l(Z))red. (6.3.1)
Since this is a proper morphism it follows easily from [Theorem 1.1.12] that
the set of points H € p(f~1(Z))req such that the fiber 7~!(H) is either empty
or O-dimensional forms an open subset of p(f~1(Z))rq. Hence there is an
open subset over which the morphism 7 is finite and by [Corollary 6.3.4] this
open subset is necessarily dense in p(f~!'(Z))rq. Let now z be a closed
point in the r-dimensional scheme Z. By Bertini’s Theorem (See [Vak13,
Thm. 12.4.2]) we can find r + 1 hypersurfaces Hy, ..., H,41 such that their
scheme theoretic intersection ﬁ;gHj is exactly the reduced point z. This
shows that m#=(Hy, ..., Hyy1) = (z, Hy,..., Hy41) € f~Y(Z). Hence by upper
semicontinuity of rank/(degree of a finite morphism) we conclude that k; = 1.
The general case can now readily be deduced from C'how being a morphism
of presheaves together with the following results: [Lemma 2.3.13| [Lemma 1.7.2]
and [Proposition 1.7.7] O

Corollary 6.3.6. For a relative cycle Z € Cycl®//(P%/S,7)(S) the morphism
p’ffl(supp(Z)) : fﬁl(supp(Z)) — p(fil(supp(z))) (632)

is universally injective over a dense open subset of p(f~!(supp(Z)))

Proof. The set of points U of p(f~!(supp(Z))) whose fibers are universally
injective is by |GD67, (9.2.6)] constructible. Furthermore by [Lemma 6.3.5|all

the generic fibers are universally injective hence U is a constructible set of a
Noetherian scheme containing all its generic points; thus it must necessarily be
open. L]

Chow with respect to a closed embedding

For a closed embedding ¢ : X — PG over S denote by Cyclsﬁ((X, )/ S,m)yr
the presheaf that is the pullback in the category of presheaves of the following
diagram

Cydd ((x,4)/S.7),, — Cyd T (®L/S,7)ur

| |

Cycleff(X/S, r)\ur SN Cycleff(IP’g/S,r)UI
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where the lower horizontal arrow is the proper-pushforward induced by .. Note
that Cyclflﬂ((X,i)/S,r)UI is both a sub-presheaf of Cycl®//(X/S,r)y; and
Cyclgff(IF’g/S, r)ur. The restriction of Chow (resp. Chowg) to Cycl®//(X/8)
(resp. Cyclgﬁ((X,i)/S,r)U]) will be denoted by Chow(i) (resp. Chowg(i)).

The Chow homomorphism over a field

Note that if we restrict ourselves to only working with reduced Noetherian
schemes then cycl induces a morphism Hg,, — Cycl%ff(G xS/S, (r+1)n—1)yr
and moreover if we restrict ourselves even further to those Noetherian schemes
which are normal then by [Proposition 6.2.11| we can factorize Chowy through
Hg,. We will now try to understand what the image of this morphism is when
we are working over Spec(k) for a reasonable field k. The following general
lemma will be useful.

Lemma 6.3.7. Consider the following commutative diagram of schemes

X 2.y

lpl l (6.3.3)
S

JZ —

where p1 is universally open. Let U be an open subset of the underlying
topological space of Y and set W := Z \ p1 (pgl(U)) where we consider this as
a closed subset of the underlying topological space of Z. Then ift:S" — S is
any morphism and we let q : t*Z — Z be the induced projection then we have
the following equality of sets

g (W) =t"Z\ (" p1)((t"p2) "' (£ (V))) (6.3.4)
Proof. It is enough to show that we have the following equality of sets

g (p1(py ' (U))) = (1) ((t*p2) 1t (1)) (6.3.5)

7

The inclusion
b))

D 7 follows easily from a diagram chase, and the inclusion
C 7 follows easily from the universal property of fiber products and a diagram
chase. O

For a hypersurface H € Divg i (Spec(k)) set
Z(H)={xeP} : [~'({z}) Cp ' (H)} (6.3.6)

We will call this the attempted Chow inverse of H. Note that we have Z(H) =
PP\ f(p~'(G/k\ H)) and since f is a universally open morphism the set Z(H)

is necessarily a closed subset of P}'. The following proposition is essentially
[Kol96, Ch. I, Prop. 3.24.4]
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Proposition 6.3.8. For a hypersurface H € Divg i, (Spec(k)) we have
1. dmZ(H) <r.

2. If H is irreducible and dim Z(H) = r then the closed set Z(H) is neces-
sarily irreducible. Furthermore if the field k is also perfect then there is
some d € N such that Chow(Z(H)) = Chowq(Z(H)) = H.

Proof. For (1): If dim Z(H) > r+1 then the same is true for dim Z(H) X gpec(k) Spec(k)
where k denotes an algebraic closure of k. By it is thus enough
to show that this cannot happen when k = k. Indeed since every codimension
r + 1 linear space meets a variety of dimension > r + 1 in [P} it then follows
that p(f~1(Z(H))) C H contains every closed point of G/k and must thus
coincide with G/k which is absurd.

For (2): Let V C Z(H) be an irreducible component of dimension r and
assume first that the field % is infinite and perfect. For any point = ¢ V we
apply to find r + 1 hyperplanes of P} such that their intersection
contains = but does not intersect V. Thus z ¢ Z(p(f~*(V))) = Z(H). For the
general case note that if Z is a variety of dimension 7 of finite type over a field k
then Z’ = Spec k(t) Xgpec(k) Z remains irreducible of dimension r and moreover
the same is true for the base change Z” = Spec(k(t)"e"/ X Spec(h(t)) £ =
Spec(k(t)Ferf) X spec(k) £, hence we can apply to reduce to the
case of an infinite perfect field which we have already solved.

The final statement of (2) follows from [Lemma 6.3.5 O

Corollary 6.3.9 (|Kol96, Cor. 1.3.24.5]). Leti: X — P¥% be a closed embed-
ding. Then for a morphism Spec(k) — S with k a perfect field we have that
Chowg(i)(Spec(k)) gives a bijection between r dimensional cycles of degree d
on X xgSpec(k) C P} and the set

H € Hy,(Spec(k)) : dim Z(H;) =r, Z(H;) C X xg Spec(k)
for every irreducible component H; of H

Proof. Indeed if cyclg),(H) = 3_; a;H; where we have dim Z(H;) = r with
Z(Hj;) C X xgSpec(k) for all j then set

2= Z aj cycly g spec(k) (£ (Hj)red)

Then by [Proposition 6.3.8| we have Chow(Z) = cyclg/,(H) and as the cycle Z
must have some degree and its image has degree d it is clear that Z must have
degree d. O

Construction of the Chow scheme of degree d cycles

Notation 6.3.10. As in [Observation 6.2.24] we let 23 denote the univer-
sal hypersurface on Hg,(Hg,) and for a point H € Hyg,, let H*(Zy) €
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Hg »(Spec(k(H)) denote the pullback of 2 along the map Spec(k(H)) — Hy .
Furthermore we let hy : H,, — S denote the structural map to S and for
a closed embedding 7 : X — Pg we let H*h)}X denote the fiber product
Spec(K (H)) xm,, hyX which is a closed subscheme of P

Fix a closed embedding 7 : X — P and set as a preliminary step

. | HeHyy:dimZ(H;) =d and Z(H;) C H*h;X for every
Cra((X,1)/5) = { irreducible component H; of H*(Zy)

where we recall that Z(—) denotes the attempted Chow inverse of a hypersurface.
When X = P% we shall instead simply write C,.4(P%/S).
We want to show that C; 4((X,7)/S) is a closed subset of Hg .

Remark 6.3.11. We find it hard to understand the reasons for C, 4(P%/S)
being closed given in [Kol96, Ch. I, Claim 3.25.1]. In loc.cit. one lets h : Hg, —
S denote the morphism to S and h*f : h*L — A*P™ and h*p : h*L — h*G

denote the induced morphisms from the base change from S to Hg,. Setting
Z(2q) = {x € K'P" | (h* [~ (z)  (W*p)~ (Za)}

and letting 7 : Z(Zy) — h*P" — Hg,, denote the induced morphism it is
then claimed that by definition H € C, 4(P%/S) if and only if every irreducible
component of the fiber 771 (H) has dimension d. The following Example due
to J. van Zelm shows that this claim is not correct and perhaps we have
misunderstood what was meant in loc.cit.

Example 6.3.12. Let us consider the case S = Spec(k) for an algebraically
closed field k and n =2 and r = 1 so G = (((P%)V)/k)?. Consider the sets of
pairs of hyperplanes

Fy = {(Hy,Hy) € G| 3t € ksuch that (t:1—t:0) € Hy N Hy C P;}
and
Fy={(Hi,H2) € G|3t € ksuchthat (t:1-t:0) € Hy and (t:0:1—-t) € Ha}

Both F} and F define irreducible degree (1, 1) hypersurfaces in G and their
union F'is a degree (2,2) hypersurface in G. Now by construction we have

Z(F)={(t:1—t:0)|tek}cCP? (6.3.7)
Z(Fy)={(1:0:0)} cP? (6.3.8)
Z(F)=Z(FLUF) ={(t:1—-t:0)|tck}=Z(F). (6.3.9)

This last equality shows that the fiber of 7 at the point of Hj 2 corresponding
to F' is exactly the set Z(F') which is irreducible of dimension 1, while Z(F5)
is just a point giving the contradiction.
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Furthermore in the proof of this same claim it is claimed that upper-
semicontinuity of fiber dimension tells us that the set where all irreducible
components of the fibers are greater than a certain dimension is a closed subset.
We do not know of any such theorem unless the morphism is both proper and
flat in which case one can apply |[GD67, (12.2.1)].

We will prove that C, 4((X,7)/5) is closed in several steps. The main ideas
are extracted from [SVOO, Sec. 4.4].

Notation 6.3.13. Let 2 dm - Hmdﬂ X g GG denote the universal irreducible
hypersurface and let hil”” : H"Tdﬂ — S denote its structural map to S. We
now set

Z(Z) = {w € KR | (W7 )M @) € (W) T2 (63.10)
and
CrLa((X,4)/S) = {H € H"" g, - dim Z(H* ZJ"") = r, Z(H* ZJ"") € H*hI™" X }.
If X =P we shall instead denote this set by Cf,fdr (P%/S).
Lemma 6.3.14. The set Cﬁfj(PTS‘/S) is a closed subset of H' 4.,,.
Proof. Since the fibers of 2" — Hm’dvn are all integral schemes it follows

from [Proposition 6.3.8[and [Lemma 6.3.7] that if we let 7 : Z(ZJmy C R —
Hi”’dﬂ be the canonical map then we have

T (Pe/S) ={H € H" gy : dim7 ' (H) >r} (6.3.11)

which by [Theorem 1.1.12]is a closed subset. O

Corollary 6.3.15. The set C"", 4((X,4)/S) is a closed subset of fde(IP’g/S)
hence also a closed subset of Hi”dﬂ.

Proof. In the notation of the proof of we recall that every fiber
of the map

m: Z(2YT) ChyT RS = H g
is irreducible and a fiber has dimension r if and only if it maps to a point of
Cirt(P%/S) hence H € C", 4((X,i)/9) if and only if the preimage of H under
the morphism

Z(ZIYN R X = Z(2) S HT,

is an r-dimensional scheme. By [Theorem 1.1.12|this is a closed subset. ]

Lemma 6.3.16. For H € Hy,, let H' : Spec(L) — Hy,, denote the induced
morphism from any field extension L/k(H). The following are equivalent.
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1. dim Z(H;) =1 and Z(H;) C X xgSpeck(H) for every irreducible com-
ponent H; of H* 2.

2. dim Z(H]) = r and Z(H]) C X xgSpec(L) for every irreducible compo-
nent of H, of H™ 2.

Proof. Using this is essentially just a simple diagram chase. [J
Lemma 6.3.17. The set C, 4((X,)/S) is a constructible subset of Hy .

Proof. By |Stacks, Tag 054J] it is enough to show that C, 4((X,7)/S) is the
image of a morphism f :Y — Hg, of finite presentation from a Noetherian
scheme Y. Let di,...,d; be natural numbers such that d = d; + ... + dj.
As we saw in addition of relative effective Cartier divisors give us
morphisms

Hirrdlﬁ X ... X Hirrdk@ — Hdﬂ

Hence we get a morphism
qdy,....d;, - Ciw,nydl((X, ’L)/S) Xg ... Xg Cirrr7dk((X, Z)/S) — Hd,ﬂ (6.3.12)

One easily checks that this morphism corresponds to the following hypersurface:

k
Gt 2 = D P73 05 2 0), (6:3.13)
v=1
where j, : C"",. 4, ((X,4)/S) = Ha, n is the obvious locally closed embedding
and pry : qule cr g, ((X,1)/S) = C"", 4, ((X,1)/S) denotes the projection.
From this we see that if ¢ : Spec(L) — H:f:l Cr, 4, ((X,4)/9) is any morphism
where L is a field then

k

v=1

where the hypersurfaces t*pr} (5 2y, ) are irreducible and satisfy
dim Z (t*pry (js Za,)) =7

for all v. Hence by [Lemma 6.3.16) it follows that qq, ... 4, ot must factor through
C’r,d((X) Z)/S)

Suppose now that H € C,4((X,4)/S) and for an algebraic closure k(H)
of the residue field k(H) let H : Spec(k(H)) — Hg,, be the induced map. By
we have that if Cycl(ﬁ* Zq) = 22:1 my, cycl(H,) where H, are
the irreducible components of H 2 then we have dim Z(H,) = r for every
u and each of these have some multidegree of the form d, = (du,...,dy) by
[Proposition 6.3.8] Moreover we have

H %, = Z myH,
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where the sum is the sum of effective Cartier divisors. One now readily checks
that H is in the image of the map

H(Cirrr,du ((X7 Z)/S))mu - Hd,ﬂ

u

thus proving that C, 4((X,)/S) is exactly the set theoretic image of the map

d k
IT I TIC"+a((X.0)/S) — Hay

k=1 (dlv"'vdk‘) ‘7:1
25:1 dv:d

which is constructible. O
For later use we restate here the more precise statement that we just proved.

Observation 6.3.18. The set C, 4((X,7)/S) C Hyg,, is exactly the set theoretic
image of the map

d k
IT II TIC"a((X.9)/S) = Han

k=1 (di,dy,) j=1
b i dv=d

The following technical, but highly important Lemma was inspired by the
proof of [SV00, Lemma 4.4.4].

Lemma 6.3.19. Let S be a Noetherian scheme and X — S be a morphism
of finite type. Let T be an integral Noetherian scheme over S and let n € T
denote the generic point of T. Suppose that E/k, is a field extension and
Z € Cycl(Xg,r). Then there is a proper h-covering W — T from an integral
scheme W with field of functions k(W) C E such that k(W) is a finitely
generated field extension of k, and a relative cycle Zy € Cycl(X xs W/W,r)ur
such that the pullback of Zyw to Spec(E) is the cycle Z. If Z € Cycl®/ (Xg,r)
then the relative cycle Zys can be taken to be in Cycl®/ (X xg W/W,r)yr.

Proof. Suppose that
Z = Zaizi € Cycl(Xg,r).

Let Z; denote the closure of z; in Xg. By |GD67, Prop. (4.8.13)] there is a
finitely generated field extension k; of k, and integral subscheme Z/ of Xy,
such that (Z]) Xgpec(k;) Spec(E) = Z; for each i. Let L be the composite of the
field extensions k;. For each i set (Z]') := (Z]) Xspec(k;) SPec(L). Note that
since we have a surjection Z; — (Z;)” from an integral scheme it follows that
(Z;)" is irreducible and since the base change of (Z!") to Spec(E) is Z; which
is reduced it follows easily that (Z;)” must also be reduced hence (Z;)" is an
integral scheme. Set Z” := > a;z!' € Cycl(Xy,r) where 2!’ are the generic
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points of Z!" and note that the flat pullback of Z” to X is exactly the cycle Z.
Let ti1,...,t, be generators of the field extension L/k, and let Spec(A) — T
be any open affine subset of T'. Consider the composition

QO:A[Tl,...,Tn] —)kn[Tl,...,Tn] — L

where the last map is given by by T; — t;. Let p denote the kernel of ¢ which
clearly is a prime ideal. Then V' := Spec(A[Th, ..., T,]/p) is an integral scheme
with function field L and V' is a locally closed subscheme of A% thus V is a
locally closed subscheme of P7. and we let V denote the scheme theoretic image
of V in P%. Then V — T is a proper surjective morphism and (V) = L hence
we can consider the morphism X; — V x7 X. Let w; denote the images of
z!'in V xp X and W; the closure of the points w; (with the induced reduced
subscheme structure). By Theorem there is a blowup W — V such that
the strict transforms W; — W are flat. Note that W — V — T is an h-covering
of T. Furthermore by Lemma it follows that W; — W are universally
equidimensional of dimension r and it is clear that the cycle

Zw = Z a; cycl(Wi)

is contained in Cycl(W xg X/W,r)yr. Furthermore by Lemma [2.3.19| it is
clear that the pullback of Zy to Spec(E) is the cycle Z which completes the
proof. O

Proposition 6.3.20. The set C, q((X,4)/S) is a closed subset of Hgy,.

Proof. Since we have already proved that this is a constructible subset of Hg ,,
(Lemma 6.3.17)) it is enough to show that this subset is stable under specializa-
tion (|Stacks, Tag 0542|). To this extent suppose H € C, 4((X,i)/S) and H' €
{H} is a specialization of H. By [Lemma 6.3.16and |Corollary 6.3.9) we can find
a cycle Z € Cyclsﬁ((X, i)/S, r)UI(Spec(k(H)P”f)) such that Chowy(i)(Z2) =
cyel((Za)p(aypers), where (Zq)p(yrers denotes the base change of 23 along
Spec(k(H)"erf) — Spec(k(H)) — Hg,. Now letting T = {H} C Hg, be
the closure of H with the reduced induced subscheme structure we have by
a proper surjective morphism p : W — T and a relative effective
cycle Zy € Cycl®/ (X xg W, r) where k(H)P¢"f — T has a lifting to W such
that the pullback of Zy to k(H)Pe™f is the cycle Z, hence since W is integral
thus connected we must have Zy € Cyclgﬁ ((X,4)/8,7);;(W). Furthermore
it is also easy to see that we must have Chowy(i)(Zw) = cycl(Zy xs W) and

since every point of 7" has a lifting to W we then conclude by
that every point of 7' is contained in C; 4((X,4)/S) completing the proof. [

Endow the closed subset C, 4((X,4)/S) with the reduced induced subscheme
structure. We shall here call this scheme the Chow scheme of degree d relative
cycles of dimension r with respect to i. The reason for this name will become
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more apparent in the next sub-section, although the reader should be warned
that there may be other schemes in the literature also referred to as "Chow
schemes" which might not be isomorphic to the one provided here. We will get
back to this issue later on.

Representability in the proper topology

Recall that for a Noetherian base scheme S and closed embedding 7 : X — P%
we have that if ¢t : T — S is a morphism from a reduced scheme such that
the cycle cyclg 7/ (t* Za) is in the image of Chow,(i) then the morphism
t must necessarily factor through C, 4((X,7)/S). Ideally we would want the
morphism Chowy(i) to factor through the representable presheaf h(;n 2((X,0)/9)s
however as a cycle of the form Chowgy(i)(Z) is not necessarily induced by
a relative effective Cartier divisor, this is likely too much to hope for. On
the other hand [Corollary 6.2.14] tells us that given any relative cycle Z €
Cyclsﬁ((X,i)/S, 7)y;;(T) there is a proper surjective morphism p : 7 — T
such that Chowgy(i)(cycl(p)(Z)) corresponds to a relative effective Cartier
divisor on G xgT"/T'. This gives rise to the idea that if we sheafify our
presheaves with respect to a suitable Grothendieck topology then our desired
factorization becomes possible. We now make this precise:

Lemma 6.3.21. Let C be a category and t a Grothendieck topology on C finer
than a Grothendieck topology t1 where the coverings of t1 are either empty or
singletons (i.e. they are of the form {X' — X}). Let ¢ : F — G be a map
of presheaves and H C G be a subpresheaf. Suppose that for any X € C and
f € F(X) there is some t-covering p : X' — X such that

(X" (f) = p"(@(X)(f)) € H(X),

Then the morphism 1y : Fy — Gy factors through the monomorphism Hy — Gy
thus inducing a map
¢: F — H

(or equivalently Fy — Hy) such that if f € F(X) is such that (X)(f) € H(X)
then o(X)(f) = »(X)(f)*-

Proof. 1t is enough to prove the lemma in the case t =t;. For f € F(X) let
p: X' — X be some t-covering such that ¢ = p*(¢(X)(f)) € H(X'). Tt is
clear that pri(¢’) = pri(¢’) € H(X' xx X') thus there is a unique element
ép(f) € He(X) such that

P (dp(f)) = (0" ((X) ()"

It is easy to see that if ¢ : X” — X is any other t-covering then we must
necessarily have ¢,(f) = ¢4(f); thus for f € F(X) we define ¢(f) € Hy(X)
to be this common element. We need to show that this gives a natural
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transformation. For a morphism ¢ : ¥ — X and element f € F(X) pick
some t-covering p : X' — X such that p*(¢(X)(f)) € H(X'). Note that
the pullback of g along p induces a t-covering {pry : X' xxY — Y} and
pry(Y(Y)(9*(f))) € H(X' xxY). A diagram chase now shows that g*(¢(f))
satisfies the defining property of ¢(g*(f)). O

Definition 6.3.22. The proper topology on the category of Noetherian schemes
over S is the topology where coverings are either empty or singletons of the
form {p : X’ — X} with p a proper surjective morphism. For a presheaf F
on the category of Noetherian S-schemes we denote the sheafification of F
with respect to the proper topology by Fp.qp, if F is a representable presheaf
F = hx/s we shall instead denote the sheafification by Lo (X/S).

Corollary 6.3.23. The morphism
Chowq(i) : Cycl{ ((X,4)/S,7),, — Cycly’ (G x S/, (r + 1)n — 1)u;
induces a morphism of presheaves on the category of Noetherian S-schemes
Da: Cyel§ ((X,0)/S,7)y; = Lunap(Cral(X,0)/S))
satisfying the following properties:

1. IfT is a normal Noetherian scheme over S then the image of ®4(T) is con-
tained in the image of the canonical map he, ,((x.i)/s)(T") = Lprop(Cra((X,4)/5))(T).

2. For any Noetherian scheme T over S and relative cycle Z € Cyclgﬁ((X, i)/S,7) (1)
there is a proper surjective morphismp : T' — T such that ®4(T")(cycl(p)(Z))
is in the image of the map he, ,((x,:)/5)(T") = Lprop(Cr.a((X,4)/S))(T").

3. If Spec(k) — S is a morphism from a perfect field k then ®4(Spec(k)) is
a bijection of sets.

Moreover all these statements remain true after replacing the proper topology
with the h-topology.

Proof. First apply |[Lemma 6.3.21] with ¢ being the map

Chowa(i)o(—)red : Cyeld ((X,4)/8,7);0(—)red — Cycl 3! (GxS/S, (r+1)n—1)pro(—)rea

and H the subpresheaf he, ,((x.i)/5)© (—)red- Then from this and [Lemma 6.2.15

we get the morphism

Oy : Cyd P ((X,0)/S,r),; — Cra((X,i)/8)

prop’

The claimed properties of this map follow from [Proposition 6.2.11] [Corol§
[lary 6.2.14} |Corollary 6.3.9| and [I'heorem 4.3.9] O
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Lemma 6.3.24. Let X be a scheme of finite type over a Noetherian scheme S
and T be any Noetherian scheme over S. Suppose that for each generic point
7 € T we are given a field extension k(t) C E; and Z, € Cyc®/(Xg_,r).
Then there is a proper surjective morphism p : T' — T and a relative cycle
Zp € Cyc Y (X/S,r)yr(T") such that the following statements hold true:

1. The connected components of T' coincide with its irreducible components
and p induces a bijection between generic points of T' and generic points

of T.

2. For any generic point n of T' lying over 7 € T we have a tower of fields

k(r) = k(p(n)) C k(n) C E;

where k(n) is a finitely generated field extension of k(T). In particular
for each T the morphism Spec(E;) — T factors through T' via a map

er : Spec(E;) — T’

3. We have that eX(Z71) = Z. for every generic point T of T.

Proof. Apply Lemma to each of the irreducible components of T' to
obtain proper morphisms p; : T}’ — T and cycles Zp pulling back to Z,.
Set T" := [[ 7T} and let p be the map induced by the p;. It is clear that p
satisfies the desired properties and since Cycl®//(X/S,7)yr is a sheaf in the
sd-h-topology it follows that the Z;./ glue to give a relative cycle Zp satisfying
the desired properties. ]

Theorem 6.3.25 (See also [SV00, Thm. 4.4.11], [SV00, Cor. 4.4.13]). Let
S be a Noetherian scheme and i : X — P§ a closed embedding. Then the

presheaf of relative cycles of degree d and dimension r Cyclsﬁ((X, i)/S,7) ;18
representable in the proper topology by the scheme C, 4((X,4)/S).

Proof. 1t is enough to prove that the morphism

¢'d : Cyclsﬁ((X, Z)/S, T)UI — Lprop(CT,d((Xa 7’)/‘9))

from [Corollary 6.3.23]is proper-locally an isomorphism. Let T" be any S-scheme
with generic points 71, ...,7. Setting L; = k(r;)F*/ for j = 1,...,1 we get
induces canonical maps Spec(L;) — T for j =1,...,l. Consider the following
commutative diagram

@4(T)

Cyelg! ((X,8)/8,7)y,(T) > Lprop(Cra((X,1)/9))(T)

| J

[Tj—1 Cyeld” ((X,0)/S, ), (Spec(Ly)) —— TTj=; Lprop(Cra((X,u)/S))(Spec(L;))
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where the lower horizontal map is the map Hé‘:1 ®4(Spec(Lj)). The leftmost
vertical map is clearly injective and the lower horizontal map is a bijection
by [Corollary 6.3.23] Hence the upper horizontal map is injective proving
that &4 is a local monomorphism with respect to the proper topology. To
see that it is also a local epimorphism with respect to the proper topol-
ogy let g € Lprop(Cra((X,1)/S)) be any element and let ¢’ be its image in
Lyprop(Cr.a((X,u)/S))(Spec(Lj)). Since the lower horizontal map is a bijection
there is a unique element (Z)éz1 € Hé’:1 Cycl@ ((X,4)/S, )y (Spec(L;)) map-
ping to ¢’. Bywe can find a proper surjective morphism p : T/ —
T such that the maps Spec(L;) — T all factor through p and a relative cycle
Zp € Cycl/(X/S,r)(T") whose image in ngl Cyclgﬁ((X, i)/S,7);(Spec(L;))
is Z (note that the leftmost vertical arrow in our diagram factors through
Cycl®/(X/8,r)(T"). We now claim that ®4(T")(Z7/) = p*(g). To prove this
it is enough to show that the map

l
Lprop(Cra((X,0)/$))(T') = ] | Lprop(Cra((X,0)/5)) (Spec(L;))

j=1

is an injection. Using the description of
Lprop(cr,d((X7 Z)/S))(T/)
given in [Theorem 4.3.9) we have that if g1, g2 : (T7)"" — C,4((X,)/S) are

any two maps with the same image in Hé’:1 Lyrop(Cr.a((X,1)/5))(Spec(L;))
then we easily see that all generic points of (7")*"" are necessarily contained in
their equalizer which is a closed subscheme of (T")*". Since (T")*" is reduced
it follows that g1 = go. This completes the proof. O

Remark 6.3.26. A scheme such as C;. 4((X, 7)/5) that represents Cyclzﬁ((X, i)/ S,7) 1
in the proper topology is not unique up to isomorphism (see [Corollary 4.3.11)).
However by [Corollary 4.3.12| we know that the underlying topological spaces of

any two schemes proper/h-representing Cyclflﬁ ((X,)/S,7),;; must necessarily

be homeomorphic.

As an immediate consequence of [I'heorem 6.3.25( we get an alternative proof
of the following theorem:

Corollary 6.3.27 (|[Kol96, Ch. I, Thm. 3.21]). Let S be a Noetherian scheme

over a field of characeteristic zero. Then after restricting ourselves to the cate-

gory of seminormal Noetherian schemes over S the presheaf Cyclgﬁ((X, i)/S,7m)
is representable by the semi-normalization of Cy4((X,14)/S).

Proof. When S is of characteristic zero the sd-h and h-topology on Sch /S agree,
hence by the presheaf Cyclzﬁ((X,i)/S, 7)y; is a sheaf in the
h-topology. Furthermore in characteristic zero we have that (—)*" and (—)**"
coincide and the desired result then follows from [Theorem 6.3.25| [Theorem 4.3.9)
and [Theorem 4.2.121 0
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Applications to rational equivalence of algebraic cycles

We can extract information from our last few proofs to reinterpret rational
equivalence in terms of rational curves on the Chow scheme. We will need the
following lemma:

Lemma 6.3.28. Let f : X — Y be a morphism of proper non-singular curves
over a perfect field k. If the induced extension of function fields k(Y') C k(X)
is purely inseparable, then there is a unique isomorphism Y = X such that f is

the n-fold Frobenius of X/k.
Proof. This is readily deduced from [Stacks, Tag 0CCZ|. O

Recall that if i : X — P% is a closed embedding then we have from
a morphism ®4 : Cycl? ((X,)/5,7),; = Lprop(Cra((X,1)/5))
which is a bijection on k-points of S whenever k is a perfect field. The following
proposition is a generalization of [Sam56, Thm.3|.

Proposition 6.3.29. Let k be a perfect field and i : X — P} a closed embedding.
Then a cycle Z € Cycl(X,r) is rationally equivalent to zero if and only if there
is a positive integer d and a rational curve f : P} — C,4((X,4)/ Spec(k)) on
Cra((X,14)/ Spec(k)) such that

Z =¢c(f(0)) — c(f(0)),

where c(f(y)) denotes the inverse image of the restriction of f to the k-point
y € P} with respect to the map ®4(Spec(k)).

Proof. For necessity note that if Z is rationally equivalent to zero then by
definition there is a relative r-cycle W € Cyclzﬁ((X, i)/ Spec(k), 7)., (P}) such
that

Z = cycl(to) W) — cycl(too)(W).

By [Corollary 4.3.14] it follows that there is a finite purely inseparable field
extension L of k(t) such that if 7' denotes the normalization of P}, in L we have
a morphism f: T — C, 4((X,7)/Spec(k)) whose class represents ®4(W). By
it follows easily that f is a rational curve on C; 4((X, 1)/ Spec(k))
such that ¢(f(0)) = cycl(to)(W) and ¢(f(o0)) = cycl(teo)(W) which proves
necessity.

For sufficiency suppose that f : Pi — C.4((X,)/Spec(k)) is a rational
curve on C4((X,4)/ Spec(k)). Let t : Spec(k(t)F*") — Spec(k(t)) — P}, be
the obvious morphism and let W' € Cyclgﬁ((X, i)/ Spec(k), r)UI(Spec(k(t)P”f))
be the cycle that ®4 maps to fot. By [Lemma 6.3.19 we have a surjective proper
morphism 7 : 7 — P} from an integral scheme T with k(t) C k(T) C k(t)Ferf
and a relative cycle W € Cyclzﬁ((X, i)/ Spec(k),r),;;(T) such that W pulls
back to W'. Furthermore the field extension k(7")/k(t) is finitely generated
thus (using Nullstellensatz) it is finite and purely inseparable. Furthermore
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after possibly normalizing T" we can assume that it is a non-singular proper
curve and moreover by we may even assume that it is the pro-
jective line over k. It is clear that ®4(7")(W) coincides with the image of fom
in Lyrop(X/ Spec(k))(P:) and moreover the cycle cycl(tg)(W) corresponds to
fomoty = foty and similarly cycl(ts ) (W) corresponds to f ot which proves
sufficiency. O

Remark 6.3.30. By essentially replacing the projective line with any smooth
algebraic curve in [Definition 2.5.16| we get the definition of algebraic equivalence.
One can then prove an analogue of [Proposition 6.3.29|for the notion of algebraic
equivalence by considering all the connected components of the Chow scheme
and then requiring the cycles involved to correspond to points lying in the same
connected component of the Chow scheme.

6.4 The Chow monoid

The Chow monoid

Recall from [Section 6.2 that for a Noetherian scheme S and a natural number
r, addition of the equi-multi-degree hypersurfaces on G = ((P%)")" ! gives us
maps

ﬁdl’d2 : H@yﬂ >§ Hdl’ﬂ — HM@

giving rise to the commutative graded monoid object
Hyp o= [ [ Hans B Hrp X Hyp = Hypo.
d>0 S

Now for a given closed embedding ¢ : X — P'§ and natural numbers dy, ds € Nif

we restrict the map 8% to the closed subscheme C;. 4, ((X,)/S) X5 Cr.4,((X, S)/5)
then by(Observation 6.3.18|this map must necessarily factor through C,. (4, +4,)((X,4)/5).
Hence we have maps

pB®2 2 O ((X,1)/S) X Cray (X, 8)/8) = Cr(ar+an) (X, )/S)  (64.1)

giving rise to the commutative graded monoid object (Construction E.2.3)).

Cr((X,0)/8) =[] Cral(X,1)/S), p: Cr((X,D)/S) X Gr((X,1)/8) = G ((X,1)/8)
d>0

(6.4.2)

Moreover since each graded piece of the scheme C,((X,7)/S) is a a closed

subscheme of the respective graded piece of H,,, we have that C,((X,4)/S5) is
a closed subscheme of Hi,, such that the following diagram commutes

Cr((X,4)/S) xs Cr((X,4)/S) —— H,, xsH,

l s

Cr((X,4)/5) « Hy .

)
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We shall call the (graded) commutative monoid object C,((X,7)/S) the
Chow monoid of r-dimensional relative cycles with respect to i.

Remark 6.4.1. If the scheme S is Nagata then according to [Kol96, Ch. I,
Thm. 4.13] the presheaf Cyclgﬁ ((X,4)/8S,7),;; considered as a presheaf on the
category of semi-normal Noetherian Nagata schemes is coarsely represented by
the semi-normalization of C; 4((X,¢)/S) which we denote by (C; 4((X,1)/S5))*".
Furthermore one easily sees that the canonical map

[T Cyeld (X.4)/S.7)yy; = CyelF (X/S.7)us
d>0

is Zariski-locally an isomorphism and so is the map

H h(cr,d((XaZ)/S))sn - thZO(CT,d((Xzi)/S)Sn)'
d>0

One can use the universal property of sheafification (with respect to the Zariski
topology) to see that the scheme

[T (Cral(x.i)/5)™)

d>0

coarsely represents Cycl®//(X/S,r)yr. This shows that the seminormalization
of the Chow monoid C,((X,d)/S) is at least as a scheme independent of how
X is embedded in P§.

h-representability in terms of Chow monoids

We will shortly show that if X is a scheme of finite type over the Noetherian
scheme S then the presheaf Cycl®/ (X/S,r)y; is after h-sheafification isomor-
phic to the h-sheafification of a locally Noetherian scheme provided that the
morphism X — S factors as X — P& — S where i is a closed embedding. Fix
now such an embedding 7 : X — PG and note that addition of relative effective
cycles gives us maps

s Cyelifl (X,4)/S,7) < Cyelifl (X,4)/S,7),, = Cyel L ) (X 9)/Sr)

From [Corollary 6.3.23] it follows that the following diagram is commutative

Cyeld ((X,1)/8,7),,, % CyelT (X,0)/5,7), 2L (Cray ((X,1)/S)) X L(Cra (X, )/)

l,ydl g l

e . P ) .
Cydld L, (X, 0)/8,7) e Li(Cr(dya) (X, 1) /)

1
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where the rightmost vertical arrow is the morphism induced from p®-%. Apply-
ing sheafification and using [Construction E.2.3| we obtain isomorphic monoid
objects in the category of h-sheaves

C*((X,4)/8,r) = [T (Cyadd (X,i)/S, )y = ] Ln(Cra((X,1)/S)).
d>0 d>0

(6.4.3)
Furthermore the canonical inclusion maps Cyclgﬁ (X,4)/S,7) — Cycl (X/S,r)ur
induce morphisms of sheaves

[T (Cyeld? (X,i)/S,7) )0 = (Cyel (X/S.7)ur)n (6.4.4)
d>0

which one readily checks is in fact a morphism of commutative monoid objects
in the category of h-sheaves on Noetherian schemes over S, in other words the
following diagram commutes

C*((X,i)/S,r) x C*((X,i)/S, 1) —— (Cyc*¥(X/S,r)u1)n x (Cycl®¥ (X/S,r)ur)n

! |

C'((X,i)/S,’I“) (CyCleﬂ(X/S7T)UI)h-

Moreover we claim that the morphism given in (6.4.4)) is an isomorphism.
Indeed this map can be described as the following composition

[T(Cyed? (x,3)/8,7)yn = (J] Cyedd (X,1)/S,7)yp)n = (CyelT (X/S,r)ur)n
d>0 d>0

where the first map is an isomorphism since sheafification commutes with
coproducts and from [Proposition 6.1.12]it follows easily that the second map is
also an isomorphism. Finally we have a canonical map

[T La(Cral(X,1)/9)) = Lu(Cr((X,4)/5)) (6.4.5)

d>0

which one readily checks is a morphism of commutative monoid objects and in
fact an isomorphism since the morphism

I 7e,aicxazs) = hevxays)
d>0

is clearly Zariski-locally an isomorphism thus also locally an isomorphism with

respect to the h topology. By combining the isomorphism of (6.4.3)), (6.4.4))
and (6.4.5)) we obtain the following theorem:

Theorem 6.4.2. Let S be a Noetherian scheme and i : X — P§ be a closed
embedding. Then the h-sheaves (Cycl® (X/S,7)y1)n and Ly(Cr((X,4)/S)) are
isomorphic as h-sheaves of monoids.
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6.5 Q. -representability of relative cycles

In the previous section we saw that after sheafification in the h-topology we
can (under reasonable assumptions) relate effective relative cycles to the sheaf
represented by Cr((X,7)/S). Using this allows us to show that if
we instead restrict ourselves to the category of seminormal Noetherian schemes
over S and extend scalars, then we do not have to sheafify to understand
relative cycles in terms of the Chow monoid.

Lemma 6.5.1. Let X — S be a scheme of finite type over a Noetherian scheme
S. Then for any Grothendieck topology t coarser than the h-topology the induced
map of presheaves

(PropCycl®¥ (X /S, V1) @n Qp — PropCycl® (X/85, r)o, (6.5.1)
s an isomorphism.

Proof. Since sheafification and localization preserves monomorphisms the in-
duced map (PropCycl®/ (X/S,r)ur)n @n Q4 — PropCycl® (X/S,r)g, is a
monomorphism. The fact that it is also an epimorphism follows easily from
[Proposition 2.3.27] O

Remark 6.5.2. Similarly if A is a sub semiring of Q4 containing the inverse
of every element of exp. char(S) the map

(PropCycl (X/S,r)u1)t @n A — PropCyc ™ (X/S, )y @n A
is an isomorphism.

Theorem 6.5.3. Let S be a Noetherian scheme and i : X — P§ a closed
embedding and let Cy((X,1)/S) denote the Chow monoid given in (6.4.2).
Then after restricting the presheaves PropCycl®f (X/S,r)q, and he,((x,4)/9)
to the category of seminormal Noetherian schemes over S we have a natural
transformation

PropCycl? (X/S,r)q, — he,((x./s) ®n Qs

which is an isomorphism of presheaves of monoids.

Proof. By [Lemma 6.5.1] and [Theorem 6.4.2] we have an isomorphism

PropCyc ¥ (X/S,r)g, = Ly(Cr((X,1)/5)) @y Q4 (6.5.2)
hence it is enough to prove that the natural map
he,((x,)s) ®n Qp — Lp(Cr((X,14)/5)) ®n Q4 (6.5.3)
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is an isomorphism. Letting H,, be the commutative monoid of (6.2.13) we
have a commutative diagram

he,((x,0)/8) 8 Qr —— Lp(Cr((X,4)/5)) ®n Q+

| !

hi,,,, ON Qp ———— Ly (Hirn) @8 Q4

As closed embeddings are monomorphisms in the category of schemes and the
Yoneda embedding, the sheafification functor and localization of semi-modules
all preserve monomorphisms it follows that the vertical arrows in our diagram
are monomorphisms. Furthermore by [['heorem 5.0.1| the lower horizontal
morphism is an isomorphism and from the commutativity of the following
diagram

Cr((X,4)/S)/S ——— H,
S
(Cr((X,1)/5) /) —— (Hnn)d

o s

Cr((Xv Z)/S) D — Hr,m

where d is any positive integer, we now easily deduce that the map given in

(6.5.3) is an isomorphism. O

Remark 6.5.4. From [Remark 5.3.1] and [Remark 6.5.21 we see that [Theol

remains true after replacing Q with any subsemi-ring A containing
the inverse of every element of Exp. Char(S).

Remark 6.5.5. In characteristic zero there are other presheaves of cycles
which are representable. For example in the complex analytic setup Barlet
defines in [Bar75| a presheaf F'§ on the category of complex reduced spaces.
Here X is a complex space and the functor F'y associates to each S the set of
of analytic families of n-cycles of X parametrised by S ([KP96, Def.2.5]). It is
proved in [Bar75| that the functor F'Y is representable by a reduced complex
space B,,. Moreover If X is a projective variety over the complex numbers,
then the analytification of the classical Chow variety of n-cycles coincides with
B, (|JKP96, Prop.2.8]).

More algebraically if Sy is an affine scheme of characteristic zero and X — S
is a smooth morphism. Then Angéniol defines in [Ang81| a presheaf C% /50
on the category of schemes over Sy whose sections may be interpreted as
families of cycles of codimension p. It is proved in op.cit. that this presheaf
is representable by an algebraic space (|[Ang81, Thm. 5.2.1]) which in the
complex setup essentially coincides with Barlet’s space after reduction (see
[Ang81, Thm. 6.1.1] for the precise statement).
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Note that it is not necessary to restrict oneself to the category of semi-
normal schemes for the presheaves of cycles due to Barlet and Angéniol to
be representable. However this does not suggest that the seminormality as-
sumption in [Theorem 6.5.3| can be dropped. Indeed the presheaves F§ and
c% s, are not defined in terms of Definition 2.1.11L and their definitions are in
fact arguably more complicated. Furthermore [Iheorem 3.2.9| [Corollary 3.2.8|
[Theorem 4.3.9] and [Example 7.2.3] all advocate the reduction to seminormal
schemes. Restricting our presheaves to seminormal schemes has the advantage
that we can use methods arising from the study of the h-topology, but it also
has the disadvantage that there are interesting schemes such as the spectrum
of the dual-numbers which becomes no different to the spectrum of a field in
this setting.

6.6 An overview of the literature

In this chapter we provided a self-contained construction of the Chow schemes,
which we did to a large extent by combining ideas from [SV00| and |[Kol96|. The
following table explains how several of the statements of this chapter compare
to those found in the literature:

Comparison table
Statement Reference(s) Statement Proof
compari-
son

IProposition 6.1.12§  [SV00,  Prop. Identical Expands
143

Lemma 6.1.15 [SV00, p.78] Extends Added

Proposition 6.2.11§  [SV00, Prop. Similar Expands
3.4.8]

Lemma 6.3.2 [SV00, Lemma Identical Added
4.4.12]

Lemma 6.3.5 |[Kol96, Ch. I, Similar Expands
M.Lem.3.23.1.2]

|Proposition 6.3.8| |Kol96), Similar Expands
Ch.I,Prop.3.24.4]

IProposition 6.3.20f  [Kol96, Identical Different
Claim.3.25.1]

[Theorem 6.3.25) [SV00, Similar Incorporates simi-
Cor.4.4.13] lar ideas, but far

from identical

|C0rollary 6.3.27| |[Kol96, Ch. I, Similar Different

Thm. 3.21]
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Chapter 7

Relative zero cycles via
symmetric powers

In this final chapter we prove the second main Theorem of the thesis. Just as
in the higher dimensional case considered in the previous chapter this is done
in two steps: first prove representability in a suitable Grothendieck topology
then extend scalars and apply to conclude. The first step can
again be divided into two parts: first prove that after sheafification in the ¢fh
topology the sheaf of effective relative zero cycles on X /S becomes isomorphic
to the sheaf freely generated by X/S, and then prove that the latter sheaf
is again isomorphic to Lgs,(Sym®(X/S)). Thus in the first section of the
chapter we will deal with the first step where we follow [SVO00| for the first
needed isomorphism and [Voe96| for the second. Then in the second and final
section we put everything together to obtain the final main Theorem. The
final Proposition of the chapter tells us how our theorem relates to the use of
symmetrization as considered in [SV96| and [Harl16].

7.1 Freely generated representable sheaves

For an S-scheme X let N(X/S) denote the presheaf given by 7' — N(Homg (7', X)),
where N(Homg (T, X)) is the free abelian monoid generated by the set Homg(T', X).
We call this the presheaf of abelian monoids freely generated by hx and denote
its sheafification with respect to a Grothendieck topology ¢t by N;(X/S). In
an analogous manner one can also define the presheaf of abelian groups freely
generated by hx which we denote by Z(X/S).

The following theorem is [SV00, Theorem 4.2.12]. The proof that we shall
give is essentially the same as in loc. cit. the only difference being that we take
a little more care when dealing with non-reduced schemes.

Theorem 7.1.1. Let X — S be a scheme of finite type over a Noetherian
scheme S. Then one has:
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1. The sheaf (PropCycl(X/S,0)ur1)qsn s canonically isomorphic to the qfh-
sheaf Zqsn(X/S) of abelian groups freely generated by the sheaf of sets
representable by X.

2. The sheaf (PropCyclf (X/S,0)1)qfn is canonically isomorphic to the
qfh-sheaf Ny (X/S) of commutative monoids freely generated by the
presheaf of sets represented by X.

Proof. We will only prove the second statement. Note first that we have a
canonical morphism N(X,.q/S) — N(X/S) which is clearly gfh-locally an
isomorphism. Consider now the closed embedding X,eq — X,eq Xg X such
that the composition with the projection onto X,.q gives identity and onto
the second factor gives the canonical map X,eq — X. One then has that
6 :=cycly, , xqx(Xred) € PropCycl®f (X/S,0)r71(Xred), which gives us a map
hx, ../s = PropCycl® (X/S,0)y 7, which again induces a unique morphism

V : N(X;eq/S) — PropCycl® (X/S,0)y7. (7.1.1)

We will show that this is a g fh-local isomorphism. Note that if f: T — Xieq
is a morphism from a reduced scheme 7' then V(f) = cycly, . x(I'y) where I'y
denotes the graph of f. Since the irreducible components of a scheme form
a qfh-covering one then easily sees that V is ¢fh-locally a monomorphism.
To show that it is ¢ fh-locally an epimorphism it is enough to show that if T’
is an integral scheme over S and Z € PropCycl®/ (X/S,0)y(T) then there
is an gfh-covering p : 7" — T such that cycl(p)(Z) is in the image of V(1”).
If Z = > a;cycl(Z;) with Z; integral schemes, then we will use induction
on the number N = deg(Z/T) := > a;deg(Z;/T), where deg(Z;/T) is the
degree of the field extension of function fields. Note that if N = 0 there
is nothing to prove. For the inductive step it is sufficient to show that if
p: Z1 — supp(Z) — T is the map induced by Z, then there exists a cycle
Z, € PropCycl® (X/S,0)7(Z;1) which is in the image of V and such that

deg(cycl(p)(Z) — Z1) < N.
Note that the cycle cycl(p)(Z) is of the form

Z n; Z(mg cyclz, xs x(Wi))

where W;; are the irreducible components of the schemes Z; xr Z;. By
[Lemma A.2.1] and [Example A.1.4] we easily see that

Z mj deg(Wi,j/Zl) = deg(Zi/T) (7.1.2)

thus

> “nimy deg(Wi ;/Z1) = deg(Z/T). (7.1.3)
Let W11 be the irreducible component of Z1 x7 Z; which is the image of the di-
agonal embedding Z; — Z; x7 Z1. Then cycl(W; 1) € PropCycl® (X/S,0)y1(Z1)
hence we may set Z; = nymy cycl(Wh ). O
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Recall that we use Sym®(X/.S) to denote the monoid object [],,~, Sym™(X/S).
The following Proposition is essentially [Voe96, Proposition.3.3.6]. The proof
that we shall give is a little different from Voevodsky’s, yet the central idea is
the same.

Proposition 7.1.2. Let X — S be a scheme of finite type over a Noetherian
scheme S. Suppose in addition that X/S is flat and AF. Let

v N(X/S) — hSym‘(X/S) (714)

be the morphism from the presheaf of abelian monoids freely generated by hx
induced by

(f:T—X)—iy0f (7.1.5)
where i1 : X = Sym!(X/S) — Sym®*(X/S) denotes the canonical inclusion.

Then ¥ induces an isomorphism of the associated qfh-sheaves on the category
of Noetherian S-schemes

(W)grn : Nggn(X/S) = Lggn(Sym*(X/S5)) (7.1.6)

from the qfh-sheaf of commutative monoids freely generated by the presheaf of
sets representable by X to the qfh-sheaf associated to the presheaf represented
by Sym®(X/S).

Proof. We first produce an isomorphism in the other direction and prove that
(¥)q¢n, must necessarily be its inverse.

For a given d € N let ¢ : (X/S)? — Sym?(X/S) be the quotient map.
Letting pr; : (X/S)? — X denote the projection to the i’th factor we have that
the element ?:1 pri € N(X/S)((X/S)?) is obviously £, invariant. Thus by
w%lere exists a unique element uy € Ny pp,(X/S)(Sym?(X/S)) such
that .

qa"(ua) = (Y pri)* € Nogn(X/S)((X/5)"). (7.1.7)

i=1
Now for a Noetherian scheme T over S and a morphism f : T — Sym®(X/S),

we let for each d € N, f; € Homg(f~(Sym?(X/S)), Sym?(X/S)) be the map
induced from restricting the morphism f. Note then that the sections

fiua € Nogn(X/S)(f 1 (Sym?(X/5)))

glue to give an element ©(f) € N7, (X/S)(T). It is readily checked that this
gives a natural transformation of presheaves of sets. We now claim that

O : hgyme(x/s) = Ngsn(X/S)

is in fact a natural transformation of presheaves of commutative monoids. For

f,9 € hsyme(x/5)(T) check that ©(T)(f) +O(T)(g9) = O(T)(f + g). We may
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clearly assume 7' to be connected and that there exist numbers d, e € N such
that
FH(Sym?(X/S)) = g7 (Sym®(X/S5)) = T.

We can then consider the pullback diagram

Pd,e

T ><Symd(X/S) Xg Syme(X/S)(X/S>d XS(X/S)e —_— (X/S)d XS(X/S)e

lPT JQd XS e

b faxsge Sym?(X/S) x g Sym®(X/S)

Letting

pa: (X/8)? X(X/8)" = (X/8)%;
pe : (X/5)" X(X/8)" = (X/8)°
denote the two projections and

i (X/8)? X(X/8)" = (Xx/8)t*e

the isomorphism given by [Convention 1.6.15] we have the following equalities:

d
pr(fiua) = pyepiaiva = phepi(Y_ pri)%; (7.1.8)
i=1
e
Pr(giue) = ph o pidiue = pipi(d_pri)% (7.1.9)
j=1
d+e
pr(fa+ ge) are = 0 i* (D pri). (7.1.10)
=1
Hence we have
pr(fiua+ giue) = pr(fa+ ge) e (7.1.11)
thus since pr is a ¢fh-covering we conclude that O(T)(f + g) = O(T)(f) +

o(T)(g)-

We now claim that © is gfh-locally an isomorphism. Note that for any
morphism f : T — X we can compose with the open embedding X —
Sym®(X/S) to obtain a map g : T'— Sym®(X/S) such that g; = f, hence

O(T)(g) = [f1* € Nggn(X/S)(T).

Since © is a homomorphism of presheaves of monoids we now easily conclude
that © is necessarily a qfh-local epimorphism.
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Suppose now that f, g € hgyme(x/s)(T) satisfy

o(T)(f) = 6(T)(9)-

We want to prove that there exists a qfh-covering p; : T; — T such that
fop; =gop; for all ©. Clearly we may again assume T to be connected and
that there exist numbers d, e € N such that

T = ;N (Sym’(X/S)) = g~ (Sym"(X/S)).

Consider the two following g fh-coverings:

figa:T x (X/9)¢—T; (7.1.12)
Sym?(X/S)

9eqe: T (X/S)e = T. (7.1.13)
Sym*(X/5)

We can find a common refinement of both these coverings say {7y : To, = T }aca
with T-morphisms

ro:To =T x (X/8)%; (7.1.14)
Sym?(X/S)
sa:To—=T x (X/9)° (7.1.15)
Sym®(X/S)
Letting
pa:T  x  (X/9)T— (X/9)¢; (7.1.16)
Sym?(X/S)
pe:T x (X/S)¢ — (X/S)° (7.1.17)
Syme(X/S)

denote the projections, we may then suppose that we have the equality

d e
ZPT’z‘Odem:Zm O Pe © Sa (7.1.18)
i=1 j=1

for every a € A. From this we easily see that we must have d = e and if we set
T =pgory and y = p. 0 S, then by the universal property of fibre products,
we easily see that there is some o € ¥, such that x = p(o) o y, where p(o) is
the automorphism of (X/S)¢ induced by o. Hence we must have

gaox=qqoy: T, — Sym?(X/S) (7.1.19)
from which we conclude that
faoma = geoma (7.1.20)
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for every o € A which proves that © is also ¢ fh-locally a monomorphism. This
proves that the induced morphism

(©)arn : Lagn(Sym* (X/S)) = Nygi(X/S) (7.1.21)

is an isomorphism.

It now remains to prove that the composition (¥),sn o (©)gfn is the
identity as this implies that (¥), s, must be the inverse of the isomorphism
(©)qsn- To this extent note that if 7" is any Noetherian S-scheme with generic
points m1,...,n, € T and ki, ..., k, are algebraic closures of the residue fields
kE(m),...,k(n,) then the map

Losn(Sym* (X/8))(T) = [ [ Lasn(Sym*(X/))(Spec(k:))
i=1

is injective (this is easily deduced from [Theorem 4.3.9)). Hence it is enough to

show that the composition (¥),¢p © (©)4fh coincides with the identity on the
spectrum of an algebraically closed field. To this extent let k be an algebraically
closed field and f be a morphism

£ : Spec(k) — Sym?(X/S) 4 Sym®(X/S)

where 44 : Sym?(X/S) — Sym®(X/S) is the canonical inclusion. Since the
quotient map ¢g : (X/S)% — Sym?(X/S) is finite there is a map

fi: Spec(k) — (X/9) (7.1.22)

such that we have
f=iaoqao fy (7.1.23)

Thus by construction we have

d
(©)qsn(Spec(k))(f) =D (prio f}) (7.1.24)
=1
and from [Remark 1.6.17 we see that
d
(©)gsn(Spec(k) (O (prio f3)) = f. (7.1.25)
=1

This completes the proof.
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Reinterpreting rational equivalence of zero cycles

In we gave a modern proof of the fact that rational equivalence
of cycles can be understood by means of rational curves on the Chow scheme.
We are now almost ready to state and prove the analogue for zero cycles and
symmetric powers.

Lemma 7.1.3. Let Spec(k) — S be a morphism from a perfect field. Then the
sheafification at Spec(k)

PropCycl(X/S,r)ur(Spec(k)) = (PropCycl(X/S,7)ur)qsn(Spec(k))
18 an isomorphism.

Proof. Recall that every quasi-finite morphism to the spectrum of a field is
necessarily a finite morphism. Since every field extension of a perfect field is

separable the claim follows now easily from [Lemma 2.3.21} O

For a flat AF-scheme X /S we have by [Theorem 7.1.1| and [Proposition 7.1.2|
an isomorphism

= (PI‘OprCl(X/S, O)UI)qfh — quh(Sym'(X/S))

where both PropCycl(X/S,0)ys and hgyme(x/s) take the same values as their
sheafifications at k-points of S where k is a perfect field. The following
Proposition is a generalization of |[Ful98, Example 1.6.3].

Proposition 7.1.4. Let k be a perfect field and X — Spec(k) a finite type mor-
phism such that X is AF. Then a zero cycle Z € Cycl(X,0) is rationally equiv-
alent to zero if and only if there is a rational curve f : Pt — Sym®(X/ Spec(k))
such that

Z = ¢(f(0)) — ¢(f(c0))

where ¢(f(y)) is the cycle on X corresponding to the k-point f(y) on Sym®(X/ Spec(k))
fory € Pi(k).

Proof. This is proved mutatis mutandis as [Proposition 6.3.29| ]

Remark 7.1.5. [Proposition 7.1.4|is inspired by V. Guletskii’s (unpublished)
proof in the characteristic zero case.

7.2 Relative zero cycles in terms of the monoid of
symmetric powers

Theorem 7.2.1. Let X — S be a flat finite type morphism to a Noetherian
scheme S such that X/S is AF (Definition 1.5.20). Then after restrcting the
presheaves of monoids hgymse(x/s) and PropCycl®/ (X/S,0)q, to the category
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of Noetherian seminormal schemes over S we get an isomorphism of presheaves
of monoids:
PI‘OprCleﬁ (X/S, 0)Q+ — hSym'(X/S) XN Q+ (721)

Proof. By [Lemma 6.5.1] [T’heorem 7.1.1| and [Proposition 7.1.2| we always have
the following isomorphisms

PropCycl (X/S,0)q, = Nysn(X/S) @n Q = Lygn(Sym*(X/S)) @y Qs
(7.2.2)
and after restricting ourselves to the category of Noetherian seminormal schemes
over S we obtain by [Proposition 1.6.19] and [Theorem 5.0.1] an isomorphism of
monoids

hsyme(x/5) @N Q1 — Lgpn(Sym®(X/S)) @n Q+
which completes the proof. ]

Remark 7.2.2. From [Remark 5.3.1] and [Remark 6.5.2] we see that [Theol
remains true after replacing Q, with any subsemi-ring A containing
the inverse of every element of Exp. Char(S5).

Example 7.2.3. Let S be a Noetherian scheme of characteristic zero, and
consider the maps

V : N(X;ed/S) — PropCycl (X/S,0)ur ;
W : N(X/S) = hsyme(x/9)

From ([7.1.1]) and ([7.1.4]) respectively. These maps are g fh-locally isomorphisms
hence by [Corollary 3.2.8| and [Theorem 4.3.9| it follows that if the scheme S is

seminormal then we have an isomorphism

Q(S) : PropCycl™f (X/S,0)01(S) = hsyme(x/s)(S). (7.2.3)

Suppose in addition that the seminormal scheme S is integral. For a proper
relative zero cycle Z = >, a; cycl(Z;) € PropCycl® (X/S,0)y(S) where Z;
are integral closed subschemes of X set d = d(2) := ) a;[k(Z;) : k(S)]. We
claim that the map ©Q(S)(Z) : S — Sym®(X/S) factors through the inclusion

iq: Sym%(X/S) — Sym®(X/S).

Indeed it is enough to show that if K is an algebraic closure of k(S) and
t : Spec(K) — S is the obvious map, then the map Q(S)(Z) ot factors
through i4. From [Proposition 1.7.9|it follows that d(cycl(t)(Z)) = d hence
we can reduce to the case where S is an algebraically closed field, but then
the claim follows easily from the construction of the maps V and ¥. In
particular if there exists a cycle Z such that d(Z) = 1 then there exists a
section of the map X — S. The necessity of such a section strongly motivates
the restriction to seminormal schemes in [Theorem 7.2.7l Indeed consider for
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instance the cusp C = V(y? — 23) C A} where k is a field of characteristic 0.
The seminormalization of this scheme is the normalization X = A}C — C, and
the scheme C' is geometrically unibranched. Thus the generic point nn € X is
an element of PropCycl®f (X/C,0)y7(C), but the morphism X — C has no
sections.

Proposition 7.2.4. Let X — S be a flat finite type morphism to a Noetherian
scheme S such that X/S is AF. Let A be any sub semi-ring of Q4+ such
Exp. Char(S) C AXD Let

T : hgyme(x/s) @8 A — Proprcleﬁ(X/S, 0)ur ®n A

be the following compositions of isomorphisms (Theorem 7.2.1|, [Remark 7.2.3)

hsyme(x/5) @N A —= Nypp(X/S) @n A — PropCycl™ (X/S,0)y1 @n A.

Then for any normal Noetherian scheme T over S the inverse of Y(T') is given
by symmetrization as in [Harl6, Definition 3.7.1].

Proof. Let f : Spec(k) — Sym?(X/S) 4 Sym®(X/S), where i4 denotes the
inclusion Sym?(X/S) — Sym®(X/S) be a morphism from an algebraically
closed field k. From the construction of T we see that

d
T(Spec(k))(f) = Z CyClSpec(k) XSX(Fpmof(/i)a (724)
i=1
where f} : Spec(k) — (X/S)? is any map such that we have f; = gg o
f4, where g4 denotes the quotient (X/S)? — Sym?(X/S). Setting a; :=
cyClspec(k) x5 x Lpriofy ), we easily see that the symmetrization of a; which we
denote by sym(c;) is exactly the morphism 41 o pr; o f;. Thus we have

d

sym(Y(Spec(k))(f) =D _sym(as) =Y (iopriofg)=f.  (7.2.5)

1=1 7

This proves the Proposition in the special case where T is an algebraically
closed field. For the general case note that if {7;}?" ; are the generic points of a
normal Noetherian scheme T and we let k; be algebraic closures of the residue
fields k(7;) then we have a commutative diagram

Y(T)

hsyme (x/5) @n A(T) s PropCycl® (X/S,0)yr @n A(T)

| !

[Ti2 1 hsyme(x/s) ©n A(Spec(k;)) —— T1 PropCycl®f (X/S,0) 1 @n A(Spec(k;)).

'For a semi-ring A we let AX denote the units of A.
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where the lower horizontal map is [[ T(Spec(k;)). Since both the vertical
arrows are inclusions and symmetrization also commutes with pullbacks (|Har16)
Proposition 3.6.6]) we conclude the proof. O

Remark 7.2.5. [Proposition 7.2.4] gives another reason why the functors from
Theorems 3.7.5, 3.7.7 and 3.7.8 of |[Har16| are full (see Remark 3.7.11 of op cit).
Furthermore our proposition taken together with [Proposition 2.5.13| also shows

that Theorem 6.8 of [SV96] is a special case/restriction of [Theorem 7.2.1
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Epilogue

The author would like to list some open questions related to the material we
have seen in this thesis.

1. Tt is known that semi and weak normality are both stable under smooth
base change. The case of weak normality can be deduced from Man-
aresi’s description of the weak normalization (see [Man80]), while for
seminormality the proof is rather different as it uses Traverso’s gluings
(see [GT80]). Is it possible to prove an analogous result for (B/A), as
defined in

2. It was already asked in [AB69] if the seminormalization of a Noetherian
scheme is necessarily Noetherian. As far as we are aware this question
remains open to this day. If this could be answered affirmatively then
the results of this thesis requiring seminormality would be somewhat
strengthened as this would mean that seminormalization induces an
endofunctor on the category of Noetherian schemes.

3. Are there interesting cases of morphisms X — S and dimension functions
on S such that Suslin-Voevodsky’s relative cycles on X/S of dimension r
are exactly the cycles on X/S with d-dimension r as defined in [Stacks],

Tag 02QQ|?

4. If the answer to the previous question is affirmative, is it then possible to
generalize [Proposition 7.1.4[ and/or [Proposition 6.3.29| to the setting of
rational equivalence given in [Stacks, Tag 02RW]|, |Stacks, Tag 02S3|?

5. Is it possible to say anything about the locus of points on S where a
relative cycle on X/S becomes rationally equivalent to zero?
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Appendix A

The length of a module

A.1 Definition and basic properties

Definition A.1.1. Let M be an A-module. A chain of submodules of a module
M is a sequence (M;)o<i<pn of submodules of M such that

M=MyDM >...0M,=0

The length of the chain is n.

A composition series of M is a maximal chain, that is one in which no extra
submodules can be inserted or equivalently that each quotient M;_;/M; has no
submodules except 0 and itself which again is equivalent to M;_1/M; = A/m
where m; is some maximal ideal of A.

Proposition A.1.2 (JAM69, Proposition 6.7]). Suppose that M has a compo-
sition series of length n. Then every composition series of M has length n, and
every chain in M can be extended to a composition series.

Definition A.1.3. If the A module M has a composition series of length n
we say that the length of the A-module M is n and denote this by

length (M) =n

Example A.1.4 (JAM69, Prop.6.10]). For a finite dimensional k-vector space
V' we have length, (V') = dimg (V).

Example A.1.5. Let A be a DVR with uniformizer m and valuation v . For
any nonzero a € A, consider the A-module M = A/(a). The sub A-modules of
M are the ideals of A/(a) which correspond to the ideals of A containing a. The
ideals of A are ideals of the form (7%), with i € N, and we have (7)) = (a),
hence

M = Af(a) 2 (MA/(@) 2 ... 2 (PO ) A/ (@) 2 (@) A/ (a) = 0

=

is a composition series of M, thus length 4 (M) = val(a).
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Proposition A.1.6 (JAM69, Proposition 6.8]). The module M has a composi-
tion series if and only if M satisfies both the ascending and descending chain
conditions.

Corollary A.1.7. Let A be a Noetherian one-dimensional ring. If x € A is
not a zero dwisor, then A/(x) has finite length.

Proof. By Krull’s Hauptidealsatz we have dim A/(x) = 0, thus A is Artinian
and thus satisfies both chain conditions. ]

Proposition A.1.8 (JAMG69, Prop. 6.9]). The lengthlength 4 (M) is an additive
function on the class of all A-modules of finite length.

Corollary A.1.9. Let A be a one dimensional Noetherian ring. If a,b € A
where either a or b is not a zero divisor, then

length 4 (A/(ab)) = length 4(A/(a)) + length 4 (A/(D))
and these lengths are finite.

Proof. The last assertion follows from Corollary [A.1.7] For the first apply
Proposition to the exact sequence

0— A/(a) 3 A/(ab) — A/(b) = 0

Lemma A.1.10. If M has finite length with a composition series
Moy=M>DM 2...2M,=0.
Then
(1) each M;—1/M; = A/m; for some maximal ideal m;,
(2) given a mazimal ideal m C A we have

#{i | mi = m} =length, (Mn).

(3) If p C A is a prime ideal which is not mazimal then length, (M,) = 0.
Hence

length 4 (M) = Z length 4, (M),
p
where the sum is over all the prime ideals of A.
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Proof. For (1): since M;_1/M; is simple we have a maximal ideal m; of A
such that M;_1/M; = A/(m) . For (2) (and (3)): Suppose p C A is any
prime ideal. If we localize the composition series provided in the statement of
this Lemma at p we can start from (Mp), and see if it is equal to (My),. If
so, then we remove (My), from the chain and move our way down the chain
in this fashion removing (M;_1), whenever it coincides with (M;),. In this
way we obtain a composition series of M, as an Ay-module. Note that in the
aforementioned process of making a composition series of M, we kept (M;), if
and only if (M;/M; 1), # 0 which is the case if and only if m; = p. Hence the
result follows and moreover we have also shown that if p is not maximal then
we must necessarily have length 4 (M,) =0. O

Lemma A.1.11. Let A be a ring with mazimal ideal m. Suppose that M is
an A-module with mM = 0, then the length of M as an A-module agrees with
the dimension of M as an A/m vector space. The length is finite if and only if
M s a finitely generated A-module.

Proof. Under the assumptions on M we see that any sub A-module of M is also
a sub A/m-module of M, and so any composition series of M as an A-module
is also a composition series of M as an A/m-module, thus the first assumption
follows. The second follows by picking a basis for M as an A/m-module and
producing the obvious composition series. ]

A.2 Length and homomorphisms

Lemma A.2.1 (|Stacks, Tag 02MO0]). Let A be a local ring with mazimal ideal

m. Let B be a semi-local ring with maximal ideals m;, i = 1,... ,n. Suppose

that A — B is a homomorphism such that each m; lies over m and such that
[k(m;) : k(m)] < 0.

Let M be a B-module of finite length. Then

lengthy (M) = [5(m;) : si(m)] lengthp, (Mw,),

in particular length 4, (M) < oco.
Proof. Let M = My 2 M; 2 ... 2 My = 0 be a composition series for M as

a B-module. We have that Mj,/Mj, 1 = B/mj;y with j(k) € {1,...,n}. Set
di = #{k €{0,...,N} | j(k) =i}, then by additivity of length we have that

=2

length (M) = » length 4 (Mj/Mj1)

(= 11

d; length 4(B/m;) :ZIengtthi (My,) - [k(m;) : k(m)].
1 =1

~.
Il

O]
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Lemma A.2.2. Let A — B be a flat local homomorphism of Artinian local
rings. Then
lengthp(B) = length 4 (A) - lengthg(B/mB)

where m is the mazimal ideal of A.

Proof. Let
A=12hHL2...21,=0

be a composition series of A as a module over itself. Then I;/I;11 = A/m for
each i and since B is flat over A we have

(I;B/1;+1B) = (1;/I;11) ®4 B = B/mB
for each 7. Thus we have a filtration
B=ILWB2>L1B2...20L,B=0
and using that length is additive, we then obtain
lengthp(B) = r - lengthg(B/mB).
O

Lemma A.2.3 (|Stacks, Tag 02M1|). Let A — B be a flat local homomorphism
of local rings. Then for any A-module M we have

length 4 (M) lengthz(B/m4B) = lengthp(M ®4 B).

In particular, if lengthp(B/maB) < oo then M has finite length if and only if
M ®4 B has finite length.

Proof. The ring map A — B is faithfully flat. Hence if 0 = My C My C
... C M, = M is a chain of length n in M, then the corresponding chain 0 =
My®@aB C Mi®aB C ... C M,®4B = M® 4B has length n also. This proves
length 4 (M) = 0o = lengthg(M ®4 B) = co. Next, assume length 4 (M) < oo.
In this case we see that M has a filtration of length ¢ = length 4 (M) whose
quotients are A/my. Arguing as above we see that M ® 4 B has a filtration of
length ¢ whose quotients are isomorphic to B®4 A/my = B/m4B. Thus the
lemma follows. O
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Appendix B

Commutative Semi-Algebra

B.1 Monoids, semi-rings and semi-modules

Definition B.1.1. A monoid is a pair (A, -) where A is a set and - a binary
operation A x A — A satisfying the following two properties:

(Associativity) for all a,b,c € A we have
a-(b-c)=(a-b)-c

(Identity) there exists an element e € A such that a-e =e-a =a for all a € A.

A monoid (4, ) is said to be commutative or abelian if for all a,b € A we have
a-b=">b-a.

Definition B.1.2. A Semz’-ringE] is an algebraic structure (A4, +,-,0, 1) satis-
fying the following properties:

1. (A,+,0) is A a commutative monoid.
2. (A,-,1) is a commutative monoid.

3. a(b+c¢) = ab+ ac for all a,b,c € A.
4. a-0=0for all a € A.

Example B.1.3. The prime example of a semi-ring, and especially in this
thesis, is the natural numbers N together with the usual addition, multiplication,

0 and 1. Another example typical for us is the set of positive rational numbers
denoted Q..

Definition B.1.4. A semi-ring homomorphism from A to B is a function
f: A — B satisfying the following properties:

"We will only be interested in commutative semi-rings in this text, and therefore omit
the adjective "commutative".
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L f(z+y) = f(z) + f(y) and f(zy) = f(x)f(y) for all 2,y € A.
2. f(0)=0and f(1)=1.

Definition B.1.5. Let A be a semi-ring. A semi-module over A, or A-semi-
module for short, is a commutative monoid (M, +,0) together with a function
Ax M — M, called the multiplication of scalar map, satisfying the following
conditions:

1. a(lm+mn)=am+an for alla € A and m,n € M.
2. (a+b)ym =am+ bm for all a,b € A and m € M.
3. (ab)ym = a(bm) for all a,b € A and m € M.

4. Im=mfor allme M

5. 0m =0 for all m € M and a0 = 0 for all a € A.

Definition B.1.6. A homomorphism of semi-modules f : A — B is a homo-
morphism of the underlying commutative monoids such that for all a € A and
m € M we have f(am) = af(m).

B.2 Localization
We introduce localization of semi-rings and semi-modules following [Nas18|.

Definition B.2.1. A multiplicatively closed subset of a semi-ring A is a subset
S containing the multiplicative identity which is closed under multiplication, in
otherwords the action - endows S with the structure of a commutative monoid
(S,-,1).

Furthermore an element a € A is a unit , or invertible , if there exists a
b € A such that ab = 1. Such an element b is clearly unique if it exists and
we call it the inverse of a written b = a~!. More generally if M is an A-semi-
module then a € A is said to be a unit in M if the induced endomorphism of
M given by m — am is an isomorphism.

Definition B.2.2. Let S be a multiplicatively closed subset of a semi-ring A.

A localization of A with respect to S is a semi-ring homomorphism Ag :
A — S~ A such that the image of any s € Sin S~ 'Aisaunitandifp: A — B
is any other semi-ring homomorphism satisfying this property then there exists
a unique semi-ring homomorphism ¢’ : S~'A — B such that ¢ = ¢’ o Ag.

Similarly if M is a semi-module over a semi-ring A then a localization of M
with respect to S is an A-semi-module homomorphism ~g : M — S~'M such
that every s € S is a unit in S™'M and any other such map factors uniquely
through ~s.
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Proposition B.2.3. Let A be a semi-ring, S a multiplicatively closed subset
of A and M an A-semi-module. Then the localization of A (resp. of M) with
respect to S exists.

Proof. We first consider the case of M. Let ~ be the relation on S x M
defined by (s,m) ~ (¢,n) if there exists some u € S such that utm = usn. Set
S™IM := S x M/ ~ and denote the class of (s,m) by m/s € ST'M. Define
addition by

m/s—+n/t = (tm+ sn)/st. (B.2.1)

It is easy to check that this is well defined and gives S™'M the structure of
an A-semi-module by a(m/s) = am/s. Furthermore it is straightforward to
check that every s € S is a unit in S~'M. Let vg : M — S~'M be given by
m — m/1l. If ¢ : M — N is any homomorphism of A-semi-modules where
every element of S is a unit in N then ¢ then letting ¢’ : S~'M — N be given
by taking m/s to the element n in N such that sn = p(m) is easily seen to be a
well defined morphism and we clearly have ¢ = ¢’ oyg. Furthermore uniqueness
of ¢’ is immediate hence we have proved the existence of the localization of M
with respect to S.

The localization of the semi-ring A with respect to S is similar. Indeed
consider first A as a module over itself and localize this module with respect
to S. This gives us an A-module homomorphism vg : A — S~!A given by
a +— a/1. Furthermore we can define multiplication on S~!A as usual:

(a/s) - (b/t) = (ab/st). (B.2.2)

It is a routine exercise to see that (A, +,-,0,1) is a semi-ring and that the
A-module homomorphism g is also a semi-ring homomorphism. Furthermore
if o : A — B is a semi-ring homomorphism taking every s € S to a unit in B
then by considering B as an A-semi-module and from what we have shown the
map ¢’ : ST1A — B given by a/s — ¢(s)7! - ¢(a) is the unique map which ¢
factors through and one checks easily that ¢’ is a semi-ring homomorphism
thus completing the proof. O

Throughout by S™'A4, S~'M will denote the semi-ring and semi-module
constructed in the proof of [Proposition B.2.3| respectively.

Note that the A-semi-module S~'M can be given the structure of an
S~1 A-semi-module by setting

(a/s) - (m/t) = (am/st), (B.2.3)

and if we ever speak of ST1M as an S~! A-semi-module this is the multiplication
of scalar-map we are referring to.

Example B.2.4. Note that the positive rational numbers Q. is the localization
of the semi-ring N with respect to the multiplicatively closed subset N\ {0}.
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Notation B.2.5. For a number n € N we denote by N[1/n] the localization
of N with respect to the multiplicatively closed subset {n'};en.

It is easy to see from the universal property of localization that it is functorial.
For a morphism of A-semi-modules ¢ : M — N we let S~l¢: S™IM — S~IN
denote the canonically induced A-semi-module homomorphism. Furthermore it
is clear that S~y can also be understood as an S~!A-module homomorphism
in a canonical manner.

Lemma B.2.6. Let ¢ : M — N be a homomorphism of semi-modules over
the semi-ring A and S a multiplicatively closed subset of A. The following
assertions hold true:

1. If ¢ is injective then so is the induced map S~ '@ : ST'M — S™IN.

2. If v is an isomorphism (in the category of A-semi-modules) then so is
the induced map S~ .

Proof. For If we have my/s1,ma/sa € M mapping to the same
element in S™'N then we necessarily have

p(m1)/s1 = p(ma)/s2 (B.2.4)

hence there is some ¢t € S such that
tsap(my) = tsip(ma) (B.2.5)
but then by injectivity of ¢ we obtain
t(somy) = t(s1ma2) (B.2.6)

hence mq/s; = ma/sy € STIM.
For It is easy to see that a map of A-semi-modules is an isomor-

phism if and only if the underlying set theoretic map is a bijection. From
it is enough to show that S~'¢ is surjective, but this is obvious. [

Remark B.2.7. As mentioned in the proof of it is obvious
that the Lemma is also true for surjective morphisms. Moreover we also have

that S~!(—) takes monomorphisms (resp. isomorphisms) in the category of
A-semi-modules to monomorphisms (resp. isomorphisms) in the category of
S~! A-semi-modules. Furthermore by considering S~!¢ as a morphism of
semi-modules over A it will be a monomorphism in this category if ¢ is.
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B.3 Tensor product

Definition B.3.1. Let A be a semi-ring and M, N, P semi-modules over A.

A set theoretic map f : M x N — P is said to be A-bilinear if for any m € M
and n € N the two induced maps N — P, M — P given by x — f(m,z) and
y — f(y,n) respectively are both A-semi-module homomorphisms.

Definition B.3.2. Let A be a semi-ring and M, N semi-modules over A. A
tensor produmﬂ of M and N over A is an A-bilinear map M x N — M ® 4N such
that for any A-bilinear map M x N — P there exists a unique A-semi-module
homomorphism M ® 4 N — P making the following diagram commute

MxN —— P

o

l 3 (B.3.1)
M @4 N

Proposition B.3.3. Let A be a semi-ring and M, N semi-modules over A.
Then the tensor product M @4 N ezists.

Proof. We provide the construction given in for instance [Banl3|. Let F' be
the free commutative monoid generated by the set M x N and let ~ be the
congruence relation on F' generated by all pairs of the form

((m+m', ), (m, ) +(m', ), ((my 40, (m, ) +(m, '), ((am, m), (m, an)),

(B.3.2)
m,m’ € M;n,n’ € N;a € A. Set M @4 N := F/ ~ and denote the image of
mxnin M ®4 N by m @ n. The commutative monoid M ®4 N is then an
A-semi-module with

alm®n) = (am) @n =m® (an). (B.3.3)

To see that the canonical map M x N — M ®4 N satisfies the universal
property we refer the reader to [Kat04]. O

One sees immediately from the universal property of the tensor product
that given any A-semi-module N then (—) ®4 N gives an endofunctor on the
category of A-semi-modules.

2 As explained in |[Ban13| there are two non-isomorphic tensor products in the litterature,
both called the tensor product and both written M ® 4 N. The notion defined here is the one
analogous to the standard notion we know from commutative algebra. The tensor product
found in for instance |Gol99| satisfies a different universal property.
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B.4 Extension of scalars

Let M be an A-semi-module and A — B be a semi-ring homomorphism.
Then using the universal property of the tensor product we see that the A-
semi-module M ® 4 B can be given the structure of a B-semi-module given
by

V- (m®b)=m® (b'b). (B.4.1)

We say that this B-semi-module has been obtained from M by extension of
scalars.

If N is a semi-module over a semi-ring B and we have semi-ring homo-
morphism ¢ : A — B then N inherits an A-semi-module structure given by
a-n := p(a)-n. We say then that this A-module was obtained from N by
restriction of scalars. Just as in the case of modules over rings, extension
and restriction of scalars of semi-modules over semi-rings gives an adjunction
|Kat04, Proposition 4.1].

Just as in the case of modules over rings we have that extending scalars of
a semi-module to a localization of the semi-ring is the same as localizing the
semi-module:

Lemma B.4.1. Let A be a semi-ring, S a multiplicatively closed subset of A
and M a semi-module over A. The map

STTA@AM — S™IM (B.4.2)

induced by the bilinear map (a/s) x m +— am/s is an isomorphism of A (and
S~1A) semi-modules. Furthermore it canonically induces a natural isomorphism
between the endofunctors STYA®4 (=) and S~1(-)

Proof. To prove that ST'A®4 M — S~!'M is an isomorphism it is enough
to show that it gives a bijection of underlying sets. Surjectivity is clear, so it
remains to prove injectivity. Note first that if Y (a;/s;) ® m; is an element of
S~ 1A ® M then if we set s = [[s; and t; = H#i s;, we have

> ai/sy@m; = (tiai/s)@m; = Z(l/s)@)(tiaimi) = (1/3)®(Z tiaim;)

% % 7 i
(B.4.3)
hence every element of S™'A®4 M is of the form (a/s) ® m. Now if (a/s) @ m
and (b/t) ® n have the same image in S~'M then we have

am/s =bn/t € STIM (B.4.4)
hence there is some u € S such that
utam = usbn € M. (B.4.5)
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Now we have

(a/s) @ m = (uta/stu) @ m = (1/stu) @ (usbn) = (usb/stu) @ n = (b/t) @ n,
(B.4.6)
showing injectivity. The final statement is now checked straightforwardly. [

Typically in this thesis we only extend scalars from N to a localization of
this semi-ring. |[Lemma B.4.1|and [Lemma B.2.6|tells us that in this case the
extension of scalars functor will preserve monomorphisms.
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Appendix C

Henselian rings and
unibranched schemes

C.1 Henselian rings

In this section we state some standard results concerning Henselian rings and
how any local (Noetherian) ring can be embedded in such a ring. Our main
references are [Mil80| and [Stacks].

Henselian rings

Definition C.1.1 ([Stacks, Tag 04GF]). Let (R, m, ) be a local ring.

1. We say R is Henselian if for every monic f € R[T] and every root ag € k
of f such that f’(ag) # 0 there exists an a € R such that f(a) =0 and
ag = G.

2. We say R is strictly Henselian if R is Henselian and its residue field is
separably algebraically closed.

The following lemma shows that there are many ways to check if a ring is
Henselian;

Lemma C.1.2 (|Stacks, Tag 04GG|). Let (R,m,x) be a local ring. The
following are equivalent

(1) R is Henselian,

(2) for every f € R[T] and every root ag € k of f such that f'(ag) # 0 there
exists an a € R such that f(a) =0 and ay = a,

(3) for any monic f € R[T] and any factorization f = gohg with gcd(go, ho) =
1 there exists a factorization f = gh in R[T] such that go = g and ho = h,
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(4) for any monic f € R[T) and any factorization f = goho with ged(go, ho) =
1 there exists a factorization f = gh in R[T] such that go =g and hg = h
and moreover degr(g) = degr(go),

(5) for any f € R[T] and any factorization f = goho with ged(go, ho) =1
there exists a factorization f = gh in R[T] such that go =g and hg = h,

(6) for any f € R[T] and any factorization f = goho with ged(go, ho) =1
there exists a factorization f = gh in R[T] such that go =g and hg = h
and moreover degr(g) = degr(go),

(7) for any étale ring map R — S and prime q of S lying over m with
k = k(q) there exists a section T: S — R of R — S,

(8) for any étale ring map R — S and prime q of S lying over m with
k = k(q) there exists a section T : S — R of R — S with q = 7~ (m),

(9) any finite R-algebra is a product of local rings,
(10) any finite R-algebra is a finite product of local rings,

(11) any finite type R-algebra S can be written as A X B with R — A finite
and R — B not quasi-finite at any prime lying over m,

(12) any finite type R-algebra S can be written as A X B with R — A finite
such that each irreducible component of Spec(B ®p k) has dimension > 1,
and

(13) any quasi-finite R-algebra S can be written as S = A x B with R — A
finite such that B ®gr k = 0.

Corollary C.1.3. Let (R,m, k) be a Henselian ring. If R — S is a finite local
homomorphism of local rings, then S is a Henselian local ring. In particular if
R is Henselian and J is an ideal of R, then R/J is Henselian.

A nice class of rings satisfying Hensels lemma is the complete local rings;

Lemma C.1.4 (|Stacks, Tag 04GM]|). Let (R, m, ) be a complete local ring,
then R is Henselian.

—

Example C.1.5. Recall that the ring of p-adic integers is the ring Z;, := Z,).
Its elements are formal power series of the form

Cx> .
Zaz’pz 0<a; <p-1).
=0

Since this ring is complete it is Henselian.
We now show how we can use the fact that the ring of 7-adic integers is
Henselian to prove that 2 has a root in Zy.

226


https://stacks.math.columbia.edu/tag/04GM

Consider the polynomial
f(T) =T? -2 € 77T,

when reduced mod (7) we get the polynomial

f(T)=T?-2¢T;

which has the roots 43, moreover since f/(3) = 6 # 0 € F; we get from part (2)
of Lemma that the root 3 lifts to an element a € Z7 such that f(a) =0
that is a® = 2.

Henselization

Definition C.1.6. Let R be a local ring. A Henselization of R is a local
homomorphism of local rings i : R — R" where R" is a Henselian ring satisfying
the following universal property: If j : R — H is a local homomorphism to a
local Henselian ring, then there exists a unique morphism j’ : R* — H such
that j = 5’ o1.

A strict Henselization of a local ring R is a local homomorphism of local
rings i : R — R*" such that any local homomorphism j : R — H with H
strictly Henselian factors through i : R — R*" moreover the factorisation is
to be uniquely determined once the induced map R*" / mh - H /my has been
given.

For a local ring (R, m, k) the Henselization R" always exists. We provide
the construction:

We follow [Mil80] and introduce the notion of an étale neighborhood of the
local ring R. It is a pair (B, q) with B an étale R-algebra and q € Spec B a
prime ideal lying over m such that k(q) = k. A morphism of étale neighborhoods
(B,q) — (B',q') is an R-algebra map ¢ : B — B’ such that ¢~!(q’) = q. Using
the tensor product one sees that the category of étale neighborhoods of R is a
filtered category.

We set

Rl .= colim(p 4) B.

The ring R" consists of triples

(B,q, f)

with (B, q) an étale neighborhood of R and f € B, and two such such triples
(B,q, f),(B',q, f') define the same element of R" if and only if there exists an
étale neighborhood (B”, q"”) and morphisms of étale neighborhoods ¢ : (B, q) —
(B",q") and ¢/ : (B',q') — (B,q") such that o(f) = /().

The ring R" satisfies the following properties:
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Lemma C.1.7 ([Stacks, Tag 04GN]). Let (R,m, k) be a local ring. There
exists a local ring map R — R" with the following properties

1) R" is Henselian,

)
2) R" is a filtered colimit of étale R-algebras,
3) mR" is the mazimal ideal of R", and

)

(
(
(
(4) k= R"/mR".

Lemma C.1.8. Suppose that I is an ideal of the local ring A. Then the
Henselization of A/I is A" /T A"

Proof. By Corollary we have that the local ring A" /I A" is Henselian.
Using the universal property of A" we easily check that A" /ITA" satisfies the
universal property of (A4/J)". O

Example C.1.9 (|]Mil80, Ch. 1, Sec.4, Example 4.10]). Let k£ be a field, and
let A be the localization of k[T4,...,T,] at (T1,...,T;). The Henselization of
A is the subring of k[[T1,...,T,]] consisting of the formal power series which
are algebraic over A.

The strict Henselization of a local ring (R, m, k) also exists:

Lemma C.1.10 (|Stacks, Tag 04GP|). Let (R,m,k) be a local ring. Let
Kk C K°P be a separable algebraic closure. There exists a commutative diagram

K — Kk —> K5P

]

R— > Rh__, Rsh
with the following properties
(1) the map R" — R*" is local
(2) R*M is strictly Henselian,
(3) R*" is a filtered colimit of étale R-algebras,
(4) mR*" is the mazimal ideal of R*", and
(5) K*P = RSM /mR*".

The strict Henselization R*" given in lemma is constructed in a
similar manner to that of the Henselization. The only difference being that in
stead of étale neighborhoods, we use triples (S, q,«) where R — S is étale, q is
a prime of S lying over m, and « : k(q) — k*P is an embedding of extensions

of k.
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More properties of the (strict) Henselization and reflected
properties

We first state a bunch of results concerning the maps R — R" — R*".

Lemma C.1.11 (|Stacks, Tag 07TQM]). Let (R, m, k) be a local ring. Then we
have the following

1. R — R" = R*" are faithfully flat ring maps,
2. mR" =m" and mR*" = m"Rsh = msh,
3. R/m™ = R"/m"R" for all n,

4. there exist elements x; € R*" such that R" Jm™R*" is a free R/m"™-module
on z; mod m"Rs".

Lemma C.1.12 (|Stacks, Tag 07QN]). Let (R,m, k) be a local ring. Then
1. R— R" R" = R*", and R — R*" are formally étale,

2. R— R", R" — R*", resp. R — R*" are formally smooth in the m", m*",
resp. m*"-topology.

Next we see how many properties of (R, m) are passed (and in some cases
shared by) to R" and R*".

Lemma C.1.13 (|Stacks, Tag 06LJ|). Let R be a local ring. The following are
equivalent

1. R is Noetherian,
2. RM is Noetherian, and

3. R%" is Noetherian.

In this case we have

a and (R*™M" are Noetherian complete local rings
(a) (RM" and ( p 95,
(b) R (Rh) is an isomorphism,
(c) R RMN and R*" — (R*M)" are flat,
18 formally smooth in the m psnya-adic topology,
d — (R¥MN is f I h in the m gsnyr-adi l

(e) (RN*" = R" @pn R*", and
(O) (RY™) = (B

Reducedness passes to the (strict) henselization.
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Lemma C.1.14 ([Stacks, Tag 06DH|). Let R be a local ring. The following
are equivalent: R is reduced, the henselization R" of R is reduced, and the strict
henselization R*" of R is reduced.

Lemma C.1.15 (|Stacks, Tag 06DI|). Let R be a local ring. The following
are equivalent: R is a normal domain, the henselization R" of R is a normal
domain, and the strict henselization R*" of R is a normal domain.

Lemma C.1.16 ([Stacks, Tag 06LK]|). Given any local ring R we have dim(R) =
dim(R") = dim(R*").

Lemma C.1.17 ([Stacks, Tag 06LN]). Let R be a Noetherian local ring. The
following are equivalent: R is a regular local ring, the henselization R" of R is
a reqular local ring, and the strict henselization R*" of R is a reqular local ring.

Lemma C.1.18 ([Stacks, Tag 06LN|). Let R be a Noetherian local ring. Then
R is a discrete valuation ring if and only if R" is a discrete valuation ring if
and only if R*" is a discrete valuation ring.

C.2 Unibranched schemes

Intuitively a unibranched scheme is a scheme which when considered "very
locally" is irreducible. For instance the nodal cubic X given by the vanishing
of (y? — x? — 23) in A} (with k = k,char k # 2) is irreducible, however when
we consider the geometric picture we see that near the origin X looks like
two lines crossing, and hence "very locally" this should not be irreducible.
The aforementioned example of the nodal cubic will be a scheme which is not
unibranched.

Unibranched rings

Definition C.2.1 (|[GD67, Chapter 0 (23.2.1)]). Let A be a local ring. We say
A is unibranched if the reduction A,.q4 is a domain and if the integral closure A’
of A,cq in its field of fractions is local. We say A is geometrically unibranched
if A is unibranched and moreover the residue field of A’ is purely inseparableE]
over the residue field of A.

Remark C.2.2. Let A be a local ring. Here is an equivalent formulation

(1) A is unibranched if A has a unique minimal prime p and the integral
closure of A/p in its fraction field is a local ring, and

(2) A is geometrically unibranched if A has a unique minimal prime p and
the integral closure of A/p in its fraction field is a local ring whose residue
field is purely inseparable over the residue field of A.

!Note that by definition the trivial field extension is a purely inseparable extension.
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Example C.2.3. It follows from the definitions that a normal local ring is
geometrically unibranched.

Example C.2.4. Let X be the nodal cubic Speck[z,y]/(y? — 2? — 2?). Let
x = (x,y) denote the origin. Then we claim that the local ring Ox , is not
unibranched. To see this consider first the ring map

k[z,y] — k[t]

given by
e t? -1y (2Dt =13 —t.
We easily see that (y? — 22 — 23) is the kernel of the aforementioned morphism.

Hence we have that Ox (X) = k[t?2—1,#3—t] = A and the ideal m = (2 —1,#3—t)

corresponds to the ideal (z,y) € k[z,y]/(y? — 22 — ) under this isomorphism.

Thus we need to show that the integral closure of the local ring Ay, in its field of
fractions k(t) is not local. For this purpose note that the integral closure of A
in k(t) is nothing but k[t] and since integral closure commutes with localization
we have that the integral closure of Ay, is the ring S™1k[t] where S = A\ m.
Since

(t—Dk[tlnA=F -1, —t)=m=(t+Dk[t]N A
it follows that S~1k[t] is not local.

The notion of unibranchedness can also be understood in terms of Henseli-
sation:

Lemma C.2.5 (|GD67, Chapter IV Proposition 18.6.12]). Let A be a local
ring. Let A" be the henselization of A. The following are equivalent

(1) A is unibranched, and
(2) A" has a unique minimal prime.

Lemma C.2.6 (|GD67, Chapter IV Proposition 18.8.15]). Let A be a local
ring. Let AS" be a strict henselization of A. The following are equivalent

(1) A is geometrically unibranched, and
(2) A" has a unique minimal prime.

Definition C.2.7 (|Stacks, Tag 0C26|). Let A be a local ring with henselization
AP and strict henselization A%". The number of branches of A is the number
of minimal primes of A" if finite and oo otherwise. The number of geometric
branches of A is the number of minimal primes of A" if finite and oo otherwise.

Lemma C.2.8 (|Stacks, Tag 0C37]). Let (A, m, k) be a local ring.

(1) If A has infinitely many minimal prime ideals, then the number of (geo-
metric) branches of A is oc.
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(2) The number of branches of A is 1 if and only if A is unibranched.

(3) The number of geometric branches of A is 1 if and only if A is geometri-
cally unibranched.

Assume A has finitely many minimal primes and let A’ be the integral closure
of A in the total ring of fractions of Ayeq. Then

4) the number of branches of A is the number of mazimal ideals m’' of A’,
(

(5) to get the number of geometric branches of A we have to count each
maximal ideal w' of A" with multiplicity given by the separable degree of

k(m')/k.

Branches of the completion.

It can be hard to compute integral closures and (strict) Henselizations. We now
describe how (geometrically) unibranchedness can to some extent be checked
by studying completions instead.

Lemma C.2.9 (|Stacks, Tag 0C28|). Let (A, m) be a Noetherian local ring.

(1) The map A" — A" defines a surjective map from minimal primes of A"
to minimal primes of A",

(2) The number of branches of A is at most the number of branches of A™.

(3) The number of geometric branches of A is at most the number of geometric
branches of A".

For one dimensional local Noetherian rings the number of branches corre-
sponds to the number of minimal primes of the completion.

Lemma C.2.10 (|Stacks, Tag 0C2D|). Let (A,m) be a Noetherian local ring
of dimension 1. Then the number of (geometric) branches of A and A" is the
same.

Actually we have a smiliar result for excellent Noetherian local rings.

Lemma C.2.11 ([Stacks, Tag 0C2E|, |[Bed13, Thm 2.3]). Let (A,m) be a
Noetherian local ring. If the formal fibres of A are geometrically normal (for
example if A is excellent or quasi-excellent), then A is Nagata and the number
of (geometric) branches of A and A" is the same.
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Unibranched schemes

We now provide the obvious scheme theoretic versions of the definitions and
results of the previous section.

Definition C.2.12 (|GD67, Chapter IV (6.15.1)]). Let X be a scheme. Let
x € X. We say X is unibranched at x if the local ring Ox , is unibranched. We
say X is geometrically unibranched at x if the local ring Ox ; is geometrically
unibranched. We say X is unibranched if X is unibranched at all of its points.
We say X is geometrically unibranched if X is geometrically unibranched at all
of its points.

Remark C.2.13. Note that being unibranched for a local ring A (Definition
C.2.1)) is a condition on the ring A, while for a scheme it is a condition on
all of the stalks of the scheme. Hence it is possible that the local ring A is
unibranched, but the scheme Spec(A) is not unibranched as a scheme.

Lemma C.2.14. A scheme is unibranched (resp. geometrically unibranched)
if and only if Spec (’)?(,x (resp. Spec Og?m)) is irreducible for every x € X.

Proof. This follows from Lemma |C.2.5( (resp. [C.2.6]). O
Remark C.2.15. [Lemma C.2.14|tells us that the definition of a (gemetrically)

unibranched scheme given here coincides with the one given in [SV00, Def.2.1.5].

Proposition C.2.16 ([SV00, Prop.2.1.6]). Let S be a Noetherian geometrically
unibranch scheme and f : S’ — S be a proper birational morphism. Then for
any point s of S the fiber S, of f over s is geometrically connected.

Proof. Tt follows from |GD63, (4.3.5)] and |[GD67, (18.8.15(c))]. O

The following theorem shows that all Normal schemes are necessarily geo-
metrically unibranched.

Theorem C.2.17. The following are equivalent:
(1) A scheme X is unibranched (resp. geometrically unibranched)

(2) The scheme Spec((’)]}(@) (resp. Spec(@ﬁéx)) is wrreducible for all points
x € X where the local ring Ox , is not normal.

Proof. Using Lemma (resp. |C.2.6) we get that (1) implies (2). The
converse follows from Lemma O

Definition C.2.18 (|Stacks, Tag 0C38|). Let X be a scheme. Let z € X.
The number of branches of X at x is the number of branches of the local ring
Ox ; as defined in Definition @ The number of geometric branches of X
at x is the number of geometric branches of the local ring Ox , as defined in

Definition
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From Lemma [C.2.§ we obtain the following result:
Lemma C.2.19. Let X be a scheme. Let x € X.

(1) The number of branches of X at x is 1 if and only if X is unibranched at
x.

(2) The number of geometric branches of X at x is 1 if and only if X is
geometrically unibranched at x.

Lemma C.2.20. Suppose X is an integral locally Noetherian scheme of di-
mension one. Then X is (geometrically) unibranched if and only if Ox 4 is
for every v € X. In particular we have that X is unibranched if and only if
Spec(Ox ) is irreducible.

Proof. The first assertion follows from Lemma [C.2.10] The final assertion
follows from the first part together with and the fact that the henselization
of a Henselian ring is itself. O

Similarly we have that

Lemma C.2.21. Suppose X is an excellent scheme. Then X is (geometrically)
unibranched if and only if Ox , is for every x € X with Ox , not being a normal

ring. In particular we have that X is unibranched if and only if Spec(@) 18
irreducible.

Proof. This follows Theorem together with Lemma[C.2.11] and reasoning
similar to that of the proof given of Lemma O

Examples

We saw in Lemma that for excellent schemes such as for instance
algebraic schemes, we can check unibranchedness by checking if the scheme
Spec(Ox ) is irreducible at the non-normal points. The following lemma will
help us check the latter condition.

Lemma C.2.22. Let (A,m) be a local Noetherian ring, and a be an ideal of
A contained in the mazimal ideal m. Then we have an isomorphism of m-adic
completions

AfaA = m.
Proof. Since A is Noetherian we have an isomorphism
a@aA—a
hence the image of @ in A is the ideal aA. The result now follows from the

exact sequence

~ —

0—-a—A—(A/a) — 0.
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We will now prove again using different methods that the plane nodal cubic
curve is not unibranched in the case where the characteristic of the base field
is different from 2.

Example C.2.23. The plane nodal cubic curve X = V(y? — 23 — 22) C Ai is
not unibranched.

Proof. We only need to check the condition on the singular point which is the
origin. By Lemma | we can prove that X is not unibranched by showing
that the ring (k[z,y]/(y* — 23 — %))z, has more than one minimal prime
ideal. Note that by Lemma [C.2.22] we have an isomorphism

(k[z, 9]/ (47 — 2% — 22))(ay) = K[z, 9]}/ (4 — 2° — 27).

We shall now construct two formal power series

oo
g=y+z+Y g
=2

h=y—x+Y h
j=2

where g;, h; are homogeneous of degree i and such that gh = y? — 2% — 22. This
is done step by step. First note that (y + z)(y — x) = y? — 22, next note that
since (y + =) and (y — x) generate the maximal ideal of k[[x, y]]E| we can find
polynomials g2, ho such that

(y +2)ha + (y — x)g2 = —2°,

Indeed we can take hy = %;1:2 and go = _71332. We have almost got what we

want except we need to get rid of a term goho, so again we can find polynomials
hs, g3 of degree 3 such that

(y +2)h3 + (y — )93 = —goha.

We now want to get rid of hsgs + g3ho and this can be done in a similar fashion,
and continuing in this way we get the formal power series g and h.

Now since g, h begin with linearly independent terms and all the other terms
are homogeneous of degree i for ¢ = 2, ..., 00, it follows that g, h generate the
maximal ideal of k[[x, y]], thus we have an automorphism k[[z,y]] — k[[x, y]]
given by = — g, y — h, hence we have

klle, o))/ (y* — 2® = 2°) = K[z, y]] /(gh) = kl[z, y]}/ (xy)

which clearly has at least two minimal prime ideals. O

2Here we are using the assumption that char k # 2.
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Appendix D

Sheaves in Grothendieck
topologies

D.1 Grothendieck pretopologies
We recall the basic definitions and constructions following [Fan-+05| and [Vis04].

Definition D.1.1. Let C be a category. A Grothendieck pretopology 7 on C
is the assignment to each object U of C a collection of sets of arrows {U; — U},
called coverings of U, so that the following conditions are satisfied.

(i) If V— U is an isomorphism, then the set {V — U} is a covering.

(ii) If {U; — U} is a covering and V' — U is any arrow, then the fibered
products {U; xy7 V'} exist, and the collection of projections {U; xy V —
V'} is a covering.

(ii) If {U; — U} is a covering, and for each index i we have a covering
{Vi,j = U;} (here j varies on a set depending on i), the collection of
composites {V; ; — U; — U} is a covering of U.

We denote the collection of coverings of an object U € C by Cov(U). A category
with a Grothendieck pretopology is called a site and we denote it by the pair
(C, 7). For a Grothendieck pretopology 7 on C we will also sometimes use
the notation Cov.(U) in place of Cov(U). This notation is convenient when
we need to talk about more than one Grothendieck pretopology on a given
category.

Definition D.1.2. Let (C,7) be a site and suppose that {U; — U}ier €
Cov(U). A refinement of {U; — U}cr is a set of maps {V, — U}qea such
that for each index a € A there is some index ¢ € I such that V, — U factors
through U; — U.
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If 71, 5 are two Grothendieck pretopologies on a category C. Then we say
that 71 is finer than 7o (and 7 is coarser than 1) if any covering Y € Cov,(U)
there is a refinement V = {V,, — U}seca of U with V € Cov,, (U).

D.2 Sheaves on a site

For a category C we denote the category of presheaves on C by Psh(C).
Let (C,7) be a site, F € Psh(C). Given a covering {p; : U; — U }icr. Let
a: F(U) = [Lie; F(U;) be the unique map such that
F(pi) = prica

where pr; : [[;c; F(Us) — F(Uj) is projection onto the j’th factor. Further for
each ordered pair of indices (,7) let pri;; : U; Xy U; = U; be the projection
to U; and pro;; : Uy xy U; — U; be the projection to U;. Let b1, by be the
unique maps by, by [[; F(U;) — [, ; F(U; Xy U;) such that
prijobl = F(priij)opri; (D.2.1)
Prig ° by = .F(p?“gﬂ"j) o prj (D.2.2)

for each ¢, j where pr(; j) is the projection onto the (i,7)’th factor

prig  [[F U x Un) = F(U; x U;).
l,m

Definition D.2.1. A presheaf F : C°? — Sets is a separated presheaf if for
every covering {U; — U }ier the map

FU) 5[ Fw)
el

is injective. It is a sheaf if the following diagram

FU) = e FO) =3 TL, FUixo )

is an equalizer. We denote the category of sheaves by Sh(C).

Since a category can have many different Grothendieck pretopologies it is
convenient to state which site we are considering when speaking of a sheaf.
Hence if 7 is a Grothendieck pretopology on C we say that the presheaf F on
C is a T-sheaf if it is a sheaf on the site (C, 7).

Definition D.2.2. (|Vis04, Def. 2.52|) A pretopology T on a category C is
called saturated if a set of arrows {U; — U} which has a refinement that is in
T is also in 7. If T is a pretopology on C, the saturation T of T is the set of
sets of arrows which have a refinement in 7.
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Proposition 2.53 in [Vis04] tells us that the saturation of a pretopology is
saturated and that a presheaf is a sheaf with respect to 7 if and only if it is a
sheaf with respect to the saturation of 7.

Definition D.2.3 (|Vis04, Def.2.57]). A pretopology 7 on C is called subcanon-
ical if every representable functor on C is a sheaf with respect to 7.

Remark D.2.4. As mentioned in the second paragraph following [Vis04,
Def.2.57| the name "subcanonical" comes from the fact that on a category C
there is a topology, known as the canonical topology, which is the finest topology
in which every representable functor is a sheaf.

Sheafification

Definition D.2.5. Let (C,7) be a site, and F € Psh(C). A sheafification of F
is a sheaf F, € Sh(C), together with a natural transformation F — F;, such
that

(i) given an object U of C and two elements £ and n of F(U) whose images
€% and n® in F(U) are the same, there exists a covering {o; : U; — U}
such that o (§) := F(03)(§) = o (n), and

(ii) for each object U of C and each & € F,(U), there exists a covering
{o; : U; = U} and elements &; € F(U;) such that ! = o/€.

Theorem D.2.6. Let (C,T) be a site, F € Psh(C).

(1) If Fr € Sh(C) is a sheafification of F, any morphism from F to a sheaf
factors uniquely through F-.

(ii) There ezists a morphism F — F£ where F? is a separated presheaf, such
that any morphism from F to a separated presheaf factors uniquely through

Fs.

(iii) There exists a sheafification F — Fr, which is unique up to a canonical
isomorphism.

(iv) The natural transformation F — F; is injective if and only if F is
separated.

Sketch of proof. Part (iv) follows easily from the definition. For (i) and (ii) and
(iii) we only provide the constructions. For (i): Let ¢ : F — G be a natural
transformation from F to a sheaf G € Sh(C). Given an element £ € F,(U) we
want to define the image of £ in G(U). There exists a covering {o; : U; — U}
and elements & € F(U;), such that the image of & in F.(U;) is o7 (). Set
ni = ¢(U;)(&) € G(U;). The pullbacks pri&; and pr3&; in F(U; xy U;) both
have as their image in F-(U; xy U;) the pullback of &; hence there is a covering
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{Ui jo = Ui xu Uj}qo such that & and & both pullback to the same element
in F(U; ja) for every a. Using this together with the fact that G is separated
we get that 7; and 7; both pullback to the same element in G(U; Xy U;) and
since G is a sheaf we get that the ; glue to give an element n € G(U). We now
let ¢, : Fr — G be given by ¢, (U)(§) = 7.

For (ii): For each object U of C, we define an equivalence relation ~ on
F(U) as follows: Given two elements a and b of F(U), we write a ~ b if there is
a covering {U; — U };cs such that the pullbacks of a and b to each U; coincide.
We define F5(U) := F(U)/ ~. If V.— U is a morphism in C, then the pullback
F(U) — F(V) is compatible with the equivalence relations, yielding a pullback
FE(U) — F5(V). This defines the functor F? with the surjective morphism
F — F:. For an element a € F(U) we denote its image in F:(U) by [a]
and since F — F? is surjective we denote any element in F2(U) in this way.
The presheaf F? is separated, and every natural transformation from F to a
separated presheaf factors uniquely through F2.

For (iii): To construct F,, we take for each object U of C the set of
pairs ({U; — U}, {[ai]}), where {U; — U} is a covering, and {[a;]} is a set
of elements with [a;] € F;(U;), such that the pullback of [a;] and [a;] to
FE(U; xy Uj), along the first and second projection coincide. On this set we
impose an equivalence relation, by declaring ({U; — U}, {[ai]}) to be equivalent
to ({V; — U}, {[b;]}) when the restrictions of [a;] and [b;] to F*(U; xy V}),
along the first and second projection respectively, coincide. For each U, we
denote by F,(U) the set of equivalence classes. If V' — U is a morphism,
we define a function F,(U) — F-(V) by associating with the class of a pair
({U; — U},{[ai]}) in F-(U) the class of the pair ({U; xy V'}, pf([ai]), where
p; : U; xg V- — U; is the projection. This gives a sheaf F,.. There is also a
natural transformation F? — F, obtained by sending an element [a] € FZ(U)
into ({U = U}, [a]) and the composition

F = F = Fr
is the sheafification. O

Remark D.2.7. Note that F,(U) = colimy H°(V, F%) where V is a covering,
HO(V, F?) denotes the equalizer of the obvious diagram and the colimit is a
filtered colimit ordered by the relation "refinement".

Remark D.2.8. (Explicit computation of the induced morphism from the
sheafification). Suppose 1 : F — G is a morphism from the presheaf F to the
sheaf G. Let F. be the sheafification as constructed in the proof of Theorem
and let Sh(n) denote the induced map Sh(n) : F; — G. Then for any
element f = ({U; = X}ier, fi € F(Ui)) € Fr(X), where f; is the image of
fi € F(U;) in F£(U;) we have that Sh(n)(X)(f) is the "gluing of the elements"
n(Us)(fi)-
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Remark D.2.9. Suppose that ¢ : F — G is a morphism of presheaves. Then
the induced morphism
¢T cFr =G,

is given by

¢r(U)({pi - Ui = U} {[ail}) = ({pi : Ui = U}, {[¢(Ui)(ai)]})

Definition D.2.10. (Notation and assumptions as in Theorem [D.2.6) We will
call the separated presheaf ¢ constructed in the proof of Theorem [D.2.6] the
separation of the presheaf F.

Definition D.2.11. Let (C,7) be a site and let ¢ : F — G be a morphism of
presheaves on C.

1. The morphism ¢ is a 7-local monomorphism (or T-locally a monomor-
phism) if for any U € C and a,b € F(U) such that ¢(U)(a) = ¢(U)(b) €
G(U) there exists a T-covering {p; : U; — U };cs such that p}(a) = p}(b)
for all ¢ € 1.

2. The morphism ¢ is a T-local epimorphism (or T-locally an epimorphism)
if for any U € C and b € G(U) there exists a 7-covering {p; : U; — U }ier
and elements a; € F'(U;) such that

p; (b) = ¢(Ui)(a;)
for all 7.

3. The morphism ¢ is a 7-local isomorphism (or T-locally an isomorphism)
if it is both a 7-local monomorphism and a 7-local epimorphism.

Lemma D.2.12. Let (C,T) be a site and ¢ : F — G a morphism of presheaves
on C. Then the induced morphism (¢); : Fr — G is an isomorphism if and
only if ¢ is a T-local isomorphism.

Definition D.2.13. Let (C,7) be a site and F be a presheaf on C. We say
that F is representable with respect to the topology 7 (or T-representable) if
there exists an object X € C such that the sheafification of F is isomorphic to
the sheafification of the representable presheaf hx.

D.3 Grothendieck topologies

The definitions of the previous section can be rephrased more concisely in
terms of Grothendiecks topologies. Every Grothendieck pretopology has an
associated Grothendieck topology and two different Grothendieck pretopologies
can give the same Grothendieck topology, but if this happens the sheaves with
respect to the two different pretopologies will coincide.
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This section is mostly written for the curious reader and is not really needed
to understand the contents of this thesis.

Most of the definitions stated here are taken directly from [MM94, Ch. III,
Sec.2].

Definition D.3.1. Let C be a category. For an object U € C a sieve on U is
a subfunctor S C hy of the presheaf represented by U.

For an arrow f: V — U in C and a sieve .S on U we have an induced sieve
on V denoted by f*S given by the formula:

f*SW):={gehy(W): foge S(W)} (D.3.1)
which we call the restriction of S along f.

Definition D.3.2. A Grothendieck topology J on a category C is the data
consisting of a class J(U) of sieves on U for every object U in C subject to the
following conditions:

1. For every object U € C we have hy € J(U).
2. If Se J(U) and f:V — U is any arrow in C then f*S € J(V).

3. If S € J(U) and R is any sieve on U such that f*R € J(V) for all
feS(V), then R € J(C).

These three axioms are called the maximality, stability and transitivity axioms
respectively. If S € J(U) we say that S is a covering sieve.

Definition D.3.3. Let C be a category with a Grothendieck pretopology 7.
For a covering U = {p; : U; — U }ier of an object U € C we let hyy C hy be the
sieve on U defined by taking hy(T) to be the set of morphisms f : T'— U with

the property that for some i € I there is a factorization f = (T — U; 2 U).
The sieve hy is called the sieve associated with the covering U.

Proposition D.3.4. Let C be a category with a Grothendieck pretopology T.
For every object U € C let J(U) be the class of sieves S on U with the property
that there is some covering U € Cov(U) such that hyy C S. Then the classes
J-(U) form a Grothendieck topology J; on C.

Proof. See [IMM94], Ch. III, Sec.2, page 112]. O

Definition D.3.5. For a category C with a Grothendieck pretopology 7 the
Grothendieck topology J; from [Proposition D.3.4]is called the Grothendieck
topology associated to T.

Definition D.3.6. Let C be a category with a Grothendieck topology J. A
presheaf F : C? — Sets is a J-sheaf (or sheaf in the J-topology) if for any
object U € C and covering sieve S € J(U) the inclusion S C hy induces a
bijection

Hom(hy, F) — Hom(S, F). (D.3.2)
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Proposition D.3.7. Let C be a category with a Grothendieck pretopology T
with associated Grothendieck topology J. and F : C°P — Sets a presheaf on C.
Then F is a sheaf with respect to T (Definition D.2.1)) if and only if F is a
Jr-sheaf (Definition D.3.0).

Proof. See [Vis04, Prop.2.42]. O

D.4 Examples

Let us give some examples of Grothendieck pretopologies which are often
encountered in algebraic geometry.

Example D.4.1.

(A topological space)

(The Zariski topology)

(The Etale topology)

(The fppf topology)

If X is a topological space, then letting Cx be the category where objects
are the open subsets of X and the morphisms are given by inclusions.
Then setting Cov(U) to be the open coverings of the open subset U we
get a Grothendieck pretopology 7x. This follows easily from the fact that
the fiber product of two open subsets is their intersection.

If X is a scheme considered as a topological space and F is a presheaf
on Cx we say that F is a Zariski sheaf on X if F is a sheaf on the site

(Cx,Tx).

For a scheme U taking Cov(U) to consist of exactly those sets of the form
{U; Py U }ier where p; are open embeddings and we have X = U;erp; (U;)
gives a Grothendieck pretopology on the category of schemes whose
associated Grothendieck topology is called the Zariski topology on the
category of schemes.

A sheaf in the Zariski topology is called a Zariski sheaf .
Taking coverings {U; — U} to be jointly surjective families of étale

morphisms we get a pretopology whose associated Grothendieck topology
is called the étale topology on the category of schemes.

A sheaf in the étale topology is called an étale sheaf.

The fppf topology on the category of schemes is the Grothendieck topology
associated to the pretopology where coverings {U; — U} is a jointly
surjective family of flat maps locally of finite presentation.
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Appendix E

Monoid objects

E.1 Monoid objects

Definition E.1.1. A commutative monoid object in a category C with products
and a terminal object * is an object M in C and arrows

0:%x—>M
(the zero map)

+  MxM-—->M

(the addition map), such that the following diagrams commute:

Mx M- M
léwap " (E.1.1)

MxM—"— M.

(expressing commutativity of addition)

MxMxM—MF s M
Jrxar |+ (E.1.2)
Mx M + M.

(vielding associativity of addition)
and

M—= s wex M 2M v M

. (E.1.3)

R

Mxs X% v —S
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(informally telling us that the zero map picks out an element that is a left and
right identity).

Presheaves represented by monoid objects

Suppose that M together with the arrows 0 : x — M, +: M x M — M is
a monoid object in a category C with products and terminal object *. This
gives rise to a monoid object in the category of presheaves as follows: Let
F : hasr X hasr — has be the composition

Bt % har & harsear 3 B (E.1.4)

where the first map is the natural isomorphism given by taking an element
of (har X har)(—) say fi, fa : — — M to the unique morphism (fi, fo) : — —
M x M such that f; = pr; o (f1, fo) for i = 1,2. Further let 0 : hy, — hys be
given by

0 = h(0). (E.1.5)

Then one checks straightforwardly that + and 0 satisfy the conditions of the
addition and zero map respectively. Note that this implies that if T is any
object of C then if Op € hp(T') is the image of 0(7") we have that the triple

(ha(T), H(T), 07) (E.1.6)

is a commutative monoid. Furthermore since the maps +, 0 are natural trans-
formations the presheaf of sets hj; can in fact be considered as a presheaf of
commutative monoids in this way.

Furthermore if ¢ is any Grothendieck topology on C and we let L;(M)
denote the sheafification of a representable functor hjs, then we claim that
the sheaf L;(M) of sets can in fact be considered as a sheaf of monoids in a
canonical way. Indeed since the canonical map has x hpyr — Li(M) x Ly(M) is
a sheafification of hys x hyy, then letting + : Ly(M) x Ly(M) — Ly(M) be the
map induced from the composition of + with the canonical sheafification map
har — Li(M) and setting 0 := L;(0) : L¢(x) — L¢(M), one proves the claim
almost immediately from the universal properties. In other words the sheaf
L;(M) together with + as addition and 0 as zero gives a monoid object in the
category of sheaves in the topology ¢ and L;(M) can be considered a presheaf
of commutative monoids. Note also that in this way the sheafification map
hyr — Ly(M) is a morphism of presheaves of monoids.

Extension of scalars

Let A be any commutative semiring and C be a category with products and
terminal object. If M is a commutative monoid object in C we have seen
that then hj; can be considered a presheaf of commutative monoids, and
moreover since — ®y A is a functor we get induced a presheaf of A-semimodules
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hyr @n A : CP — Semimody. Similarly if ¢ is any Grothendieck topology on C
we get a presheaf L;(M) @y A on the category C of A-semimodules.

E.2 Constructing monoid objects in distributive
categories

Let us recall the notion of a distributive category.

Definition E.2.1. A category C with finite products and coproducts is called
(finitary) distributive if for any X,Y, Z € C the canonical distributivity mor-
phism

XxY][[xxZ2-xx(¥]]2) (E.2.1)

is an isomorphism. The canonical morphism is the unique morphism such
that X xY - X x (Y]] Z) is X x i, where i : Y — Y [][ Z is the coproduct
injection, and similarly for X x Z — X x (Y [[ Z).

A category C with finite products and all small coproducts is infinitary
distributive if the statement applies to all small coproducts.

The following Lemma tells us that the category of S-schemes is an example
of an infinitary distributive category.

Lemma E.2.2. Suppose i € I is an index set and let q; : X; — S be a
morphism for each i € I. Further let X — S be any morphism of schemes.
Then the pair

(in)ier : JTX xs Xi) = X), [ [ pi: [T(X xs X0) = [[ Xo)  (E-2.2)

icl icl icl icl
where for each i € I the maps p;1: X xg X; = X, pio: X x5 X; — X; is the
first and second projection respectively , is a pullback of the diagram

[Hicrpi2
[lics X x5 Xi — [Lier Xi

Jr(pi,l)iel l(‘h’)ie] (E.2.3)

X —— 8.

Proof. Suppose we are given morphisms of S-schemes f : T — ][] X; and
g: T — X. Then for each i € I we get induced a morphism f; : f~1(X;) —
X xg X; such that prx o fz = g|f_1(Xi) and prx,; © fz = f|f_1(Xi) and so
we canonically get morphisms f/ : f~1(X;) — [[,c; X xgX;. Since 1 f
coincide on f~1(X;) N f~1(X;) the f/ glue to give a unique morphism f': T —
[licr X x5 X; and it is clear from the construction that we have [ [;c; pi 2 of =
f and g = (pi,l)iej e} f/. D
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The Category of Sets, Presheaves (on a given category C) and sheaves in
a Grothendieck topology on a category C, are other examples of infinitary
distributive categories that appear in this thesis.

Construction E.2.3. Let C be an infinitary distributive category with finite
products and a terminal object x € C. Suppose that for each n € N we have
an object M,, € C with My = % and that for each pair of indices m,n € N we
have maps o™" : My, X My — M+, such that for all non-negative integers
m,n, k the following diagrams commute:

My, x My 22 Mppin
lswap H (E.2.4)

a™m
My % My 2" Myin.

Mj,xamm
My, x My, x My, —E""—— My, X My, ip

lak,mXMn lak,ern <E25)

ak:+m,n
My % My — A

S

My — Mo x My, —— M,. (E.2.6)
=~ o0

Set M := HneN M, and let j, : M,, — M be the canonical map. Set 0 := jg :
My = * — M and note that since the category is infinitary distributive we
have M x M = Hm,neN M., x M, hence the maps ™" induce a unique map
+: M x M — M making the following diagram commutative:

MxM— s M

jmxﬁ ijT (E.2.7)

ammn
My, x My " Mpin.

Then it is not hard to show that M together with the maps 0 and + form a
commutative monoid object in C. Indeed commutativity and associativity of
addition follows almost immediately from [[tem 1] and [Ttem 2] respectively. To
check commutativity of the diagram given in [Equation (E.1.3)|is satisfied note

that the composition M,, — * x M OX—>M M x M factors as M,, — * x M, J02gn

M x M and similarly M,, — M x x MX0 Nf % M factors through j, X jo. From
[tem 1l and Ttem 3] the claim now follows.
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Definition E.2.4. Let C be an infinitary distributive category with finite
products and a terminal object x € C. Then a graded commutative monoid
object in C is any object constructed by means of [Construction E.2.3]
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Nomenclature

X(X, F)
CH(X,r)

Ca((X,1)/5)

Cra((X,1)/5)
Cra((X,4)/9)
Cr((X,4)/5)
cyel(f)
Cycl(X)

intersection number, page 164

pair satisfying the conditions of page 116
self fibered product over a base, page 34

cycle associated with a cycle and a fat point, page 53

cycle associated with a fat point and a closed sub-
scheme, page 53

fat point, page 49

inseparable degree, page 15
separable degree, page 15

group of S-automorphisms , page 20

subsheaf of G-invariants of the sheaf of algebras A,
page 28

separation of the presheaf F, page 239
Euler characteristic, page 164
Chow group of algebraic cycles, page 90

geometrically irreducible hypersurfaces contained in
the Chow scheme, page 186

Chow scheme, page 189

underlying set of the Chow scheme, page 185
Chow monoid, page 195

pullback of relative cycles along f, page 69

group of cycles on a scheme, page 38
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Cycl(X/S,r)
Cycl(X/S,7)q
CyCI(X/Sa T)UI

Cycl®/(X/S,r)
Cycl“7(X/S,7)qg,
Cyely! (PL/S,r)ur

cycly

Cyclygui(X/S, )

equi (

Cydequi(X/SaT)UI
Cyd? ((X,i)/8,r)
y d ’ ’ Ul

Cycl/ (X)
Cyeloqui(X/S. )0
ZEWw
deg,(Z)

0x/s

Ax/s
dim(X/S)
dim, (X))
Effs(2)

n

Exp. Char(5)
exp. char(k(s))
c1(L)

tk (D)

group of relative cycles, page 54
presheaf of relative cycles, page 75

presheaf of relative cycles with universally integral
coeflicients, page 76

monoid of effective relative cycles, page 54

presheaf of effective relative cycles, page 75

relative cycles of multi-degree D, page 168

homomorphism from closed subschemes to cycles on
a scheme, page 39

group of equidimensional relative cycles, page 54

presheaf of equidimensional relative cycles with uni-
versally integral coefficients, page 76

relative cycles of degree d with respect to a closed
embedding, page 182

monoid of effective cycles on a scheme, page 39
presheaf of equidimensional relative cycles, page 75
essentially the same cycles, page 92

multi-degree of Z;, page 167

diagonal morphism, page 19

diagonal morphism, page 19

local fiber dimension function, page 2

dimension of a topological space at a point, page 1
effective locus of a relative cycle, page 96

fixed natural transformation in page 122
exponential characteristics of a scheme, page 113
exponential characteristic of a field, page 113

first Chern class in terms of Ky, page 164

formal tensor conjugate, page 33
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K(X)

Hilb(X/S, r)
HiTTd@

Hdﬂ

)

HT,TL

length 4 (M)
lims_,4(Z/S)
M, (4)
N(Hilb(X/S, r)

N(PropHilb(X/S,r))

N (X/8)
Ny (A)
Nullg(Z)

(_)Perf

pPert
0%

P§
PropCycl(X/S,r)
PropCycl(X/S,7)q

PropCycl(X/S,m)ur

PropCycl®//(X/S,r)

Grothendieck group of X, page 164

closed subschemes flat and equidimensional over the
base, page 60

presheaf of geometrically irreducible equidegree hy-
persurfaces, page 177

presheaf of equidegree hypersurfaces, page 177

graded commutative monoid via equidegree hypersur-
faces, page 177

length of the A-module M, page 213
cycle-theoretic fiber, page 91
n-construction for a ring, page 123

free monoid of closed subschemes flat and equidimen-
sional over the base, page 60

free monoid of closed subschemes flat, proper and
equidimensional over the base , page 60

sheafification of N(X/S), page 201

product of residue fields with respect to F', page 122
vanishing locus of a relative cycle, page 97

p-adic valuation on Q, page 159

natural transformation from identity to perfect clo-
sure, page 18

perfect closure, page 18

subsheaf of G-invariants, page 23

multi projective space, page 165

group of proper relative cycles, page 54
presheaf of proper relative cycles, page 75

presheaf of proper relative cycles with universally
integral coefficients, page 76

monoid of effective proper relative cycles, page 54
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PropCycl®// (X/8, r)g, presheaf of effective proper relative cycles, page 75

PropCycl

PropCyclq,i (X/S,m)ur
PropCyclequi(X/S,7)g

PropHilb(X/S, )

Psh(C)
Yx/s

() pi
Rat(X,r)
iB/A
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(z/X)"
My (Z]X)

dB/A
up/A
Hirrd n
Hd n

9,1

Lprop(X/5)

Sh(C)
Li
prOp
2

pX

equi(

group of proper equidimensional relative cycles, page 54

presheaf of proper equidimensional relative cycles with
universally integral coeflicients, page 76

presheaf of proper equidimensional relative cycles,
page 75

closed subschemes flat, proper and equidimensional
over the base, page 60

category of presheaves on C, page 238

graph of the pair (X, G)/S, page 21

purely inseparable closure, page 15

subgroup of cycles rationally equivalent to zero, page 90
projection from page 129

relative n-construction for rings, page 129

relative n-construction for schemes, page 141

defining sheaf for the scheme theoretic relative 7-
construction, page 141

induced map A — (B/A),, page 129
projection from page 129
scheme representing Hmﬂdﬂ, page 177
scheme representing Hy,,, page 177

sheafification of representable in the proper topology,
page 191

category of sheaves on C, page 238

sheafification of a representable presheaf, page 153
sheafification in the proper topology, page 191
group of permutations, page 32

map associated to the scheme theoretic n-construction,
page 137
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Stabg(a)
pi(b)

qx

supp(Z2)
Sym?(X/5)
Sn(M/A)
Sym?*(X/5)

(M/A)=n
qa
ta

9

g

Vy,x/S

Z(Hilb(X/S, r))

Z(PropHilb(X /S, r))

Z(H)
AF

BG
Ch(Z)
Chow(i)

Chowyg(1)

sheaf of products of residue fields with respect to F',
page 135

stabilizer of the element a, page 23

elementary symmetric tensor, page 33

algebra structure on ./, (X), page 136

algebra structure on .47 (X), page 135

support of a cycle, page 39

d’th symmetric power over the base S, page 35
symmetric tensors, page 32

monoid of symmetric powers of a scheme over a base,
page 38

n-fold tensor product, page 32
natural map from page 123
natural map from page 122

induced morphism to the scheme-theoretic relative
n-construction, page 141

universal degree d hypersurface in ((P")V)"*+!, page 184
morphism of Corollary @, page 118

free group of closed subschemes flat and equidimen-
sional over the base, page 60

free group of closed subschemes flat, proper and equidi-
mensional over the base, page 60

attempted Chow inverse, page 183
AF-property, page 30

ring of G-invariants, page 22

integral subscheme p(f~1(Z)) C G/S., page 181

Chow homomorphism restricted to relative cycles on
a closed subscheme, page 183

degree d Chow homomorphism restricted to relative
cycles on a closed subscheme, page 183
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f«(2)
Gx
hy
Ksep

N(X/S)

fixed endofunctor in page 122
push-forward of the cycle Z along f, page 82

object associated to the pair (X, G), page 20
sieve associated with the covering U, page 242
separable closure, page 15

presheaf of abelian monoids freely generated by hx,
page 201

flat pullback of a cycle, page 39

proper pushforward of a cycle, page 42
total ring of fractions, page 11
Henselization of the local ring R, page 227

strict Henselization of the local ring R, page 227

fixed subcategory of valuation rings from
page 123

quotient by a group, page 21
blowup of X with center in Z, page 102

homomorphism taking relative cycles of dimension r
in projective space to codimension one relative cycles
in multi-projective space, page 180

262



Index

AF-scheme , [30]
T-representable, 247]
h-covering,
h-topology,
qfh-covering, [100
qfh-topology, [100]
Etale pretopology,
Etale sheaf,

Bilinear map of semi-modules, 22]]
Chow monoid ,

Commutative monoid object, [245
Geometrically unibranched ring, 230
Invertible element of a semi-ring,
Semi-ring homomorphism,
Tensor product of semi-modules,

Absolute weak normalization,
Admissible group action, [20]
Attempted Chow inverse, [I83]

Chain of submodules, 213]

Chow group of algebraic cycles, [00]

Chow scheme, [189

Commutative monoid object
graded, 249

Composition series, 213

Cycle, B9

Cycle defined over a subfield,

Cycle theoretic fiber,

Diagonal morphism,

Dimension

of a topological space at a point,
M
Directed set,
Discrete valuation ring, [J]
Domination of local rings,

Effective cycle, [39]

Equidimensional morphism,

Essentially the same cycles, [02]

Exponential characteristic of a field,
11D

Fat point, [49]

Finitary distributive category,
flat pullback of relative cycles, [87]
Flatification by blowup, [7]

Formal tensor conjugate, [33]

Fppf pretopology,

G-invariant morphism,
Geometrically reduced algebra, [T4]
Geometrically unibranched scheme,

233
Graph of the pair (X, G)/S,
Grothendieck pretopology, [237]
Grothendieck topology,
associated to a pretopology, 242]
Group action,
Group quotient,

Henselian ring, 225
Henselization of a ring,

Infinitary distributive category, [247]
Inseparable degree of a field exten-

sion, [T5]



Intersection number,
Inverse system, [45]

Length
of a chain of modules,
of an A-module,

Local
epimorphism, 247]
isomorphism, 241
monomorphism,

Local fiber dimension function, [2]

Localization

of a semi-ring, 21§]
of a semi-module,

Monoid,

commutative, 217]
Morphism of dimension < r,
Multi-degree

of relative cycles, [167]
multi-degree

of an algebraic cycle, [160]

Multi-index,
Multiplicatively closed subset of a

semi-ring, 21§]
Multiplicity
of a cylce, B9

Nagata
ring, [46]
scheme, [46]
Number of branches of a ring, 231
Number of branches of a scheme,
233
Number of geometric branches of a
ring, 231]
Number of geometric branches of a
scheme, [233

Object associated to the pair of a
group and an object, [20]

Orbits of a group acting on an affine
scheme, [24]

Perfect closure,
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Perfect extension,
Point of a cycle, 39
Preorder, [45]
Presheaf
of abelian monoids freely gen-
erated by a representable
functor, 201
of relative cycles with positive
rational coefficients, [75]
of relative cycles with rational
coefficients,
of relative cycles with univer-
sally integral coefficients, [70]
Proper point,
Proper topology, [19]]
Proper transform, [7]
Pseudo-Galois covering,
Purely inseparable
closure in a field extension,
element,
field extension, [T5]
Pushforward of cycle, [82]

Radicial morphism, [I§]
Rationally equivalent, [90]
Refinement of a covering,
Relative cycle,

of dimension r,
relative cycle

equidimensional of dimension r,

b4
proper, [54]
Relative effective Cartier divisor, [169
Representable presheaf with respect
to a Grothendieck topology,

24T]

Saturated pretopology,

sd-h topology,

Semi-module,

Semi-module homomorphism,
Semi-ring, 217]

Seminormal,
Seminormalization,



relative to a morphism,
Separable
algebraic field extension, [I3]
closure of a field extension, [15]
degree of a finite field extension,
field extension,
lifting condition, [T10]
Separably generated field extension,
3]
Separated presheaf
in a Grothendieck pretopology,
233
Separation of a presheaf,
Sheaf
in a Grothendieck pretopology,
233
in a Grothendieck topology,
Sheafification, [239
Sieve, [242)
associated with a covering, [242
Site, [237]
Strict Henselization of a ring, 227]
Strict transform, [7]
Strictly Henselian ring, 225]
Submersive morphism, [100)
Symmetric powers of a scheme,
Symmetric tensor,
elementary,

System,

Topological epimorphism, [T00]
Total ring of fractions, [T1]

Unibranch scheme, 233
Unibranched ring, [230]
Unit
in a semi-module,
in a semi-ring, 21§]
Universal homeomorphism,
Universal topological epimorphism,
1100
Universally equidimensional morphism

Bl
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Universally injective morphism,

Universally integral coefficients,

Universally submersive morphism,
10N

Valuation ring,

Weak normalization,

relative to a morphism,
Weakly normal,
Well defined familiy of algebraic cy-

cles,

Zariski sheaf,
on a scheme, [243

Zariski topology, @
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